
Supplementary Materials for “Double Quantization for
Communication-Efficient Distributed Optimization”

1 Convergence Analysis for AsyLPG

Lemma 1. For a vector v ∈ Rd, if δ = ||v||∞
2b−1−1

or ||v||2
2b−1−1

, we have

E||Q(δ,b)(v)− v||2 ≤ dδ2

4
. (1)

Proof. Because the squared L2 norm separates along dimensions and each coordinate of v is independently quantized,
we only need to prove E||Q(δ,b)([v]i)− [v]i||2 ≤ δ2

4 , for all i ∈ {1, ..., d}. If the scaling factor δ = ||v||∞
2b−1−1

or ||v||2
2b−1−1

,
it can be verified that [v]i locates in the convex hull of dom(δ, b) and Q(δ,b)(v) is an unbiased quantization. Then
E||Q(δ,b)([v]i)− [v]i||2 ≤ δ2

4 according to Lemma 1 in [4]. �

Lemma 2. If Assumptions 1, 2, 3 hold, then for the gradient us+1
t in Algorithm 1, its variance can be bounded by

E||us+1
t −∇f(xs+1

t )||2 ≤ 2L2(µ+ 1)(∆ + 2)E
[
||xs+1

D(t) − x
s+1
t ||2 + ||xs+1

t − x̃s||2
]
, (2)

where ∆ = d
4(2b−1−1)2

.

Proof.
E||us+1

t −∇f(xs+1
t )||2

= E||Q(δαt ,b)
(αt) +∇f(x̃s)−∇f(xs+1

t )||2

= E||Q(δαt ,b)
(αt)− αt + αt +∇f(x̃s)−∇f(xs+1

t )||2

= E||Q(δαt ,b)
(αt)− αt||2 + E||αt +∇f(x̃s)−∇f(xs+1

t )||2

≤ ∆E||αt||2︸ ︷︷ ︸
T1

+E||αt +∇f(x̃s)−∇f(xs+1
t )||2︸ ︷︷ ︸

T2

,

(3)

where the third equality holds because δαt = ||αt||∞
2b−1−1

and Q(δαt ,b)
(αt) is an unbiased quantization. The final inequality

follows from Lemma 1. Next we bound T1 and T2.

T1 = E||∇fa(Q(δx,bx)(x
s+1
D(t)))−∇fa(x̃s)||2

≤ L2E||Q(δx,bx)(x
s+1
D(t))− x̃

s||2

= L2E||Q(δx,bx)(x
s+1
D(t))− x

s+1
D(t)||

2 + L2E||xs+1
D(t) − x̃

s||2

≤ L2(µ+ 1)E||xs+1
D(t) − x̃

s||2

≤ 2L2(µ+ 1)E||xs+1
D(t) − x

s+1
t ||2 + 2L2(µ+ 1)E||xs+1

t − x̃s||2,

(4)

where the first inequality adopts the Lipschitz smooth property of fa(x), and the second equality holds because

δx =
||xs+1
D(t)
||∞

2bx−1−1
and Q(δx,bx)(x

s+1
D(t)) is an unbiased quantization. The second inequality uses the condition in Step 7 of
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Algorithm 1. With similar arguments, we obtain the upper bound of T2 in the following.

T2 = E||∇fa(Q(δx,bx)(x
s+1
D(t)))−∇fa(x̃s) +∇f(x̃s)−∇f(xs+1

t )||2

≤ 2E||∇fa(Q(δx,bx)(x
s+1
D(t)))−∇fa(xs+1

D(t))||
2 + 2E||∇fa(xs+1

D(t))−∇fa(x̃s) +∇f(x̃s)−∇f(xs+1
t )||2

≤ 2E||∇fa(Q(δx,bx)(x
s+1
D(t)))−∇fa(xs+1

D(t))||
2 + 4E||∇fa(xs+1

D(t))−∇fa(xs+1
t )||2

+ 4E||∇fa(xs+1
t )−∇fa(x̃s) +∇f(x̃s)−∇f(xs+1

t )||2

≤ 2E||∇fa(Q(δx,bx)(x
s+1
D(t)))−∇fa(xs+1

D(t))||
2 + 4E||∇fa(xs+1

D(t))−∇fa(xs+1
t )||2 + 4E||∇fa(xs+1

t )−∇fa(x̃s)||2

≤ 2L2E||Q(δx,bx)(x
s+1
D(t))− x

s+1
D(t)||

2 + 4L2E||xs+1
D(t) − x

s+1
t ||2 + 4L2E||xs+1

t − x̃s||2

≤ 4L2(µ+ 1)E||xs+1
D(t) − x

s+1
t ||2 + 4L2(µ+ 1)E||xs+1

t − x̃s||2.
(5)

where in the third inequality we adopt E||∇fa(xs+1
t ) − ∇fa(x̃s) + ∇f(x̃s) − ∇f(xs+1

t )||2 ≤ E||∇fa(xs+1
t ) −

∇fa(x̃s)||2. It is true because E||x − E[x]||2 ≤ E||x||2. The last inequality follows from Step 7 of Algorithm 1.
Putting them together, we obtain Lemma 2. �

Proof of Theorem 2. Define x̄s+1
t+1 , proxηh(xs+1

t − η∇f(xs+1
t )). According to equations (8)-(12) in [2], we

get

E
[
P (xs+1

t+1 )
]

≤ E
[
P (xs+1

t ) + (L− 1

2η
)||x̄s+1

t+1 − x
s+1
t ||2 + (

L

2
− 1

2η
)||xs+1

t+1 − x
s+1
t ||2 − 1

2η
||xs+1

t+1 − x̄
s+1
t+1 ||2

+ 〈xs+1
t+1 − x̄

s+1
t+1 ,∇f(xs+1

t )− us+1
t 〉

]
≤ E

[
P (xs+1

t ) +
η

2
||us+1

t −∇f(xs+1
t )||2 + (L− 1

2η
)||x̄s+1

t+1 − x
s+1
t ||2 + (

L

2
− 1

2η
)||xs+1

t+1 − x
s+1
t ||2

]
.

(6)

Using Lemma 2, we have

E
[
P (xs+1

t+1 )
]
≤E
[
P (xs+1

t ) + ηL2(µ+ 1)(∆ + 2)||xs+1
D(t) − x

s+1
t ||2 + ηL2(µ+ 1)(∆ + 2)||xs+1

t − x̃s||2

+ (L− 1

2η
)||x̄s+1

t+1 − x
s+1
t ||2 + (

L

2
− 1

2η
)||xs+1

t+1 − x
s+1
t ||2

]
.

(7)

Define Rs+1
t , E

[
P (xs+1

t ) + ct||xs+1
t − x̃s||2

]
, where {ct}mt=0 is a nonnegative decreasing sequence with cm = 0,

ct = ct+1(1 + β) + ηL2(µ+ 1)(∆ + 2) and β = 1
m . Therefore,

c0 ≤ ηL2(µ+ 1)(∆ + 2) · (1 + β)m − 1

β

≤ 2ηL2(µ+ 1)(∆ + 2)m.

(8)

From the definition of Rs+1
t , we obtain

Rs+1
t+1 =E

[
P (xs+1

t+1 ) + ct+1||xs+1
t+1 − x̃s||2

]
≤E
[
P (xs+1

t+1 ) + ct+1(1 +
1

β
)||xs+1

t+1 − x
s+1
t ||2 + ct+1(1 + β)||xs+1

t − x̃s||2
]

≤E
[
P (xs+1

t ) + ct||xs+1
t − x̃s||2 + (ct+1(1 +

1

β
) +

L

2
− 1

2η
)||xs+1

t+1 − x
s+1
t ||2 + (L− 1

2η
)||x̄s+1

t+1 − x
s+1
t ||2

+ ηL2(µ+ 1)(∆ + 2)τ

t−1∑
d=D(t)

||xs+1
d+1 − x

s+1
d ||2

]
.

(9)
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Summing over t = 0 to m− 1, we get

m−1∑
t=0

Rs+1
t+1 ≤

m−1∑
t=0

Rs+1
t +

m−1∑
t=0

[
ct+1(1 +

1

β
) +

L

2
− 1

2η
+ ηL2(µ+ 1)(∆ + 2)τ2

]
E||xs+1

t+1 − x
s+1
t ||2

+

m−1∑
t=0

(L− 1

2η
)E||x̄s+1

t+1 − x
s+1
t ||2.

(10)

The inequality holds because
m−1∑
t=0

t−1∑
d=D(t)

||xs+1
d+1 − x

s+1
d ||2 ≤ τ

m−1∑
t=0
||xs+1

t+1 − x
s+1
t ||2.

Now we derive the bound for η to make
[
ct+1(1 + 1

β ) + L
2 −

1
2η + ηL2(µ+ 1)(∆ + 2)τ2

]
≤ 0. Since ct is a decreasing

sequence, we only need to prove the above inequality for c0. Let η = ρ
L , where ρ < 1

2 is a positive constant. After
calculations, we obtain the following constraint:

8ρ2m2(µ+ 1)(∆ + 2) + 2ρ2(µ+ 1)(∆ + 2)τ2 + ρ ≤ 1. (11)

If (11) holds, then
m−1∑
t=0

Rs+1
t+1 ≤

m−1∑
t=0

Rs+1
t + (L− 1

2η
)

m−1∑
t=0

E||x̄s+1
t+1 − x

s+1
t ||2. (12)

Because xs+1
0 = x̃s, xs+1

m = x̃s+1 and cm = 0, we have R(xs+1
0 ) = P (x̃s) and R(xs+1

m ) = P (x̃s+1). Summing (12)
over s = 0 to S − 1, we get

(
1

2η
− L)

S−1∑
s=0

m−1∑
t=0

E||x̄s+1
t+1 − x

s+1
t ||2 ≤ P (x0)− P (x∗). (13)

Using the definition of Gη(xs+1
t ) , 1

η [xs+1
t − proxηh(xs+1

t − η∇f(xs+1
t ))] = 1

η (xs+1
t − x̄s+1

t+1 ), we obtain Theorem
2. �

2 Analysis for Sparse-AsyLPG

Lemma 3. Define ϕt ,
∑d
i=1 pi. If ϕt ≤ ||αt||1

||αt||∞ , then for αt =
∑d
i=1 αt,iei, we have E||βt||2 ≥ 1

ϕt
||αt||21. The

equality holds if and only if pi =
|αt,i|·ϕt
||αt||1 .

Proof Sketch. From the calculation of βt, we obtain E||βt||2 =
d∑
i=1

α2
t,i

pi
. If ϕt ≤ ||αt||1

||αt||∞ , then it can be concluded from

Lemma 3 and Theorem 5 in [3] that E||βt||2 ≥ 1
ϕt
||αt||21, with equality if and only if pi =

|αt,i|·ϕt
||αt||1 . �

Lemma 4. Suppose ϕt ≤ ||αt||1
||αt||∞ , Assumptions 1, 2, 3 hold, and for each i ∈ {1, ..., d}, pi =

|αt,i|·ϕt
||αt||1 . Denote

Γ = d2

4ϕ(2b−1−1)2
+ d

ϕ + 1, where ϕ = mint{ϕt}. Then, for the gradient us+1
t in Sparse-AsyLPG, we have

E||us+1
t −∇f(xs+1

t )||2 ≤ 2L2(µ+ 1)ΓE
[
||xs+1

D(t) − x
s+1
t ||2 + ||xs+1

t − x̃s||2
]
. (14)

Proof.
E||us+1

t −∇f(xs+1
t )||2

= E||Q(δβt ,b)
(βt) +∇f(x̃s)−∇f(xs+1

t )||2

= E||Q(δβt ,b)
(βt)− βt||2 + E||βt +∇f(x̃s)−∇f(xs+1

t )||2

≤ d

4(2b−1 − 1)2
E||βt||2 + E||βt − αt||2 + E||αt +∇f(x̃s)−∇f(xs+1

t )||2

=
[ d

4(2b−1 − 1)2
+ 1
]
E||βt||2 −E||αt||2 + E||αt +∇f(x̃s)−∇f(xs+1

t )||2

(15)
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where the second equality holds because Q(δβt ,b)
(βt) is an unbiased quantization. The first inequality uses Lemma 1

and E[βt] = αt. According to T2 we get

E||us+1
t −∇f(xs+1

t )||2

≤
[ d

4(2b−1 − 1)2
+ 1
]
E||βt||2 −E||αt||2 + 4L2(µ+ 1)E||xs+1

D(t) − x
s+1
t ||2 + 4L2(µ+ 1)E||xs+1

t − x̃s||2.
(16)

From Lemma 3, we obtain

E||us+1
t −∇f(xs+1

t )||2

≤
[ d2

4ϕ(2b−1 − 1)2
+
d

ϕ
− 1
]
E||αt||2 + 4L2(µ+ 1)E||xs+1

D(t) − x
s+1
t ||2 + 4L2(µ+ 1)E||xs+1

t − x̃s||2

≤ 2L2(µ+ 1)
[ d2

4ϕ(2b−1 − 1)2
+
d

ϕ
+ 1
]
E||xs+1

D(t) − x
s+1
t ||2 + 2L2(µ+ 1)

[ d2

4ϕ(2b−1 − 1)2
+
d

ϕ
+ 1
]
E||xs+1

t − x̃s||2,

(17)
where the first inequality uses ||x||1 ≤

√
d||x||2 for x ∈ Rd and E||βt||2 = 1

ϕt
||αt||21 when pi =

|αt,i|·ϕt
||αt||1 . The final

inequality comes from the upper bound of T1. �

Proof sketch of Theorem 3. Substituting (14) in (6) and following the proof of Theorem 2, we obtain a conver-
gence rate of

E||Gη(xout)||2 ≤
2L[P (x0)− P (x∗)]

ρ(1− 2ρ)T
, (18)

if 8ρ2m2(µ+ 1)Γ + 2ρ2(µ+ 1)τ2Γ + ρ ≤ 1, where Γ = d2

4ϕ(2b−1−1)2
+ d

ϕ + 1. �

3 Proof of Theorem 4

The following lemma is a widely used technical result in composite optimization, which is called 3-Point-Property.
Lemma 1 in [1] provides its detailed proofs and extensions.

Lemma 5. If yst+1 is the optimal solution of

min
y∈χ

φ(y) +
1

2ηs
||y − yst ||2, (19)

where function φ(y) is convex over a convex set χ. Then for any y ∈ χ, we have [1]

φ(y) +
1

2ηs
||y − yst ||2 ≥ φ(yst+1) +

1

2ηs
||yst+1 − yst ||2 +

1

2ηs
||y − yst+1||2. (20)

Proof of Theorem 4. From the update rule of yst+1, we know that

yst+1 = arg min
y

h(y) + 〈ust , y − yst 〉+
1

2ηs
||y − yst ||2. (21)

Applying Lemma 5 with φ(y) = h(y) + 〈ust , y − yst 〉 and y = x∗ in (20), we obtain

h(yst+1)+ 〈ust , yst+1−yst 〉 ≤ h(x∗)+ 〈ust , x∗−yst 〉+
1

2ηs
||x∗−yst ||2−

1

2ηs
||x∗−yst+1||2−

1

2ηs
||yst+1−yst ||2. (22)

Since f(x) is Lipschitz smooth, we have

Ef(xst+1) ≤E
(
f(xst ) + 〈∇f(xst ), x

s
t+1 − xst 〉+

L

2
||xst+1 − xst ||2

)
=E
(
f(xst ) + θs〈ust , yst+1 − yst 〉+ θs〈∇f(xst )− ust , yst+1 − yst 〉+

L

2
||xst+1 − xst ||2

)
,

(23)
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where the first equality uses xst+1 − xst = θs(y
s
t+1 − yst ). Therefore,

EP (xst+1) =E
[
f(xst+1) + h(xst+1)

]
≤E
[
f(xst ) + θs〈ust , yst+1 − yst 〉+ θs〈∇f(xst )− ust , yst+1 − yst 〉+

L

2
||xst+1 − xst ||2 + h(xst+1)

]
≤E
[
f(xst ) + θs〈ust , yst+1 − yst 〉+ θs〈∇f(xst )− ust , yst+1 − yst 〉+

L

2
||xst+1 − xst ||2 + (1− θs)h(x̃s−1) + θsh(yst+1)

]
≤E
[
θsh(x∗) + θs〈ust , x∗ − yst 〉︸ ︷︷ ︸

T3

+
θs
2ηs
||x∗ − yst ||2 −

θs
2ηs
||x∗ − yst+1||2 −

θs
2ηs
||yst+1 − yst ||2

+ f(xst ) + θs〈∇f(xst )− ust , yst+1 − yst 〉︸ ︷︷ ︸
T4

+
L

2
||xst+1 − xst ||2 + (1− θs)h(x̃s−1)

]
,

(24)
where the first inequality uses (23), and the second inequality follows from xst+1 = θsy

s
t+1 + (1 − θs)x̃s−1 and the

convexity of h(x). We apply (22) in the third inequality. T3 can be bounded as follows.

ET3 = θsE〈ust , x∗ − yst 〉
= E〈ust , θsx∗ + (1− θs)x̃s−1 − xst 〉
= E〈ust , θsx∗ + (1− θs)x̃s−1 −Q(δx,bx)(x

s
D(t))〉+ E〈ust , Q(δx,bx)(x

s
D(t))− x

s
t 〉

= E〈∇fa(Q(δx,bx)(x
s
D(t))), θsx

∗ + (1− θs)x̃s−1 −Q(δx,bx)(x
s
D(t))〉+ E〈∇fa(Q(δx,bx)(x

s
D(t)), Q(δx,bx)(x

s
D(t))− x

s
t 〉

≤ E
[
fa(θsx

∗ + (1− θs)x̃s−1)− fa(Q(δx,bx)(x
s
D(t))) + fa(Q(δx,bx)(x

s
D(t)))− fa(xst ) +

L

2
||Q(δx,bx)(x

s
D(t))− x

s
t ||2
]

≤ E
[
θsf(x∗) + (1− θs)f(x̃s−1)− f(xst ) +

L

2
||Q(δx,bx)(x

s
D(t))− x

s
t ||2
]
,

(25)
where the convexity and Lipschitz smoothness of fa(x) are adopted in the first inequality. Next we derive the bound of
E||Q(δx,bx)(x

s
D(t))− x

s
t ||2 as follows.

E||Q(δx,bx)(x
s
D(t))− x

s
t ||2 = E||Q(δx,bx)(x

s
D(t))− x

s
D(t)||

2 + E||xsD(t) − x
s
t ||2

≤ θsµE||xsD(t) − x̃
s−1||2 + E||xsD(t) − x

s
t ||2

≤ (1 + 2θsµ)E||xsD(t) − x
s
t ||2 + 2θ3

sµE||yst − x̃s−1||2

≤ (1 + 2θsµ)E||xsD(t) − x
s
t ||2 + 2θ3

sµD.

(26)

where the first equality holds because Q(δx,bx)(x
s
D(t)) is an unbiased quantization and the first inequality comes from

Step 7 in Algorithm 3. The second inequality holds because xst − x̃s−1 = θs(y
s
t − x̃s−1). Therefore,

ET3 ≤ E
[
θsf(x∗) + (1− θs)f(x̃s−1)− f(xst ) +

(1 + 2θsµ)L

2
||xsD(t) − x

s
t ||2 + θ3

sµLD
]
. (27)

Now we bound T4. Define vst , ∇fa(xst )−∇fa(x̃s−1) +∇f(x̃s−1).

ET4 = θsE〈∇f(xst )− ust , yst+1 − yst 〉 = θsE〈∇f(xst )− vst , yst+1 − yst 〉︸ ︷︷ ︸
T5

+ θsE〈vst − ust , yst+1 − yst 〉︸ ︷︷ ︸
T6

. (28)
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T5 =θsE〈∇f(xst )− vst , yst+1 − yst 〉

≤ θs
2τL

E||∇f(xst )− vst ||2 +
τLθs

2
E||yst+1 − yst ||2

≤ θs
2τL

E||∇fa(xst )−∇fa(x̃s−1)||2 +
τLθs

2
E||yst+1 − yst ||2

≤θsL
2

2τL
E||xst − x̃s−1||2 +

τLθs
2

E||yst+1 − yst ||2

=
θ3
sL

2

2τL
E||yst − x̃s−1||2 +

τLθs
2

E||yst+1 − yst ||2

≤θ
3
sLD

2τ
+
τLθs

2
E||yst+1 − yst ||2,

(29)

where in the first inequality we use Young’s inequality. The second equality follows from xst − x̃s−1 = θs(y
s
t − x̃s−1).

Moreover,
T6 = θsE〈vst − ust , yst+1 − yst 〉

≤ θs
2τL

E||vst − ust ||2 +
τLθs

2
E||yst+1 − yst ||2.

(30)

From the definition of ust and vst , we have

E||vst − ust ||2

= E||Q(δαt ,b)
(αt)−∇fa(xst ) +∇fa(x̃s−1)||2

= E||Q(δαt ,b)

(
∇fa(Q(δx,bx)(x

s
D(t)))−∇fa(x̃s−1)

)
−∇fa(Q(δx,bx)(x

s
D(t))) +∇fa(x̃s−1)||2

+ E||∇fa(Q(δx,bx)(x
s
D(t)))−∇fa(xst )||2

≤ d

4(2b−1 − 1)2
E||∇fa(Q(δx,bx)(x

s
D(t)))−∇fa(x̃s−1)||2 + E||∇fa(Q(δx,bx)(x

s
D(t)))−∇fa(xst )||2

≤ dL2

4(2b−1 − 1)2
E||Q(δx,bx)(x

s
D(t))− x̃

s−1||2 + L2E||Q(δx,bx)(x
s
D(t))− x

s
t ||2

≤
[ dL2

2(2b−1 − 1)2
+ L2

]
E||Q(δx,bx)(x

s
D(t))− x

s
t ||2 +

dL2

2(2b−1 − 1)2
E||xst − x̃s−1||2

≤
[ dL2

(2b−1 − 1)2
+ 2L2

]
E||Q(δx,bx)(x

s
D(t))− x

s
D(t)||

2 +
[ dL2

(2b−1 − 1)2
+ 2L2

]
E||xsD(t) − x

s
t ||2

+
dL2θ2

s

2(2b−1 − 1)2
E||yst − x̃s−1||2

≤
[ dL2

(2b−1 − 1)2
+ 2L2

]
θsµE||xsD(t) − x̃

s−1||2 +
[ dL2

(2b−1 − 1)2
+ 2L2

]
E||xsD(t) − x

s
t ||2 +

dL2θ2
sD

2(2b−1 − 1)2

≤
[ dL2

(2b−1 − 1)2
+ 2L2

]
(1 + 2θsµ)E||xsD(t) − x

s
t ||2 +

[ 2dL2

(2b−1 − 1)2
+ 4L2

]
θsµE||xst − x̃s−1||2 +

dL2θ2
sD

2(2b−1 − 1)2

≤ (1 + 2θsµ)L2
[ d

(2b−1 − 1)2
+ 2
]
E||xsD(t) − x

s
t ||2 + θ3

sL
2µ
[ 2d

(2b−1 − 1)2
+ 4
]
D +

dL2θ2
sD

2(2b−1 − 1)2
,

(31)
where the second equality holds because Q(δαt ,b)

(αt) is an unbiased quantization, and the first inequality uses Lemma 1.
In the fourth and final inequality, we adopt xst − x̃s−1 = θs(y

s
t − x̃s−1). The fifth inequality follows from Step 7 of

Algorithm 3. Putting them together, we obtain

ET4 ≤τLθsE||yst+1 − yst ||2 +
Lθs(1 + 2θsµ)

2τ

[ d

(2b−1 − 1)2
+ 2
]
E||xsD(t) − x

s
t ||2 +

LDθ3
s

2τ

[ d

2(2b−1 − 1)2
+ 1
]

+
θ4
sLDµ

2τ

[ 2d

(2b−1 − 1)2
+ 4
]
.

(32)
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Substituting (32) and (27) in (24), we get

EP (xst+1) ≤E
[
(1− θs)P (x̃s−1) + θsP (x∗) +

θs
2ηs

(||x∗ − yst ||2 − ||x∗ − yst+1||2)

+ θ3
sµLD +

LDθ3
s

2τ

[ d

2(2b−1 − 1)2
+ 1
]

+
θ4
sLDµ

2τ

[ 2d

(2b−1 − 1)2
+ 4
]

+
(1 + 2θsµ)L

2
||xsD(t) − x

s
t ||2 + τLθs||yst+1 − yst ||2 +

Lθs(1 + 2θsµ)

2τ

[ d

(2b−1 − 1)2
+ 2
]
||xsD(t) − x

s
t ||2︸ ︷︷ ︸

T7

+
L

2
||xst+1 − xst ||2 −

θs
2ηs
||yst+1 − yst ||2︸ ︷︷ ︸

T8

]
.

(33)

Let ηsθs = 1
σL where σ > 1, since

m−1∑
t=0

t−1∑
d=D(t)

||xsd+1 − xsd||2 ≤ τ
m−1∑
t=0
||xst+1 − xst ||2, it can be verified that

m−1∑
t=0

(T7 + T8) ≤ ξ
m−1∑
t=0

||yst+1 − yst ||2, (34)

where ξ = τ2θ2
s

[
(1+2θsµ)L

2 + (1+2θsµ)θsL
2τ ( d

(2b−1−1)2
+ 2)

]
+ τLθs +

Lθ2s
2 −

σLθ2s
2 . Denote ∆ = d

(2b−1−1)2
+ 2, if

τ ≤

√(
2

(1+2θsµ)θs
+θs∆

)2
+

4(σ−1)
(1+2θsµ)

−( 2
(1+2θsµ)θs

+θs∆)

2 , then ξ ≤ 0. Suppose the above constraint holds, we have

m−1∑
t=0

EP (xst+1) ≤
m−1∑
t=0

E
[
(1−θs)P (x̃s−1)+θsP (x∗)+

θs
2ηs

(||x∗−yst ||2−||x∗−yst+1||2)+θ3
sµLD+

θ3
sLD∆

4τ
+
θ4
sLD∆µ

τ

]
.

(35)

Using x̃s = 1
m

m−1∑
t=0

xst+1, we obtain

E
[
P (x̃s)−P (x∗)

]
≤ E

[
(1−θs)

(
P (x̃s−1)−P (x∗)

)
+
σLθ2

s

2m
(||ys0−x∗||2−||ysm−x∗||2)+θ3

sµLD+
θ3
sLD∆

4τ
+
θ4
sLD∆µ

τ

]
.

(36)
Dividing both sides of (36) by θ2

s , summing over s = 1 to S, and using the definition ys0 = ys−1
m and that 1−θs

θ2s
≤ 1

θ2s−1

when θs = 2
s+2 , we have

E
[
P (x̃S)− P (x∗)

]
≤

4
[
P (x̃0)− P (x∗)

]
(S + 2)2

+
2σL||x̃0 − x∗||2

m(S + 2)2
+

8
(
∆(1 + µ)/τ + µ

)
LD log(S + 2)

(S + 2)2
. (37)

�
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