
A Proof of Theorem 1

Before presenting the proof, we would like to point out that, unless specified otherwise, all the
expectations in this section are taken over the sampling distribution q.

Proof. It follows from (8) that
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Lower bound: It follows from (21) and the lower bound in Lemma 1 that
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where (i) follows from the bound on the entries of r✓✓✓ok, for each k 2 [n].

Upper bound: Using (21) and the upper bound in Lemma 1, we obtain that
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By employing Lemma 4 with (26), we obtain the following.
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By employing Lemma 2 in (27), we obtain that
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oj ·r✓✓✓oj gives the stated upper bound.

Lemma 1. Let S = {s1, . . . , sm} ⇢ N
m
t be m i.i.d. negative classes drawn according to the

sampling distribution q. Then, the ratio appearing in the gradient estimate based on the sample

softmax approach (cf. (8)) satisfies
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where (i) follows by dropping the positive terms eok
mqk

and eosi
mqsi

. Next, we combine(30) and (33) to
obtain the following.
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This completes the proof of the upper bound in (28). In order to establish the lower bound in (28), we
combine (30) and (31) to obtain that
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where the final step follows by applying Jensen’s inequality to each of the expectation terms.

Lemma 2. For any model parameter ✓✓✓ 2 ⇥, assume that we have the following bound on the

maximum absolute value of each of coordinates of the gradient vectors
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where 1 is the all one vector.

Proof. Note that
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where (i) follows from the fact that the gradients have bounded entries. Now, combining (38) and
Lemma 3 gives us that
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Proof. Note that
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Now, by combining (46) and (48) we obtain that
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B Proof of Theorem 2

Proof. Recall that RFFs provide an unbiased estimate of the Gaussian kernel. Therefore, we have
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(1� �) · e�⌫

·

X

i2Nt

eoi  C  (1 + �) · e�⌫
·

X

i2Nt

eoi (57)

Now, by combining (56) and (57), we get that

e(⌧�⌫)cT
i h

·
1� �

1 + �


1P
i2Nt

eoi
·

���
eoi

qi

���  e(⌧�⌫)cT
i h

·
1 + �

1� �

or

e(⌧�⌫)cT
i h

· (1� 2�) 
1P

i2Nt
eoi

·

���
eoi

qi

���  e(⌧�⌫)cT
i h

· (1 + 4�).

C Proof of Corollary 1

Proof. It follows from Remark 1 that by invoking Theorem 2 with ⌫ = ⌧ and

� = a0 ·
⇣
e2⌧ ·

⇢
p
d logD
p
D

⌘
,

for a0 > 1, the following holds with high probability.
�
1� oD(1)

�
·

X

j2Nt

eoj 
eoi

qi

�
1 + oD(1)

�
·

X

j2Nt

eoj . (58)

Now, it is straightforward to verify that by combining (58) with (10) and (11), the following holds
with high probability.

�oD(1) · 1  E[r✓✓✓L
0]�r✓✓✓L 

⇣
oD(1) + o

�
1/m

�⌘
· g +

⇣
oD(1) + o

�
1/m

�⌘
· 1.

D Toolbox

Lemma 5. For a positive random variable V such that V � a > 0, its expectation satisfies the

following.

1

E[V ]
 E


1

V

�


1

E[V ]
+

Var(V )

a3
. (59)

and

1

E[V ]
 E


1

V

�


1

E[V ]
+

Var(V )

E[V ]3
+

E
��V � E[V ]

��3

a4
. (60)
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Proof. It follows from the Jensen’s inequality that

E

1

V

�
�

1

E[V ]
. (61)

For the upper bound in (59), note that the first order Taylor series expansion of the function f(x) = 1
x

around x = E[V ] gives us the following.

1

x
=

1

E[V ]
�

x� E[V ]

E[V ]2
+

(x� E[V ])2

⇠3
, (62)

where ⇠ is constant that falls between x and E[V ]. This gives us that

E

1

V

�


1

E[V ]
�

E (V � E[V ])

E[V ]2
+ E

"
(V � E[V ])2

(min{V,E[V ]})3

#

=
1

E[V ]
+ E

"
(V � E[V ])2

(min{V,E[V ]})3

#

(i)


1

E[V ]
+

E
⇥
V � E[V ]

⇤2

a3

=
1

E[V ]
+

var(V )

a3
, (63)

where (i) follows from the assumption that V � a > 0.

For the upper bound in (60), let’s consider the second order Taylor series expansion for the function
f(x) = 1

x around E[V ].

1

x
=

1

E[V ]
�

x� E[V ]

E[V ]2
+

(x� E[V ])2

E[V ]3
�

(x� E[V ])3

�4
, (64)

where � is a constant between x and E[V ]. Note that the final term in the right hand side of (64) can
be bounded as

(x� E[V ])3

�4
�

(x� E[V ])3

x4
. (65)

Combining (59) and (65) give us that

1

x


1

E[V ]
�

x� E[V ]

E[V ]2
+

(x� E[V ])2

E[V ]3
�

(x� E[V ])3

x4
. (66)

It follows from (66) that

E

1

V

�


1

E[V ]
+

Var(V )

E[V ]3
+ E

"��V � E[V ]
��3

V 4

#


1

E[V ]
+

Var(V )

E[V ]3
+

E
h��V � E[V ]

��3
i

a4
. (67)
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