A Proof of Theorem 1

Before presenting the proof, we would like to point out that, unless specified otherwise, all the
expectations in this section are taken over the sampling distribution q.
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where (i) follows from the bound on the entries of Vgoy, for each k € [n].

Upper bound: Using (21) and the upper bound in Lemma 1, we obtain that
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By employing Lemma 4 with (26), we obtain the following.
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By employing Lemma 2 in (27), we obtain that
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Now, using E[U] =}, efn) €7 - Voo; gives the stated upper bound. O
Lemma 1. Let S = {s1,...,8m} C N/ be m i.i.d. negative classes drawn according to the

sampling distribution q. Then, the ratio appearing in the gradient estimate based on the sample
softmax approach (cf. (8)) satisfies
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For 1 <[ < m, let’s define the notation S; = de[l] . Now, let’s consider Term I.
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where (7) follows by dropping the positive term qui . Next, we combine(30) and (33) to
obtain the following.
VGOt + Zze[m] (,mqg Vgo )
€%t + ZZE mq:
e’ - Voo - E + Z e’ - Voor, - E # +
00t 00k cor + Sﬁm
kEJ\/'t m
Sm ek
Lo O"WeOk\ |7 -
m Z S 2
kEN: (eot + %’1)
I 1 ] 1 €% | Voo | - [& — <&
(X e Voor) -E I R A 'qw o
eot + Z e v m 2
k€[n)] i i€[m] mqs, keN; (e"f + 2 1)
1
= (X e Voor) - E o | + A (34)
et €7+ Dicim) ma, |

This completes the proof of the upper bound in (28). In order to establish the lower bound in (28), we
combine (30) and (31) to obtain that
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where the final step follows by applying Jensen’s inequality to each of the expectation terms. O

Lemma 2. For any model parameter @ € O, assume that we have the following bound on the
maximum absolute value of each of coordinates of the gradient vectors
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where 1 is the all one vector.
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where (7) follows from the fact that the gradients have bounded entries. Now, combining (38) and
Lemma 3 gives us that
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Furthermore, one can verify that Var(WW) scale as O (%) Therefore, using (59) in Lemma 5, we
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B Proof of Theorem 2

Proof. Recall that RFFs provide an unbiased estimate of the Gaussian kernel. Therefore, we have
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In fact, for large enough D, the RFFs provide a tight approximation of e~” - exp(ve?l h) [21, 25].
This follows from the observation that
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where the input embedding h and the class embeddings c1, . . ., ¢, are {s-normalized. Therefore, it
follows from (51) that the following holds with probability at least 1 — O (%)
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Using the similar arguments, it also follows from (51) that with probability at least 1 — O (ﬁ), we
have

(I—=7)- E e <C<(147)- E e 57
i€EN: €N
Now, by combining (56) and (57), we get that

[e33

(T vielh | 1—~ < 1 . € < e(‘r—z/)c?h . 1+’Y
L+y 7 Yien, € a1 ™ 1—+v
or
e(r—u)ciTh (1=-29) < # . e’ < e(T—u)ciTh (1 + 4y).
- Zie/\/t €% q; N
O
C Proof of Corollary 1
Proof. 1t follows from Remark 1 that by invoking Theorem 2 with v = 7 and
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Now, it is straightforward to verify that by combining (58) with (10) and (11), the following holds
with high probability.
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Lemma 5. For a positive random variable V' such that V' > a > 0, its expectation satisfies the
following.

1 1 1 Var(V)
Ev] =" M SEV] @ >
and
1 1 1 Var(V) IE|V - E[VHS
D [v] SEVITEVE T @ o

18



Proof. 1t follows from the Jensen’s inequality that
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For the upper bound in (59), note that the first order Taylor series expansion of the function f(z) = 1
around x = E[V] gives us the following.

: T EV] T EpR T 8 62)
where ¢ is constant that falls between = and E[V]. This gives us that
2[o) < evi R <n§z{_vE1é‘[/v]§}>
~ g <nfv{vEu§[/v}?}>
2 gy S
= o+ 0, (©3)

where () follows from the assumption that V' > a > 0.

For the upper bound in (60), let’s consider the second order Taylor series expansion for the function
f(x) = 1 around E[V].
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where x is a constant between x and E[V]. Note that the final term in the right hand side of (64) can
be bounded as
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Combining (59) and (65) give us that
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It follows from (66) that

(67)

19



