A Example: Continuous-Armed Bandit

In this section, we show how PPO and TRGPPO perform in
continuous action space by a simple continuous-armed ban-
dit problem. Fig. 2 (b) shows the plot of reward function
(black dashed curve). Let asubopt denote any sub-optimal ac-
tion which achieves second-highest reward; and let aqp; de-
note the optimal one. The policy is a parametrized Gaussian
(orange solid curve).
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Fig. 1 shows the clipping ranges for different actions in con-
tinuous action space, where dim(.A) = 1. The old policy is
moa(@) = N(al0,1) (black curve). Note that the probability
Told(a) goes smaller as a is away from zero which the mode of
the Gaussian distribution. As the figure shows, in continuous
action space, our TRGPPO method sets larger clipping range
for action which is less likely to be chosen, while PPO sets a
constant clipping range under all actions.

Figure 1: Clipping Range of
TRGPPO (blue curve) and PPO
(orange curve) on different actions.
For TRGPPO, § = 0.05, while for
PPO, ¢ = 0.2. The distribution of
old policy is moa(a) = N (a0, 1).
Fig. 2 shows the training process of PPO on the continuous-

armed bandit problem. As can be seen, the allowable improve-

ment of 7(aopt) of PPO is quite limited. It will require quite a

large number of steps for m(aopt) to peak. On the other hand, the limited improvement at 7 (aqpt,)
will prevent the policy from allocating more probability at aop¢. In other words, it will explore less
at aop. Whereas the allowable improvement at aguhopt 18 relatively relax. This uneven restriction
may result in a growing improvement of 7m(@sybopt) and a diminishment of 7(aopt ). Consequently,
the policy is trapped in local optima, as Fig. 2 (c) shows. Note that although we use Gaussian distri-
bution as our policy in the example, these issues could also happen on multimodal distribution like
Mixture Gaussian or heavy tailed distribution like Beta distribution.

Fig. 3 shows the training process of TRGPPO. When the policy enters into a locally optimal one,
the corresponding feasible variation range of 7(aops ) is close to that of m(asubopt) in TRGPPO, as
Fig. 3 (b) shows. Note that the advantage value at a,p¢ is larger than that at aguopt. This could result
in a growing reinforcement of 7(aopt ), wWhich accordingly leads to a diminishment of 7(asubopt)-
In this way, the policy jumps out of the local optima and converges to the optimal policy, as Fig. 3
(c) shows.
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Figure 2: Training process of PPO. The orange solid curve plots the probability density function
(PDF) of policy at the training process. The black dashed curve plots the reward function of the
bandit problem.
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Figure 3: Training process of TRGPPO.



B Computation of Adaptive Clipping Range

In this section, we detail the method for adaptive clipping range computation, which is formalized
as the following problem.
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To be abbreviated, we describe the approach for minimization case under discrete and continuous
action space respectively, while that for the maximization case is similar.

B.1 Discrete Action Space

For discrete action space tasks, it is standard to use a DNN with softmax output layer to represent
the policy, i.e., w(a|s) = [f}(s)]a, where f}(s) is the parameter of categorical distribution on state
s and the subscript a denote the a-th entry of the vector. The optimal clipping range should be
computed should be independent of special parametrization of f}. Thus the problem is formalized
as an optimization problem of two Categorical distributions. Given s; and a, letp’ = f§,(s;), where
6’ is the parameter of old policy mg1q, the computation of ngat in (1) is formalized as the following
optimization problem: '
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v is the maximization case of problem (3). Let A and v be
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By (a)(b), we have A # 0, since if A = 0 then v = 0 (by (a)), which contradicts (b). Second, by
(c) and A # 0, we have }_ _ , p;, log(pl,/pa) = d. Third, taking (a) into (d), we have p/, /p, =
v/A=(1-p;,)/(1 = pa,) for a # a;. Then, taking this equation into ) , p;, log(p;,/pa) = 9,
this problem is transformed into solving the following equation w.r.t. p,,.
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In fact, there are two groups of solution for (5), where pq, /p;,, < 1 is the one for the minimization
case, while pq, /p,, > 1 is the one for the maximization case.

B.2 Continuous Action Space

For continuous action space tasks, it is standard to represent the stochastic policy by a parameterized
conditional Gaussian distribution[4, 2], i.e., w(a|s) = N (a|f4 (s), f3*(s)), where f} and f;’ are two



DNNs which output the mean vector and covariance matrix. Note that the optimal clipping range
should be computed independent of special parametrization of f)° and fez. Thus the problem (1) is
formalized as an optimization problem of two Gaussian distributions. Given (s, a¢), let i/ = f};(s¢)

and Y/ = fez,(st), where 6’ is the parameter of old policy 7,14, the computation of l‘gt)at in (1) is
formalized as the following optimization problem:
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where ;1 € RP, ¥ € RP*P is a positive semi-definite matrix, D = dim(.A) is the dimension of ac-
tion space. The objective function is log of the ratio 7. The covariance matrix could be decomposed

by ¥/ = S’E’T, and we introduce a rotation matrix R € RP*P (whichhas RTR = R™'R = I).

Second, by replacing u with ¥/ Ry + i/, and X with ¥/ RER T Y T, we could transform the problem
to

1
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where @, = RTY' ' (1 — ay).

Next, we constrain the covariance matrix X to be diagonal. The final result is sub-optima compared
to the original problem. However, we don’t require accurate clipping bound when optimizing policy.
Another reason is that in practice the diagonal Gaussian policy is widely used in RL realizations.
Then (7) is equivalent to the following problem.
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where p € RP o€ ]R*D. We choose appropriate R to make a; g = a+ = H(H, —ay) j/_l H/\/E

ford =1,2,---, D, which means that all entries of a; are equal. Let A be the Lagrangian multiplier,
by appling the KKD condition,
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By the equations above, we could easily know that 14 and o4 are equal for all d. Thus the problem
could collapse to the following problem,

1
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Remember that ¢; = H(u’ —at)f’_IH/\/ﬁ, i € R, 0 € RT. Until now, the original D-

dimensional optimization problem is transformed to a 1-dimensional optimization problem. By
the KKT conditions above, we could obtain the following equations w.r.t. 4, o and .



When a; # 0, the problem is transformed into solving the following equations w.r.t. u, o, A:
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When a; = 0, the problem is transformed into solving the following equations w.r.t. u, o, A:
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There are two groups of solution for both (11) and (12), where A > 0 is the one for the minimization
case, while A < 0 is the one for the maximization case.

B.3 Computation Acceleration

Note the solutions in (5) only depend on the one-dimensional constant p/, and §, while (11) and (12)
only depend on one-dimensional constant @ and 6/D. We use MINPACK’s HYBRD and HYBRIJ
routines [3] as the solver. To accelerate this computation procedure, we propose two additional
approach. One is to train a DNN which input 7,14 (a|s) and 6 and approximately output the solutions,
which serve as the initial solutions for the solver. The other is to discretize the space of the input
and save all the solutions in advance. The experimental results in our main content are conducted
with the discretization version.

Table 2 shows the wall-clock time required by variants of TRGPPO and PPO to finish benchmark
tasks in a modern CPU. With our proposed acceleration tricks, the optimization time of calculating
clipping range can be reduced significantly. The result is obtained with the same experiment setup
as previous experiments. The experiments are applied on a computer with an Intel i5-7500 CPU,
16GB of memory and a GeForce GTX 1060 GPU.

Table 1: Input and output of the DNN for solving problems. For discrete action space, we sample
1000 pl,. For continuous action space, we sample 1000 & and 1000 6/D (note we take 6/D as an
entity). We solve these problems and obtain the corresponding solutions, and these data are used to
train our DNN.

Input Output
Discrete Action Space p, ~U(0,1) Da
Continuous Action Space | a ~ U(—5,5); D16 ~ U[0.0002,0.01] W, o

Table 2: Comparison of computation cost for TRGPPO with different acceleration tricks.
TRGPPO TRGPPO TRGPPO

PPO (discretization)  (solver) (DNN)
Mujoco(10° timesteps) 24 min 25 min 52 min 29 min
Atari(107 timesteps) 195 min 198 min 243 min 213 min

B.4 Adaptively Setting ¢ with ¢

We detail method about how to adaptively set d by e. Our goal is to make TRGPPO has theoretical
maximum KL divergence over all sampled states.

For discrete action space, let p™ = max. Towd(at|st), p~ = ax, Tola(at|st). By eq. (5), we set §
t:AL> A<

t:A
by
§ =maz(6%,57) (13a)
5t = (1—p*)log e A ptlog(l+e) (13b)
1—pt(1+¢)
5 = (lfpf)logi —p~log(1—e) (13¢)
1—p=(1—¢)
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Figure 4: Episode rewards achieved by algorithm during the training process averaged over 4 random
seeds. TRGPPO (blue line) achieves better performance than PPO (orange line).

For continuous action space, for PPO, theoretically, it always achieves maximum KL divergence at
the sampled action which is the mode of the Gaussian. Our idea is to make the optimal clipping
range at the mode of distribution equals the clipping range of PPO. By problem eq. (10) and (12),
we set J by

§ =max(6t,07) (14a)
1 —2log(1 1
5 —log(1+ ) + LD exp(=2lel £y 1, (14b)
2 D 2
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C Additional Experiment

To evaluate the proposed TRGPPO on discrete tasks, we use Atari games as a testing environment,
so the policies are learned with raw images. We present results on several atari games in Fig. 4,
the blue and orange curves visualize the results using TRGPPO and PPO. We set 6 = 0.001 for all
tasks.

Both TRGPPO and PPO adopt exactly same implementations and hyperparameters given in [1] for
discrete tasks except that clipping range of TRGPPO is computed adaptively according to given 9,
and the policy entropy coefficient is O but not 0.01 used in PPO. This is because our TRGPPO has
better exploration property than PPO, so it does not need to add extra entropy regularization.

D Implementation Details

Table 3: Hyperparameters for PPO and TRGPPO on Mujoco tasks.

Hyperparameter \ Value
learning rate 3x 1074
) 64 (Humanoid)
number of parallel environments 2 (Other tasks)
timesteps per epoch 1024
o ) -1.34 (HalfCheetah,Humanoid)
initial logstd of policy 0 (Other tasks)
policy Gaussian
A (GAE) 0.95
clipping range ¢ (PPO and TRGPPO) 0.2




Table 4: Hyperparameters for PPO and TRGPPO on Atari tasks.

Hyperparameter \ Value
learning rate 2.5 x 1074
number of parallel environments 8
timesteps per epoch 128
policy Softmax
A (GAE) 0.95
clipping range € (PPO) LinearAnneal(0.1,0)
coefficient of trust region § (TRGPPO) LinearAnneal(0.001,0)

E Theorem Proof

In this section, we will give theorem proofs. To make it easier to read, we will mention the related
notations again.

E.1 Theorems in Section 4
Lemmal. A, L K., [|7: — 7*|loo|m0] =1 — En, [7e(aopt )| 7o)

Proof: For any a # aopt, then |m(a) — 7% (a)|= |7 (a)|< |1 — m(@opt)|-

Thus we have |7 — || o= max,ec 4l|m:(a) — 7*(a)||= 1 — Tt (Gopt)-

Lemma 2. E..., [+1(a) 7o) = Er, [En., [rias (@)l o).

Theorem 2. Given initial policy o, if 73(aopt) - |A|< D eubopt EAvubopt 73 (Asubopt) —
> a-ca- To(a"), then we have

(l) Zasubopt e-Asubopt ﬂ—o (asubopt) < Zasubopt Eo’4subopt ]Eﬂ.i:’PO I:’]TfPO (asubopt) |7T0] < T <

2 tnueps € Auupop o [T (@subopt) o]

(ii) mo(aopt) > E rro [Wfpo(aopt)ho} > > Eopro [Wfpo(aoptﬂﬂ'o] R

(iii) Ay, o < AFPQ <o < AFPO.

0,1 m0,t

Proof: For PPO, if ¢(a) > 0, then we have

E.pro [P0(a)|m] = mi(a) + |7P ) — >

ateAt/{a}

—|— 15
|A| Z |A\ <«

Let L(a) = W?(a) Za+eA+/{a} TAF 1) + Za €A~ \A(| 1)
If 72 (aopt) - |A|< D oot €Aubont 73 (asubopt) — Dg—c.a- Tg(a™), then we have L(aqpt) < 0.
Hence we obtain 7§ T0 (aopt) > E pro [TTFO (aopt)|me].

For agubopt, We have

Z L(asubopt )

G/EASubOpt 16
_ 2 |-Asubopt‘ ( )
= Z 7"'O(SHbOPt) 770( ) A1 + Z |.A|
a€adsubopt
Thus we have
Z 71—0(asubopt) < Z EﬂfPO [ﬂ—fpo(asubopt)lﬂ—O] (17)

Asubopt E»Asubopt Asubopt E»Asubopt



Then by Lemma 2, we obtain (i) and (ii). Since (ii) holds, by Lemma 1, we get (iii).

O
E.2 Theorems in Section 5
. dul , di’,
Lemma 3. For TRGPPO with hyperparameter 6, we have Trona(als) < 0, dwold(ale) > 0.
Proof: By solving (1) and (2) for discrete space, we have
1 — moalals
(1 — mora(als)) log 1—7T1dl(da(|5|)l‘)5 — mod(als) loglg’a =4 (18)
o s,a
'/Told(a|5) 5
(1 77To]d(a|5))logm 77T01d(a|5> 1ogus7a =6 (19)
To be abbreviated, let | = lgt ap U= ugm, p = mod(at]st). By eq. (18), we have
a ! ((1 —pl)log G0 41— z)
dp p(l—1)
_ 1 —pl) log A-pl 11 (20)
p(l—1) 1—pl 1—pl
I(1—pl) ! -1
= 1 1
pi—1) BT T T
Note that 0 < [ < 1,1 —pl > 0, we have {=%; = —{=L > —1. Indeed, log(1 + ) — = < 0 for
any x > —1. Hence, log (1 + ?pz) — 1— < 0. We obtam b > 0.
Similarly, we can get that > 0.
O

Theorem 3. For TRGPPO with hyperparameter G) and PPO with same e¢. If § <
g(MaXae A, pop, Tt (@), 1+ €) for all t, then we have A R PPO < ATPD for any t.

Proof: If § < g(maxX,eA,,pop, Tt(a), 1 + €), then by Lemma 3 and Lemma 5 we have ugsubopt <
1+ €. Hence, ugeb = lte

Meanwhile, ug*e >1+e€and lgve < 1 — e for any a.
If ¢(a) > 0, then we have

_ 2 1 i (at) B m(a),
Erpew [Mnew(@)|me] = mi(a) + | my (@) (ua — 1) 3 A1 (Ugr =D+ > AT 1-1,-)

atecAt/{a} a” €A™

2

Since ugfpt > 1 + ¢ and lg’f < 1 — ¢ while ud¢ = 1 + ¢ we can get

Qsubopt
E,,TtTflGPPo W;I_‘F}}GPPO(aopt”ﬂt] > Eﬂ.fflo [Wiljo(aopt)ht}

Then by Lemma 2, we have E, 1rcrro {WZEGPPO(%N)\W()} > Eppro [Wiplo(aoptﬂﬂo .
ATRGPPO < APPO

Finally, by Lemma 1, we have To.t



We now derive the form of the optimal solution which achieves minimum KL divergence over all
optimal solutions. The general form of surrogate objective function of PPO is as follows:

T

P 1 . .
Lt (m) = o D fmin (ra(sy, ae) Av, clip (rx (50, 01), Lo s, a0) At))] (22)
t=1
Let II,,.,, denote the set of all the optimal solutions of the empirical surrogate objective function of

PPO, and let 7., € II , denote the optimal solution which achieves minimum KL divergence
over all optimal solutions, i.e., D (Told, Thew) < DRy, (Tola, 7) for any 7 € II, ., under all s;.
We first give the form of IT .

Lemma 4. II, ., = {wl|foralltthat Ay < 0,7(at|st) < moa(as|se)l

0, m(a¢|sy) > min(mora(ae]se) s, aps 1)}

apyforall t that Ay >

St

Proof:

We first prove that if a policy 7* satisfies the conditions in II then 7* € II ..

new?

Let Lt (m) = min (rg(s¢, a¢) Ag, clip (rx(se, at), s, ap s Us,.ar) At)). To prove that ﬁCLIP(W*) >

Told Told

LCLIP (m) for any 7 under all ¢.

w2l () for any 7, we just need to prove that f/frold (m*) > Lt

Told

If A, <0, ﬁf,ol , () could be rewritten as the following form:

A l A T (St at) <l
Lt _ S¢,a¢ 41t ™ ) S¢,0a¢ 23
o () {Tw(st,at)At (8¢, a¢) > ls, a, (23

Thus, we have IA/frold (1) < lsp.a,Ar = Lt (%) for any 7.

Told

Similarly, if A; > 0, we also have ﬁﬁrol L) < Lt

Told

(7*) for any .

We then prove that if a policy 7y does not satisfy the conditions in II
solution in maximization problem of eq. (22).

then 7* is not an optimal

new?

We have f/frold (mo) < Lt (7*)

Told

We can construct a policy 7 that satisfy the conditions in the IT .

on ¢ that does not satisfy the conditions. Hence, IA/SOIT({P (mo) < ﬁgfjp (7).

O
We now derive the form of 7, .
If A; <0, by Lemma 4, minqer Dy (mo1d, 7) is formalized as the following problem:
Told (at]5¢t)
m(a|st)

s.tm(ae]se) < mora(at|st)ls, ars (24)

Zw(a|st) =1,7(als;) >0

a

min Z Told(alst) log
a

By using the KKT conditions, we can get that

Wold(a‘st)(l_ﬂold(at‘st)lst,at) a 75 ay

Trnew(a|st) = L=mowa(at|st) (25)
Wold(at‘st)lst,at a = a¢
The according KL divergence is

1 — 7ola(at|se)

1 — 7owa(at|se)ls, a,

D (Told, Tpew) = (1 — mola(a|se)) log — ol (as|s¢) logls, o,  (26)

Similarly, if A; > 0, we can get

Told(alse)(1—min(mora (at|se)us, ay,1))
7Tnew(a|5t) = { 1—7o1a(at]st) a 7é a @7

min(mord (ag|se) s, aps 1) a=ay



If Ay > 0 and 7o (at|st)us, q, < 1, the according KL is

1-— 7rold(at|8t)
1 — 7ola(at|se)us, a,

Dy (olds Tyeyw) = (1 — Tola(arlst)) log — Towd(at|se) log us,a,  (28)
If Ay > 0and moia(a¢|st)us, ,a, > 1, we have DY} (Toid, Tyey) = +00. Equation (26) and eq. (28)
have just the same form w.rt. I, o, and us, 4, respectively. In fact, since I, o, € (0,1) and
Us,.a, € (1,+00), the monotonicity w.r.t. I, o, and us, o, on these two intervals are different, and
we obtain the correlation between clipping range and KL divergence.

Lemma 5. (i) If A < 0, we have dDpy(Told; Tpew)/Als, a, < 0,
dDKL(ﬂold, Toew)/AToia(ar|se) > 0. (i) If Ay > 0 and wowa(ae|si)us,a, < 1, we have
dDKL (7(-01(‘1’ ncw)/dusf at O dDKL (7T01d, ncw)/dﬂ-OId (at|st) > 0.

Proof: To be abbreviated, let D = D} (Towa; Moy )s L =19, 4,0 4 = ughat, p = Told(at|se).

If A; < 0, by eq. (26), we have
dD 1 (1-pl 1-1

dp B 1l

— g (1417 L) I >
& 1—pl) " 1-pl
If Ay > 0 and moiq(at|st)us,,q, < 1, by eq. (28), we have
dD u—1 u—1
— =-1 1 30
dp Og<+1—pu)+1—pu G0
We have —1 an log(1 + ) + « > 0 for any > —1. Thus, we have
Tp > 0.
If A; < 0, by eq. (26), we have
dD  p(l-1)
—_H5 7 9 31
d 10 =p) ° D

If A, > 0 and mo1a(as|se)us,.q, < 1, by eq. (28), we have

dD  p(u—1)
du u(l — pu) >0 (32)

We introduce an empirical version of lower performance bound.

Mﬂ'old (7‘(’) = Eﬂold (71-) - Cm?X DIS(tL <7rold7 77) . (33)

where L, (T = % Ele [rr(st, ar)A¢] + 7o, 71 is the estimated performance of mo1q.

Lemma 6. (i) For PPO, assume that max; Dy (old, ThEO) < +oo, if a given (sy,ay)
satisfies moa(at|sy) #  max moalagls;) and moa(arlsy) #  max moal(az|s;), then
£:A;<0 A;>0

DKL(ﬂ'Old, PPO) ;Rrélgsé DKL (To1a, TEEO). (ii) For TRGPPO, we have Dy (Tola, T IRGPPOY —
maxt DKL (7701(:[7 Thew )for any (Stv a‘t)

Proof: We first prove (i).

If Ay <0, if mola(ae|sy) # max moa(ag]s;), then moa(ar|s;) < max meq(as]s;). By Theorem
1A;<0 #:A;<0

5 we have DKL(ﬂ-Old? new ) < I,EllaXO DKL(T{-Old’ new ) < max DKL(T{-Old’ Ill)ew )
b 2
Similarly, if A; > 0, we also have D3| (Told, Thal) < max Dy (mo1a, TEEO).



We then prove (ii). If A; < 0, by eq. (18) and eq. (26), we have

1- 7rold(aﬂst)
1- 7T-Old(at‘st) St,at

Dy (To1d, Thew) = (1 — Tora(at|st)) log — mowa(ar|se) logld, o, =36 (34)

Similarly, if A; > 0, we also have Dy (Toid, Tpew) = O-
O

Theorem 4. Assume that max; Dy (o1, Tonrl) < +oc for all t. If TRGPPO and PPO have the
same hyperparameter €, we have:

(i) ufzt’a >1+ecand lg a S 1—eforall (s¢,a);
TRGPPO) _

new

PO).

(ii) max; D3y (Tola, ™ max; D (Toud, PP

(iii) My, (rFRGPPOY > Np (xPPOY. Particularly, if there exists at least one (s, a;) such that
Towd(ae|s)) # max moa(ag]s;) and moa(ar]s;) # max moa(az|s;), then My, (TERGPPOY
1:4;<0 &:A;>0
y PPO
Mﬂold (ﬂ-ncw )
Proof:
. . TTRGPPOY _ 5 _
We first prove (ii). By Equation (13) and Lemma 6, we have max; Dy (Told, Moy )=0=
max; D (Told, Tobl).
. st PPOY _ _
We then prove (i). By (ii) we have D (mola, Thel) < maxt Dy (Told, Tpew”) = 0 =
Dyt (To1d, TEREFPPO) for all (s, at). Thus, we have Dy L(Wold, PPO) < Dy (mola, miRGPPOY,
Indeed, by Lemma 5, we have dls, a,/dDKL(wold, new) dus, q, /dDy (Told, Tpey) > 0.
Thus, we obtain I3, ,, <1—eandul, , >1+e

Particularly, by Lemma 6, if a given (s, a;) satisfies moa(a¢|s;) # max moa(az|s;) and
£:A4;<0
wold(at\st) 75 frzlaxo Wold(a£|8£), then DIS(tL(TrOl(h new ) < DKL(Wolda EG%VGPPO) Hence, we have
t

1% <1—eanddf >1+e.

St,at St,at

We finally prove (iii). By eq. (25) and eq. (27), we can get that

ls, a, At Ay <0
o (se ag) Ay = e 35
P (312 02) As {mm(ushat,l)At A >0 (35)
By (i) we have rprrarro (st,a)Ay > rﬂgfwo(st,at)At on all s, a. Thus,
T Zt 1 [ IRIRGPPO (st,at)At} > %ZtT 1 [r gfwo(st,at)At]. By (ii) and the definition of
Mﬂ-old’ we Obtaln Mﬂ'old( ITQRWGPPO) > Mﬂ-old( IIIDGIDWO)

Particularly, if there exists one (s;,a;) that satisfies moa(a¢|sy) # max moa(as|s;) and
t:A£<0
mod(at|st) # max mola(ag]s;), then we have r rrarro (8¢, ar)Ar > rrero(sy, ar)A;. Hence,
£A;50 o P

( TRGPPO) > M

new Told

we obtain M,

Told

( PPO)_

new
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