A Proofs of Theorems in “Learning Mixtures of Plackett-Luce Models from
Structured Partial Orders"

Given a set of partial orders £/, we denote a column vector of probabilities of each partial order in £ for a
Plackett-Luce component with parameter (") by fz(6'). Given 6%, . .. 0% we define a | E| x 2k matrix
F%, which is heavily used in the proofs of this paper, by F§ = [fz (") ... fp(63)].

A.1 Proof of Theorem

Proof. 1t suffices to prove that the theorem holds when & = ®*. Given @, it suffices to prove that the model is
not identifiable even if the ¢ parameter is unique given the distribution of data.

The proof is constructive. By Lemma 1 of [33]], for any k and m > 2k, we only need to find §(1), ey %) and
a=lai,..., agk]T such that (1) F% - & = 0, where E consists of all ranked top-I1 and l2-way orders, and (2)
@ has k positive elements and k negative elements.

We consider the case where the parameter for first alternative of r-th component is e,., where r = 1,2, ..., k.
All other alternatives have the same parameters b, = 1;_8; .

Table 2] lists some probabilities (constant factors may be omitted). We can see the probabilities from the two
classes have similar structures.

Table 2: Comparisons between two classes of moments

a; top e,
l—e
a; second %

eT(l_eT)i71
1=} (per+m—1-p)
(1—e,)!
1.2} (per+m—1-p)
I- ¢ (m—1)e,
way ay top m—1)er+(—1
Em—l)er(l—erg
((m=Der+(I-1))((m—I+1)e,+(1-2))
» (m—1)e,(1—e,)" !
I1,—o ((m—I+p)e,+(1—1-p))

) .. (1—en) 7t
[-way a; at position { =2 (m—+p)ert (—1-p))

aj at position %

a1 not in top !

l-way a; second

l-way a at position ¢

It is not hard to check that the probability for a; to be ranked at the i-th position in the r-th component is

(m—1)!  er(b)!

= @
(m —0)! TI-5(1 - pb)
where 1 < ¢ < [;. The probability for a; to be ranked out of top /1 position is (<7Tr;1:111>)!! l_[,l_;f ;fipb 5
— -
And the probability for a; to be ranked at the ¢-th position in the r-th component for l2-way rankings is
Iy — 1)! (br) !
(=1 (b )

(2 =)' T2 (er + pby)

p=lo—1
where 1 <3 < [.

Then F%, can be reduced to a (I; + Iz + 1) x (2k) matrix. We now define a new (2k — 1) x (2k) matrix H*
obtained from F% by performing the following linear operations on row vectors. (i) Make the first row of H”
to be T; (ii) for any 2 < i < I3 + 1, the i-th row of H” is the probability for a; to be ranked at the (¢ — 1)-th
position according to (@); (iii) for any l1 + 2 < 4 < Iy + l2, the i-th row of HP is the probability for a; to be
ranked at the (¢ — I — 1)-th position in an l2-way order according to (@) ; (iv) the (I1 + l2 + 1)th row is the
probability that a; is not ranked within top /1; (v) remove all constant factors.
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More precisely, for any e, we define the following function.

1

€r
er(l—er)
er+m—2

er(l—e it
T
Hl (per+m 1-p)

5 _ (1—ep)'t
Je(er) 1,5 1<per+m 1-p)

(m— l2)6r+(lz 1)

er<1—ér>l2*2
L2, ((m—la+p)ert(I2—1-p))
(1757')1
1,2} er+m—1-p)

Then we define H* = [f_é(el), f_é(eg), e 7f_é(62k)}.
For any r < 2k, let

[T (per +m —1—p) 1257 ((m — b2 + pler + 12 — 1 — p)

p=0

Hq;ﬁr(e"' — €q)

Br= 6)

Note that the numerator of 3" is always positive. W.Lo.g. lete; < ez < --- < ea, then half of the denominators
are positive and the other half are negative. Note that the degree of the numerator of 3 is l; + lo — 2. By

Lemma 6 of [33]], we have Hkﬁj‘ =0. O

A.2 Proof of Theorem

Proof. The proof has two steps.

The first step is the same across (a), (b), (c) and (d). We show that for any k-PL-® with any parameter
6= (¢,a,00, 6?), there does not exist ¢’ # ¢ s.t. forany 8’ = (¢, @, 8™, §?) the distribution over the

sample space is exactly the same. For the purpose of contradiction suppose such qb exists. Since qg’ #* 5 there
exist a structure (s, As) s.t. 9%, # d):is. Now we consider the total probability of all possible partial orders of
this structure, denoted by O1, Oa, ..., O,. Then we have

Z Pripae(0510) = ¢34, # ¢4, = D Prise(0;]0),

j=1

which is a contradiction.

In the second step, we show that for any k-PL-®with any parameter 6= ((5, a, 5(1), g ), there does not exist
&0 0@ st forany 6" = (¢, ,0', 3. We will prove for each of the cases (a), (b), (c), and (d).

(a) This step for (a) is exactly the same as the proof for [33| Theorem 2].

(b) We focus on m = 4. The case for m > 4 is very similar. Let E consist of all ranked top-2 and 2-way
orders (%m(m — 1) marginal probabilities). We will show that for all non-degenerate IONIQNICNION
rank(F%) = 4. Then this part is proved by applying [33, Lemma 1].

For simplicity we use [er, br, ¢, dr]T to denote the parameter of rth Plackett-Luce model for a1, a2, as, as

respectively, i.e.,

€1 €2 €3 €4

[0 g2 g §] = ’; g; lc’i ’;i

di d2 dz da
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We define T = [1, 1,1, 1] and the following row vectors.
T=1[1,1,1,1]
) 61,62,63,64]

[
[
@@ = [by, ba, bs, ds]
[
[

@' = [e1, c2, c3, c4]
G = [dy, dy, ds3, da]

We have >, &'" = I. Therefore, if there exist three &’s such that {&"), 3@, &} and T are linearly
independent, then rank(F’,f;) = 4. The proof is done. Because 67“), 5(2), 5(3), g™ is non-degenerate, at least
one of {43(1)7 @ 3, (D<4>} is linearly independent of T. W.l.o.g. suppose &) is linearly independent of T.
This means that not all of e, ez, e3, e4 are equal. Following [33]], we prove the theorem in the following two
cases.

Case 1. 3@, 3@ and cD’_(4> are all linear combinations of 1 and (). .
Case 2. There exists a & (where i € {2,3,4}) that is linearly independent of 1 and oW,

Case 2 was proved by Zhao et al. [33] using only ranked top-2 orders, as well as most of Case 1. The only
remaining case is as follows. Forall r = 1,2, 3,4,

€r er

g — br| _ D2Er — P2 o
Cr P3€r — P3
dr —(1+p2 +ps)er + (1 +p2 + p3)

We first show a claim, which is useful to the proof.

Claim 1. Under the settings of (]ZI), —1 < p2,p3 < 0 and there exists p in {p2,ps} s.t. p # —%.

Proof. If po = p3 = f%, then d,, = 0, which is a contradiction. Since e, < 1 and b,,c, > 0, we have
p2,p3 < 0. Ifpa < —1(orp3 < —1), then e, + b, > 1 (or e, + ¢, > 1), which means parameters corresponds

to all other alternatives are zero or negative. This is a contradiction. O

Soif po = f%, we switch the role of az and as. Then we have po # f%.

In this case, we construct F in the following way.

F Moments
1 1 1 1 1
e €9 es ey a1 » others
e1by eaby e3bg €abs a a others
T1-b; 1-by 1-b; 1-ba 2~ a1 =
e1 €2 e3 €4 ay > ag
e1+b1 ea+bz  ez+bs  estby

Leta® = le1, ez, €3, €a].
Define §(%
g 1 1 1 1 1 1 1

1—=b1"1—by"1—b3’ 1 —by :[1*p261+p271*p2€2+p271*p263+p2’1*p264+p2
And define

oo = | 1 1 1 1 ]
(p2+1)er —p2’ (p2 +1)ea —p2” (p2 + 1)es —p2’ (p2 + 1)es — p2
T
@ R
Further define F* = FORE We will show F = T x F* where T has full rank.
§be)
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The last two rows of F' are

e, b, 1 n 1+ p2
= —e, — — - @ =
1—b, " p2 | pe(l — peer 4 p2)
er er 1 i D2
€r + br (p2 + 1)67‘ — P2 P2 + 1 (pz + 1)((])2 + 1)€T — pg)
So .
1
R a®
F=|_17_50 4 14pg0)
2.y P2 %be)
p2+1 1+ P2+10
Then we have F = T* x F* where
1 0 0 0
. o 1 0 0
T=|_1 _ 1+po 0
P2 P2 o
p2+1 0 0 p2+1
From Claim we have —1 < pa < 0. So %, 5225 # 0. So T has full rank. Then rank(F*) = rank(F).

If rank(F3) < 3, then there is at least one column in F'3 dependent of other columns. As all rows in F are linear
combinations of rows in F3, rank(F) < 3. Since rank(F*) = rank(F), we have rank(F*) < 3. Therefore,
there exists a nonzero row vector & = [t1, t2, t3, L], s.t.

iF* =0

Namely, for all » < 4,

t3 t4
t1 + tae,r + + =0
rTe 1—peer+p2 (p2+1)er —p2

Let
t3 ta
1 —p2x +p2 * (p2 + )er —p2
9(z) = (1 = paz + p2)((p2 + Der — p2)(tr + t2x) + t3((p2 + 1)er — p2) + ta(l — pox + p2)
If any of the coefficients of g(z) is nonzero, then g(z) is a polynomial of degree at most 3. There will be a

maximum of 3 different roots. As the equation holds for all e, where » = 1,2, 3,4. There exists s # t s.t.
es = e¢. Otherwise g(z) = f(z) = 0 for all z. We have

f(x) =1t + tox +

1 ts3(1+ 2
4 -l-pz): 3(1+ 2p2) -0
D2 D2
P2 _ tap2

g(p2+1 S ope 1

From Claimmwe know p2 < 0 and p2 # —3. Sots = t4 = 0. Substitute it into f(z) we have f(z) =
t1 + tox = 0 for all . So t1 = t2 = 0. This contradicts the nonzero requirement of t. Therefore there exists
s # ts.t. es = er. We have 6®) = 6®  which is a contradiction.

(¢) We prove this theorem by showing that the marginal probabilities of partial orders from Theorem [2](b) can
be derived from the marginal probabilities in this theorem.

It is not hard to check the following equation holds considering any subset of four alternatives {ai, , @i, , @iy, Qi, }-
Pr(ai, = ai = {aiz, ai,} = Pr(ai, = {ais, ai, }) — Pr(ai, = {ai,, aiz, ai, })

The intuition is that the probability of a;, being selected given {a;,, ai,, ai, } can be decomposed into two parts:

the probability of a;, being selected given {a;, , ai,, @iy, ai, } and the probability of a,, being ranked at the

second position and a;, being ranked at the first position. This equation means we can obtain the probabilities

ranked top-2 orders over a subset of four alternatives using choice data over the subset of alternatives. Then if

we treat this four alternatives as a 2-PL, the parameter is identifiable.

In the case of more than four alternatives, we first group the alternatives into subsets of four and one ar-
bitrary alternative is included in all groups. For example, when m = 6, we can make it two subsets:
{a1,a2,as,a4},{a1,as,as,az}. It is okay to have more than one overlapping alternatives, but in practice we
hope to have as few groups as possible for considerations of computational efficiency. The parameter of each

subset of alternatives can be uniquely learned up to a scaling factor. For any r, it is not hard to scale GZ(T) for all ¢
s.t. 07 is the same for all groups and 32™ , (") = 1.

i=1"1

(d) This is proved by applying the fact that any 4-way order implies a set of choice-2,3,4 orders to (c). O
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A.3  Proof of Theorem

Proof. As was proved in Theorem the q? parameter is identifiable. Now we prove that &, 670), e 6" is
(generically) identifiable.

The set of partial orders where I; + > = m’ is a subset of partial orders where I; + lo > m/, so we only need
to prove the cases where [1 + lo = m. We prove this theorem by induction.

Recall that 1 < Il < m. Iflo = 1, then l; = m — 1, meaning this set of partial orders includes all linear
rankings. The parameter is identifiable. This case serves as the base case.

Assume this theorem holds for a certain [y = w and lo = v where u + v = m, then consider the set of partial
orders where [y = u — 1,l> = v 4 1. This case adds (v + 1)-way orders but leaves out ranked top-u orders. We
can recover ranked top-u rankings using ranked top-(u — 1) and (v + 1)-way orders in the following way.

Suppose we need to recover a ranked top-u order a1 > a2 > --- > a, > others. The remaining alternatives

are Qu+t1,Gutl,  * ,autv. Let U = {a1,a2, -+ ,au—1} and V = {au+1,@u+t2, ** ,Gutv}. Then we
have Pr(a1 > a2 > --- = a, > others) + Z;‘;ll Pr(a, at i-th position, first ¢ — 1 alternatives € U) =
Pr(a. to be ranked top in {a, } N V). Then the parameter can be learned in this case. O
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