Appendix

A Probability Tools

Proposition 5 (Chernoff-Hoeffding Inequality (Hoeffding, 1963)). Let {X}ic[y be a list of indepen-

dent random variables supported on [0, 1] and set X = % 25:1 X;. Then, for every € > 0, it holds
that
P(|X — E[X]| > €) < 2exp(—2t€?).

Proposition 6 (Restatement of Theorem 5.1(ii) in (Janson, 2018)). Let { X; };c[y) be a list of indepen-

dent random variables such that P(X; > x) < exp(—a;z) forz > 0. And let p = 3" Then
for any A > 1, it holds that

zla

P(X > Au) <exp(l—A).
Proposition 7 (Hoeffding’s Maximal Inequality (Hoeffding, 1963)). Let {X;};c[y be a list of i.i.d.
random variables supported on [0, 1] and set p = E[X1]. Then, for any € > 0, it holds that

22
P(V’LG [t],Xl +X2+"'+X¢Ziu+€) §exp <:)

Proposition 8 (Restatement of Lemma 2.6 in (Tsybakov, 2009)). Let P and Q be two probability
distributions supported on some set X. Then for every set A C X, one has

Pxp(4) + Px~o(A) > 5 exp(~Die(P | Q)

where A denotes the complement of A and Dy, denotes the Kullback-Leibler divergence between P

and iven b
e D (P Q) = 3 Py (5 ).
= Q(x)

Proposition 9 (Restatement of Lemma 15.1 in (Lattimore and Szepesvari, 2018)). Letv = P, ®
-+ @ Pg andv' = P{ ® -+ @ Py be the reward distributions of two K -armed bandits. Assuming
Dx1(P;, P]) < +o0 for any arm i € [K|. Fix some policy 7 and let P, = Py, and P, = Py be
the two probability measures induced by the n-round interconnection of ™ and v (respectively, m and
v'). Then

Dxy(Py || Py ZE |- Dxv(P; || P)),

where T;(n) is the random variable denotmg the number of times arm 1 is pulled.

B Properties of 7.

We first show the optimal solution to Z.({A;}ics,T) by proving the following lemma.
Lemma 10. [f ¢ > 0, then the optimal solution to P.({A; }ics,T) can be expressed in the following

form
®,. —1In Ai_l 0
i = Imax T A2 /a0 )
v . cA2/2
where &, % max{z : Zfil max{% 0} <T}

z—In A7
Proof. Since Z 4 max{A72/2 0} is an increasing continuous function on z, ®. is indeed

well-defined.

We apply KKT conditions (see Proposition 8.7.2 in (Matouek and Girtner, 2006)) to solve the
minimization problem Z.({A;};cs,T). Concretely, the KKT conditions apply to Z.({A;}ics, T)
gives

(—cA?) exp(—cz;A?) —u; +v = 0fori € [K]

11



u;z; = 0 fori € [K]
u; < 0fori € [K]
x; > 0fori € [K]

K
E xXr; = T‘7
i=1

where u; for i € [K] and v are K + 1 newly-introduced variables. In particular, if z; > 0, then
u; = 0 and it holds that

c 9 1 1, ¢
—1
It is easy to see the solution z; = max{%, 0} for i € [K] satisfies (15) and is a minimum

point. O

For any positive number ¢ > 0, let x = ¥, be the solution to

K -1
r—InA7" +¢/2
; <H{xs1nAf} 1exp(22) + Ly iy a1y cA?/2 ) -
Note that
K —1
z—InA7" +¢/2
z—; (H{ISIHAH} 1eP(20) + Lsnary T AT )

is a strictly increasing continuous function on x that equals & when z = 0 and tends to infinity when
x — 00. Hence V. exists and is uniquely defined.

Then we derive the optimal solution to Z.({max{A;,exp(—¥.)}}ics,T), as follows.

Lemma 11. If ¢ > 0, then the optimal solution to P.({max{A;,exp(—¥.)}}ics,T) can be
expressed in the following form

U, — lnAfl +c¢/2
Ti = H{waglna;l} ~exp(2¥) + ]I{\Ifc>1nA;1} : cA2)2

Proof. By Lemma 10, the optimal solution to &, ({max{A;,exp(—¥.)}}ics,T’) can be expressed
as

gxi maux{Ai,exp(f\Ifc)}2 + lnmax{Ai,exp(f\I/c)}*1 =,

where
K
x — Inmax{A;, exp(—¥.)} !
e : 0y <Tp.
c max {Jf lz:; max { cmaX{Ai, eXp(—\I!c)}2/2 ) =
It s easy to see that &, = W + ¢/2 Therefore the optimal solution to

Pe({max{A;,exp(—¥.)}}ies, T) is

— . _ ~1
2, — max { @, — Inmax{A;,exp(—V,.)} ,0}

§ max{A;,exp(—¥,)}?

U, —InA;7' +¢/2
- ]I{\IlcglnAi_l} ’ eXp(Q\I/c) + ]I{\IJc>ln A,:_l} ' CAZ;/2 )

proving this lemma. U

Using Lemma 11, we derive the following useful inequality.

Lemma 12. Suppose ¢ > 0 and let {x}};cs be the solution to P.({max{A;,exp(—¥.)}}ics, T).
Then

Y exp(—erfAf) < exp(e) Pe({max{Ay, exp(—¥.)} }ies, T).
i€S
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Proof. By Lemma 11, the optimal solution to &, ({max{A,;,exp(—¥.)}}ics,T) can be expressed
as

. U, —InA; +¢/2
l'i = H{‘PCSIHAfl} . exp(Q\Ilc) =+ I[{\I/C>lnA:1} . CA227/2 . (16)

Therefore, we obtain

€S
< exp(c) Z exp (—cz} max{A;, exp(—®.)}?)
€S
= exp(c) Z.({max{A;,exp(—V.)} }ies, T),
and this lemma follows. O

Finally, we will show how the value of Z.({A;}ics,T) will change when ¢ is changed.
Lemma 13. Ifc,c > 0, then

Z.({Ai}ties, T) = P ({Aities, Te/d).

Proof. We observe that for any sequence of positive numbers {z; };ics,

K K
Zexp(—cxiA?) = Zexp(—c' (cxi/d)AD).
i=1 i=1

Suppose {x; };cs is the optimal solution to Z.({A;}ics,T). Then {cz;/c’ };c s is a feasible solution
to P ({Ai}ies, Te/c’). Hence we obtain . ({A;}ies, Te/c) < P({Ai}ics, T). On the other
hand, using a similar argument, we can also obtain Z.({A;}ics,T) < Po({Ai}ies, Te/d).
Therefore, it holds that

Z:({Aities, T) = P ({Ai}ies, Te/d),

and the lemma follows. ]

C Hard Instances for the Uniform Sampling Approach

In this section, we describe a class of bad instances for the uniform sampling approach. In such
instances, we show that, to achieve the same order of regret, the uniform sampling approach needs at
least Q(K') times more budget than the optimal policy.

We fix the threshold 8 = 0.5. For each K > 20, we construct two instances [ and I5. In I, we

setdy =0.5—/1/(K —1),and 5.5 = 0.5+ +/0.1. In I, we set ¢ = 0.5+ /1/(K — 1), and
02.x = 0.5 + +/0.1. Hence for both instances, A; = /1/(K — 1) and As.x = v/0.1. Suppose
T = 2K (K —1)to where to > 10. For simplicity, we use R (I; T') and R°P*(I; T') to represent the
regret incurred by the uniform sampling approach and the optimal policy on instance I respectively.

We now bound R"(I;T) and R°P*(I;T) in sequence. We first consider the uniform sampling
approach and give a lower bound of regret incurred by it. Note that given T' = 2K (K — 1), the
uniform sampling approach will play each arm 2(K — 1)t times. Let X denote the event that the
classification for arm 1 is incorrect. Define P;[-] as the probability induced by performing the uniform
sampling approach on instance I. We have

max{R"™ (I;T), R"™(I; T)} > max{P;, (K), Pz, (K)}

> %exp (—16' ( 1/(K — 1))2 S2(K — 1)to)
= Q(exp(—32tp)) 17)

where the second inequality is obtained by applying Theorem 20 when there is only one arm.
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Next we derive an upper bound of regret incurred by the optimal policy. By setting z; = K (K —
Dto—(K—1)In K and z9.x = Kto+In K, and using Chernoff-Hoeffding Inequality (Proposition 5),
we have for any instance I € {I1, I}, it holds that

RPY(I;T)
< 2exp (—2 . ﬁ (K(K =1ty — (K — 1)an)> +2(K —1)exp(—2-0.1- (Ktyp+1InK))
< 2(K +1)? exp(—0.2K1)) (18)

For any € < 1/(K + 1), according to (17), there exists an instance I’ € {I;, I} such that, to achieve
e regret, the uniform sampling approach needs at least (/K2 In ¢ ~1) budget. However, by (18), the
optimal policy only needs at most 10(K —1)(In 2 4+ 2In(K +1)) < 20(K —1)In2 = O(K Ine™ ')
plays for I’.

D Missing Proofs in Section 4
D.1 Proof of Theorem 1
For convenience, we define the real-valued function f(z) 4 0z +Ina + 0.5 — o and use f!

to denote its inverse. Also, we use RE4(T) | F 1o denote the regret incurred by arms in B when
conditioned on event F.

Proof of Theorem 1. As discussed before, we only need to establish (13), i.e.,
CAA2
RESA(T) < Y(a) - EZBexp < 10 z) .

Let A’ = a[ — 0.1] and define the events QO ]-'A/ Gk def /\f 01]-'/\/,0” AN Frr—arif 1 <

k<[2-01],and G201 def /\Lf—o Y'F ... Note that the events Go,---,9|a_g.1)41 form
a partition of the total probability space. Then,

[4-0.1]+1

RENT) = S0 REND) |4, -P(GY)

A_o.1)

SREND) 5+ Y REMND) 5,
k=1

P(Frr—a(k—1)) + |B|P(Fo). (19)

—ak

Notice that that &; 10 > 0.5In10 > 0. Moreover, since 7' > 10K, after 7" rounds it holds that

&(T) > 0foralli € S. Therefore, P(Fo) = 0. Recall that f~!(y) = W. Combining
Lemma 3 and Lemma 4, we upper bound (19) by

Z — \[ exp (- _1(1.1a)/4>
i€B f
—0.1]
A2
+ Z Z \f [ eXP < “H((k + 1.1)a)/4) exp(—40(k — 0.9))
k=1 +ieB
s 401 >
< 17\@ exp (f'(L.1a)/4) [ 1+ Z exp(—39.75k + 36) | - Zexp (— i8] )
V2-1 k=1 i€B 10
9‘3~8wep<21alna05> Zep( 2)
X X
8%/57 1 i€B
This completes the proof of (13). O
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D.2 Proof of Lemma 3

The goal of this subsection is to establish the following lemma which gives a lower bound on the
probability of F.

Lemma 3 (restated). P(Fp_x) > 1 — exp(—40k/«) for 0 < k < A.

To prove Lemma 3, we make use of Lemma 14 and Lemma 15, and defer their proofs to the later part
of this subsection.

Recall that for any arm 7 € S and C' > 0, 7; ¢ is the random variable representing the smallest
positive integer such that §; -, , > C. The following Lemma 14 shows an exponentially small tail of
the distribution of 7; .

Lemma 14. For any arm i € S, and C > 0, we have the following statements:

(a) Ti,c <2exp(2C);
(b) ifC >1In Ai_l, then for any k > 1, 7; ¢ satisfies

( 40 C—InA7 4k
P(rc>— ——b—"

< — .
> A2 ) < 2exp(—40k/a)

Based on Lemma 14, we are able to show that Zszl 7;,c also follows an exponential distribution,
which leads to the following lemma.

Lemma 15. ]P’(Efil Tin—k <T)>1—exp(—40k/a) forall 0 < k < A.

We are now ready to prove the main lemma (Lemma 3) of this subsection.

Proof of Lemma 3. By Lemma 15, it suffices to prove that Fa_j occurs when Zfil Tia—k <
T. So we assume that all the random rewards are generated before the algorithm starts and that

K
Zi:l Ti,A—k S T.

Since &;; > Int, it is easy to see that there exists 7™ satisfying max;cs & (T*) > A — k and
max;es&i(t) < A —kforany 1 < ¢t < T*. We claim that 7* < T. Indeed, notice that for
anyarm ¢ € Sandt < T* —1,&(t) < A—k. Hence T;(T* — 1) < Tyja—p,andso T* — 1 =

SR LT(T* —1) < K 1Ak < T. Therefore T* < T.

Now, we assume without loss of generality that for arm i* € S, &+ (T*) > A — k. Since at time ¢
Algorithm 1 pulls argmin;¢ g &;(t — 1), arm ¢* will not be pulled until all the other arms ¢ € S'\ {i*}

satisfy &;(t — 1) > A — k. Since Zfil Ti.A—k < T, then we can find THsuchthat T* < T8 < T
and &(T%) > A — k for any arm i € S. This proves the lemma. O

D.2.1 Proof of Lemma 14

Lemma 14 (restated). For any arm i € S, and C > 0, we have the following statements:

(a) Ti,c < 2exp(2C);
(b) if C >1In Ai_l, then for any k > 1, 7; ¢ satisfies
( 40 C—-InA7 4k
Plric>— ——a5——

A2 ) < 2exp(—40k/a).

Proof. We first prove Lemma 14(a). Note that if ¢ > |2 exp(2C) |, then we have &; ; > 0.5Int > C.
Hence ¢t < [2exp(2C)] < 2exp(2C) as desired.

Now we prove Lemma 14(b). Note that Vk > 1,
40 C-InA ' +k 40 C-InA ' +k
P (Ti,c > o A?) < P(&,mc <C|ltic= La : A?J) .
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-1 - ~
Assuming 7; ¢ = {% . WJ and |A; -, . — A| < V10A,;/4, we get that
g’iy’ri,c = aT’i,C(ﬁi,ﬁvc)Q + 0.5 In Ti,C

4 —InA;!
S - {o? . CHAQZ"HCJ (1 =V10/4)A:)? +0.51In7; ¢

-1
a0 CoWAR R (1 a g 0sinnc
o i

> C—lnA; +k+05InTc>C,

C—In AT +k C—In AT 4k
where we used 7; ¢ = {@ . #J > % Ld0 Cmlndy AR

o A2 o 2 4 whena < 8and k > 1.

Y

Therefore, we have that
40 ClnAi_lJrkJ)

P (fi,n‘c <Cl|tc= A2

-~ V10 40 C—-InA7 ' +k
< AN = = =
<P <|Aww Ay > 1 A | Tic {a A7 J

~ V10 40 C—-InAt+k
< o — 0| > —Aj | Tic=|— ———

P <|91y7—z,c 91‘ = 4 Al | Tl;C \‘ a A? J
4 4 InA!
§2eXp(—2 5 o? —C nAQ th (V104;/4) )

< 2exp(—40k/a),

where the second inequality follows since ‘ﬁi,n,c Al = HGL e — Tl =0 —7]| < |t9Z o —bil,
and the third inequality follows from Chernoff-Hoeffding Inequality (Proposition 5). This proves the
desired result. O

D.2.2 Proof of Lemma 15
Lemma 15 (restated). ]P’(Zl 1 Tia—k <T) > 1 —exp(—40k/a) forall 0 < k < A.

Proof. Define the set A {z €S :A>InA;" + k}. We can assume without loss of generality
that A is not empty. Let £; be the event

40 A—In A7 +1+ /40
Z TiA—k < Z (]I{A<1 A- }Qexp(QA)+]I{A>1nA 'y 1A2 ;
i€S\ A i€S\ A v

(20)
and let & be the event

40 A -1 A 1 4
S Tk < 0. A7 i +a/10 Q1)
“ a A

Note that when &; and &; hold, we have Zfil TiA—k < Zfil max{40/a + 1,40} \; = T Hence
]P’(Zfil Tia—k > T) <P(E1) + P(E2), and since & always holds by Lemma 14(a), we have

<ZT’LA k>T><P<ZT’LAk>Z4O A — lnA A_2|_1+a/40>

€A I€EA

L -1
Now, for any arm ¢ € A, let z; = 7, o—, — 4—0 Aklziw. By Lemma 14(b), for any = > 0, z;
satisfies

40
P(z; > ) < 2exp (—a(aacA?/élO + 1)) < eXp(—xA?).

16



Applying Proposition 6, we have that for any A > 1,

(Zzl>x\ DA ><exp 1-)).

€A Z€A
Therefore,
40 A—InA7'+1+ /40
P S -
i€EA i€EA g
=P <Z zi > (40k/a + Z A2> < exp(—40k/a).
€A €A
This completes the proof of the lemma. O

D.3 Proof of Lemma 4

Recall that we defined B = {i € S : A > A; '} and f(z) = az + Ina + 0.5 — a. We point out

that if z > % + 0.1, then f(z) > 0.1a. The goal of this subsection is to build the following
lemma.

Lemma 4 (restated). If »c > M + 0.1, then conditioned on Fp_ ¢ (),

REAT) < v 3 ex ( MAL /4)

1€EB

To prove Lemma 4, we make use of Lemma 16, Lemma 17 and Corollary 18, and defer their proofs
in the later part of this subsection.

For any arm ¢ € B and s, we define the event M, ., by

NiAZ/5 — /2 + L In it
t

)

M vt e L] AL — Ay < \/

Intuitively, M, ,, requires that the estimation error of A; during any time of the algorithm stays
within a small band that is parameterized by the quality parameter sc. The following Lemma 16 gives
a lower bound on M ...

Lemma 16. For any arm i € B and », it holds that P(M, ,.) > 1 — 3(\;;\?1 exp (_ Ailﬁ?, + %/4).

The following Lemma 17 shows that M .. together with F _ ¢ (,,) guarantees that arm 4 is explored
by enough queries.

Lemma 17. For any arm i € B and »
that T; (T) > /\i/20.

> w conditioning on M ;. \ Fa_ (s, we have

A corollary of Lemma 17 is as follows.
Corollary 18. Forany armi € B and » > w, we have

P(M;,.)

P(T3(T) < Xi/20 | Fa- f(u))_m

We are now ready to give an upper bound for the contribution of the arms in B to the aggregate regret
of Algorithm 1.

Proof. Let i be an arbitrary arm in B. Since P(E;(T) | Fa—s(.)) < 1, it suffices to prove that

BE(T) | Faoyon) < fsf p(—ﬁﬁl2 +%/4) 22)
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2
¥2-1
ity for all arms in B.

whenever X=— exp ( _NiA + 5/ 4) < 1/9. Then the lemma follows by summing up the inequal-

10

Notice that
P(Ei(T) | Fa-f())
P(E:(T) | T; > Xi/20, Fa_ F6o) P(T; > i /20 | Fa—f(:0)
+P(E(T) | T; < \i/20, Fa_ F6o) P(T; < Ai/20 | Fa—f(:0))
( i(T) | Ty > Xi/20, Fao—f(se)) +P(T5 < Xi/20 | Fa—f(s0))- (23)
We first focus on the first term of (23), and note that
P(E(T) | Ti > Ai/20, Fa—f(>0))
P(Ei(T) N Fa—yze) | Ti > Ai/20)
P(Fa—r) | Ti 2 Ai/20)
P(E;(T) | T; > X\i/20) B P(E:(T) ANT; > \;/20)
P(Fa—fo) | Ti 2 Xi/20)  P(Fa_yio ANTi > Xi/20)
B P(E;(T) ANT; > X\;/20)
(1 =P(Ti < XNi/20 | Fa—f()) - P(Fa—f(r)
Then plugging (24) into (23), we derive
- PE(T) ANT; > X;/20)
N Pamr60) < TR < 020 Fa0m)) - PPa—rm)

(24)

+P(Tl < )\l/QO | ]:A,f(%)).
(25
Using Chernoff-Hoeffding Inequality (Proposition 5), we have
+oo

PE(T) AT, > Xi/20)= > PE(T)|Ti =t)P(T; =t)

t= D\ :/20]

< Z P(T; = t) - 2exp(—\A2/10) < 2exp(—A\iA2/10).  (26)
t=TA:/20]
Moreover, by Lemma 3 and the fact that f(5) > 0.1« for 3¢ > “_1“+0'5 + 0.1, we have
P(Fa—fie)) > 1 —exp(—40f(k)/a) > 1 — exp(—4) > 0.9. (27)
Combining (27) with Corollary 18 and Lemma 16, we have
P(T; < Xi/20 | Fa—¢(s0))

_ 4. 3¢
P(M, ..) < sya—1 OXP (_
(FA f(%)) - 0.9
8\/7 )\ A2
- 4 2
5 f p( 0+ > (28)
Putting together (25), (26), (27), and (28), we obtain

P(Ei(T) | Fa-s()

2 —)\AZ/10 4.5 %/2 A A2

= 4.5 fexp( /\'Azg/ : - /2 fexp (_ 0 +%/4)
(1— o 1ep(— '10’+%/4>)~0.9 -

2 - %2 ;A2
= ((1_4.5/9). +5 8\[ )Xp< T /4)

<9.88‘2e >\1A22+ /4
—F—— €X — A
S S5 1o 10 ;

. . . 8%/2 N A2
where the second inequality follows from our assumption that S P~ x/4) <1/9.

This proves (22) and therefore the lemma. O
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D.3.1 Proof of Lemma 16

Lemma 16 (restated). For any arm i € B and s, it holds that P(M;,.) > 1 —

. 8¢ 1A2
L 2\?1 exp (—)‘10" + %/4).

In order to estimate the probability of M, ., we introduce a more general lemma as follows and
Lemma 16 becomes a simple corollary of Lemma 19.

Lemma 19. (Variable Confidence Level Bound) Let X1, . .., X1, be i.i.d. random variables supported
on [0, 1] with mean p. For any a > 0 and b > 0, it holds that

t

%ZXi—M

=1

P (we 1, L), <

a+bln(L/t) 2b/2+2
f 2 1-— mexp(—a/?)

Now we only need to prove Lemma 19.

Proof of Lemma 19. Letl = |log, L]. By Chernoff-Hoeffding Inequality (Proposition 5), we have

forany ¢t € {1,2,4,...,2'},
1 /a—&—bln% 1b/2

Via a union bound and using the fact that 21 < 21, we get

t

%ZXz’—/i

i=1

P

t L
1 1 Ja+blnZ
P(vte{1,2,4,....2 |- X, —p| </ ———L
E{ )y Ey ) }7 t; 22 2 ;
l .
2bz/2 2b/2+1
>1—2exp(—a/2)- Z; T >1- 21 exp(—a/2). (29)
7=

By Hoeffding’s Maximal Inequality (Proposition 7), we have for any t € {1,2,4,...,2'},

1 L
P (VJ € [L,min{t, L — t}], [ X1 + - 4+ Xijegj — jpl < S/t (a +bln t))

1b/2
>1—2exp(—a/2)- T

Again via a union bound and using the fact that 2!+ < 2L, we get

1 L
P <Vt € {172747 . ~72l}7vj € [Lmin{t?L_t}]v |Xi,t+l+' . '+Xi,t+j_ju| < 5 t <a +bln t))

2b/2+1

Combining (29) and (30), and using a union bound, we have with probability at least 1 —
% exp(—a/2) uniformly over all t € {1,2,4,...,2'} and j € [1, min{¢, \; — t}] that

L
X1+ Xy — ()l < Ut<a—|—blnt).

Dividing both sides of the above inequality by (¢ + j), we complete the proof of this lemma.
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D.3.2 Proof of Lemma 17 and Corollary 18

Lemma 17 (restated). For any armi € B and » > %, conditioning on M ;. N Fa_f(s),
we have that T;(T) > \;/20.

Proof. Fix anarm ¢ € B and » > w. We now condition on M; .. A ]-'A_f(,{) and prove
this lemma by contradiction. Suppose for contradiction that we have ¢ < \;/20. Notice that

2
NA2/5 — 5/2 + L 1ndi
fi,tSat Az+\/ 1/ %i +4a n= —|—11’1\/i

2
Y 1. N
< G X A2 _ 1
a( 20A1+\/)\1A2/5 %/2+4alnt> +Invt

1 Ai

< a(0.50A2 — 50) + In /N, 3D

It is easy to verify that v = (oz)\,-)’% is the minimum of the function 0.5a\;z? +Inz~! when z > 0.
Hence, we have

In v/ A + Inv/a + 0.5 = 0.50A;(aX;) " + In(ar;)? < 0.5aMA? +In AL
Therefore,
(31) < aNAZ +InA —a — (ax+Ina+ 0.5 — ).

Finally, since A = a\;A? + In A7 ! — aforall i € B by definition, the last inequality yields
&i,t < A — f(5¢), which contradicts the assumption that 75 _ ¢,.) is true. O

Corollary 18 (restated). For any armi € B and 3 > 2=122=05 e have

P(M;,.)

P(T(T) < Xi/20 | FA—f(5) £ =

Proof. Note that
P(Ti(T) = Ai/20 A Fa—4(0)

P(Ti(T) < Xi/20 | Fa—g() = 1 =

P(Fa-f(0))
Further by Lemma 17, we obtain
P(Mz AN FA—f(%)) ]P)(ﬂz A ]:A—f(%)) ]P)(Mz %)
P(T;(T) < Mi/20 | Fa_t0) <1— : = : < : )
7 P(Fa-1(0)) P(Fa-f(e)) P(Fa-1(0))
which concludes the proof of this corollary. O

E The Lower Bound

In this section we discuss the regret lower bound of any algorithm. For any sequence of K gaps
Aq,...,Ag > 0,let Za,,. .. A, denote the set of instances of the problem where the gap between
0; and 0 is A, for every arm ¢ € [K]|. We now show a parameter dependent lower bound of the
aggregate regret when the time horizon 7' > K.

Theorem 20. Let (Ay,...,Ax) € (0,1/4]% be a sequence of gaps. Then for any algorithm A and
time horizon T' > K, there exists an instance I € Ia, .. A, such that

.

1
RYNLT) > Z«@lﬁ({Ai}ieSa T).
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Proof. Let B(u) denote the Bernoulli distribution with mean p. We use A;(I) to denote the gap
between arm ¢ and the threshold 6, given the instance /. For any algorithm A and instance I, let
Dia denote the probability space induced by I and A. We use P;, to denote the measure of the
probability space Dy, and use E;4[-] to denote the expectation with respect to Py5. When clear
from the context, the reference to A is omitted.

We fix the threshold & = 1/2. To prove the theorem, it suffices to prove that there exist 2 instances
lo, ..., Isx 1 € IA,,... A, such that

1
A
I:T)> = Aities,T).
oging (Z5; )_4:@16({ ities,T)

We now define these instances explicitly. Suppose the binary representation of j is denoted by
al ---al.. Then for any arm 7 in I;, the associated distribution is B(1/2 + a’A;). Thus the
distribution associated with I; can be represented by the product distribution

B(1/2+alA) ® - @ B(1/2 + al Ag).

First, we note that

K
RMI;T) = P (€T
JDax RYIT) = max g 1, (E(T))
1 2K-1 K B
> o D D P (E(T). (32)
7j=0 =1
By counting P, (£;(T')) twice and then reordering, we have
TS 2K 1 B B
(2 = 5x571 > (IPIJ- (&) +Pr i (&'(T))) . (33)
i=1 j=0
where & denotes the binary XOR operation. Now from Proposition 8, we get that for i € [K],
Pr, (E(T) +Pr . (E(T))
1
2 5 exp(=Dxr(Br; [| Prg i)
1 . i
@ S exp(— By o] - D (B(1/2+alAy) || B(1/2+al% 7 A)
1 240
(Q 1 4E]j [SCZ]Ag
=P T2 A,
1
> B exp(—16Ep, [2:]A%), (34)

where (a) follows from standard divergence decomposition (Proposition 9) and (b) follows from
A; < 1/4. Finally, plugging (34) into (33), we have
max R*(I;T)

0<j<2K
1 2K 1 K 1
2
> SK+T Z deXp(—16E1j[xi]Ai)
7=0 =1

1 2K _q K 1
i 2
Z SRTT Z xl+,¥}ng=TZ §e><p(—16a:iAi)

J=0  z,..,xxg>0 =1

K 1
. 2
= min —exp(—16xz;A:
1+t =T 4 4 p( ' Z)
21,..., x>0 =1
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1
= 1@16({Ai}iESaT)a

which concludes the proof of this theorem. [

F Additional Experimental Results

F.1 Comparison with APT(0)
The following figure demonstrates the experimental results when LSA is compared with APT(0) and

some other algorithms under the scenario that there is no indifference zone and simple regret is used.
Please refer to Section 5 for different setting details.

Setup 1 Setup 2

t)

0.8

In(simple regret)
In(simple regret
In(simple regref

200 100 600 800 1000 0 5000 10000 15000 20000 23000 30000 35000 40000 0 20000 10000 60000 80000 100000

—%— APT(0) —&— UCBE(—1) —&— UCBE(0) —4— UCBE(4) —e— Opt-KG(1,1) —e— Opt-KG(.5, 5) ---- Uniform —— LSA

Figure 2: Simple regret on a logarithmic scale for different settings.

F.2 T-tests

In order to statistically compare our algorithm and other algorithms, we perform two-tailed paired
t-tests between our algorithm and other algorithms respectively on 5000 independent runs. When
performing t-tests, we set 7' = 1000, T' = 40000, and 7" = 100000 in Setup 1, 2 and 3 respectively.
The null hypothesis is that our algorithm and other algorithms have the same mean. The p-values are
listed in the following table.

Setup P-values
APT(0) APT(.025) APT(.05) APT(.T) UCBEC(-1)

Setup 1 1.4e-32 0.60 0.95 1.3e-5 0
Setup 2 0 8.9e-21 1.5e-78 4.0e-160 0
Setup 3 0 7.8e-28 3.6e-88 1.5e-192 0

Setup P-values '

UCBE(0) UCBE@) Opt-KG(1,I) Opt-KG(.5,.5) Uniform

Setup 1 2.5e-69 4.1e-225 7.8e-3 5.6e-8 1.1e-295
Setup 2 0 1.6e-251 2.9e-26 4.6e-46 0
Setup 3 0 2.0e-157 2.1e-24 6.5e-36 0

Table 1: T-test results between our algorithm and other algorithms in Setup 1, 2 and 3

F.3 Experimental Results for More Setups

We present additional experimental results with other settings of {6, }X ;.

4. (geometric progression). K = 10; 1.4 = 0.4 — 0.2(1:4), 05 = 0.45,06 = 0.55, and
07.10 = 0.6 + 0.2°~(14) (see Setup 4 in Figure 3).

5. (two-group setting II). K = 100; 61.50 = 0.4 and 051.190 = 0.51 (see Setup 5 in Figure 3).

6. (one-side group). K = 10; 01.10 = 0.4 + (¢ — 1)/100 (see Setup 6 in Figure 3).
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Figure 3: Average aggregate regret on a logarithmic scale for additional set of settings.

F.4 Robustness of the Tuning Parameter in LSA

To test the robustness of our algorithm, we show the results of our algorithm for Setup 1 when varying
o in Figure 4. We find that the performance is very consistent with different choices of c. The
differences are marginal and not statistically significant. For simplicity, in our experiments in the
main text, we use o = 1.35 as default (black curve in the figure).

—— LSA(1.15)
— LSA(L.2)
—— LSA(1.25)
—— LSA(1.3)
—— LSA(1.35)
— LSA(1.4)
—— LSA(1.45)

LSA(1.5)
— LSA(1.55)

200 100 600 800 1000

Figure 4: Average aggregate regret on a logarithmic scale of LSA(«) on Setup 1 for different cv.
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