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Abstract

Despite the empirical success of the actor-critic algorithm, its theoretical under-
standing lags behind. In a broader context, actor-critic can be viewed as an online
alternating update algorithm for bilevel optimization, whose convergence is known
to be fragile. To understand the instability of actor-critic, we focus on its application
to linear quadratic regulators, a simple yet fundamental setting of reinforcement
learning. We establish a nonasymptotic convergence analysis of actor-critic in this
setting. In particular, we prove that actor-critic finds a globally optimal pair of
actor (policy) and critic (action-value function) at a linear rate of convergence. Our
analysis may serve as a preliminary step towards a complete theoretical understand-
ing of bilevel optimization with nonconvex subproblems, which is NP-hard in the
worst case and is often solved using heuristics.

1 Introduction

The actor-critic algorithm [36] is one of the most used algorithms in reinforcement learning [46].
Compared with the classical policy gradient algorithm [73], actor-critic tracks the action-value
function (critic) in policy gradient in an online manner, and alternatively updates the policy (actor)
and the critic. On the one hand, the online update of critic significantly reduces the variance of policy
gradient and hence leads to faster convergence. On the other hand, it also introduces algorithmic
instability, which is often observed in practice [33] and parallels the notoriously unstable training
of generative adversarial networks [50]. Such instability of actor-critic originates from several
intertwining challenges, including (i) function approximation of actor and critic, (ii) improper choice
of stepsizes, (iii) the noise arising from stochastic approximation, (iv) the asynchrony between actor
and critic, and (v) possibly off-policy data used in the update of critic. As a result, the convergence
of actor-critic remains much less well understood than that of policy gradient, which itself is open.
Consequently, the practical use of actor-critic often lacks theoretical guidance.

In this paper, we aim to theoretically understand the algorithmic instability of actor-critic. In
particular, under a bilevel optimization framework, we establish the global rate of convergence and
sample complexity of actor-critic for linear quadratic regulators (LQR) with ergodic cost, a simple
yet fundamental setting of reinforcement learning [54], which captures all the above challenges.
Compared with the classical two-timescale analysis of actor-critic [11], which is asymptotic in
nature and requires finite action space, our analysis is fully nonasymptotic and allows for continuous
action space. Moreover, beyond the convergence to a stable equilibrium obtained by the classical
two-timescale stochastic approximation via ordinary differential equations, we for the first time
establish the linear rate of convergence to a globally optimal pair of actor and critic. In addition, we
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characterize the required sample complexity. As a technical ingredient and byproduct, we for the
first time establish the sublinear rate of convergence for the gradient temporal difference algorithm
[66, 67] for ergodic cost and dependent data, which is of independent interest. Furthermore, although
we only focus on the setting of LQR, our theoretical analysis framework can be readily extended to
general RL problems with other policy optimization methods for the actor (e.g. trust-region policy
optimization (TRPO) [57] and proximal policy optimization (PPO) [58]) and other policy evaluation
methods for the critic such as TD(0) [65].

Our work adds to two lines of works in machine learning, stochastic analysis, and optimization:

(i) Actor-critic falls into the more general paradigm of bilevel optimization [42, 24, 4]. Bilevel
optimization is defined by two nested optimization problems, where the upper-level optimization
problem relies on the output of the lower-level one. As a special case of bilevel optimization, minimax
optimization is prevalent in machine learning. Recent instances include training generative adversarial
neural networks [27], (distributionally) robust learning [63], and imitation learning [31, 15]. Such
instances of minimax optimization remain challenging as they lack convexity-concavity in general
[25, 56, 16, 53, 38, 17, 18, 19, 41]. The more general paradigm of bilevel optimization remains even
more challenging, as there does not exist a unified objective function for simultaneous minimization
and maximization. In particular, actor-critic couples the nonconvex optimization of actor (policy
gradient) as its upper level and the convex-concave minimax optimization of critic (gradient temporal
difference) as its lower level, each of which is challenging to analyze by itself. Most existing
convergence analysis of bilevel optimization is based on two-timescale analysis [10]. However,
as two-timescale analysis abstracts away most technicalities via the lens of ordinary differential
equations, which is asymptotic in nature, it often lacks the resolution to capture the nonasymptotic
rate of convergence and sample complexity, which are obtained via our analysis.

(i) As a proxy for analyzing more general reinforcement learning settings, LQR is studied in a recent
line of works [12, 54, 26, 69, 70, 22, 23, 61, 21, 30]. In particular, a part of our analysis is based
on the breakthrough of [26], which gives the global convergence of the population-version policy
gradient algorithm for LQR and its finite-sample version based on the zeroth-order estimation of
policy gradient based on the cumulative reward or cost. However, such zeroth-order estimation of
policy gradient often suffers from large variance, as it involves the randomness of an entire trajectory.
In contrast, actor-critic updates critic in an online manner, which reduces such variance but also
introduces instability and complicates the convergence analysis. In particular, as the update of critic
interleaves with the update of actor, the policy gradient for the update of actor is biased due to the
inexactness of critic. Meanwhile, the update of critic has a “moving target”, as it attempts to evaluate
an actor that evolves along the iterations. A key to our analysis is to handle such asynchrony between
actor and critic, which is a ubiquitous challenge in bilevel optimization. We hope our analysis may
serve as the first step towards analyzing actor-critic in more general reinforcement learning settings.

Notation. For any integer n > 0, we denote {1, ...,n} to be [n]. For any symmetric matrix X, let
svec(X) denote the vectorization of the upper triangular submatrix of X with off-diagonal entries
weighted by v/2. Hence, for any symmetric matrices X and Y, we have tr(XY) = (X,Y) =
svec(X) T svec(Y'). Meanwhile, let smat(-) be the inverse operation of svec(+), which maps a vector
to a symmetric matrix. Besides, we denote by A ®, B the symmetric Kronecker product of A and B.
We use ||v]|2 to denote the £5-norm of a vector v. Finally, for a matrix A, we use ||A]|, || A||fro, and
p(A) to denote its the operator norm, Frobenius norm, and spectral radius, respectively.

2 Background

In the following, we introduce the background of actor-critic and LQR. In particular, we show that
actor-critic can be cast as a first-order online alternating update algorithm for a bilevel optimization
problem [42, 24, 4].

2.1 Actor-Critic Algorithm

We consider a Markov decision process, which is defined by (X,U, P, ¢, Dy). Here X and U are
the state and action spaces, respectively, P: X x U — P(X) is the Markov transition kernel,
c: X x U — R is the cost function, and Dy € P(X) is the distribution of the initial state x. For



any ¢t > 0, at the ¢-th time step, the agent takes action u; € U at state x; € X', which incurs a cost
¢(x¢, uy) and moves the environment into a new state x;41 ~ P(- | z¢,u;). A policy specifies how
the action w, is taken at a given state z,. Specifically, in order to handle infinite state and action
spaces, we focus on a parametrized policy class {7, : X — P(U),w € Q}, where w is the parameter
of policy 7, and the agent takes action u ~ 7, (- | ) at a given state € X. The agent aims to find
a policy that minimizes the infinite-horizon time-average cost, that is,

T
1
minimize J(w) = lim E{T Zc(mt,ut) xo ~ Do, uy ~ 7, (| ), Yt > 0]. 2.1)

weN T—o0
t=0

Moreover, for policy 7,,, we define the (advantage) action-value and state-value functions respectively
as

Qu(z,u) = ZIEUJ [c(xt,ut) |z = x,ug = u] - J(w),
>0 2.2)

Vw (l‘) = ]Euwww(~ | z) [Qw (LU, U)] )
where we use E,, to indicate that the state-action pairs {(z;, u;) };>1 are obtained from policy 7.

Actor-critic is based on the idea of solving the minimization problem in (2.1) via first-order optimiza-
tion, which uses an estimator of V,,J(w). In detail, by the policy gradient theorem [68, 6, 36], we
have

Vol (W) = Epop, umm (- ) [Vw logm,(u|z) - Qu(x, u)], 2.3)

where p,, € P(X) is the stationary distribution induced by 7,,. Based on (2.3), actor-critic [36]
consists two steps: (i) a policy evaluation step that estimates the action-value function @, (critic)
via temporal difference learning [20], where @, is estimated using a parametrized function class
{QY: 6 € ©}, and (ii) a policy improvement step that updates the parameter w of policy 7, (actor)
using a stochastic version of the policy gradient in (2.3), where @, is replaced by the corresponding
estimator Q7.

As shown in [74], actor-critic can be cast as solving a bilevel optimization problem, which takes the
form

mlglerglze Ew~pw,u~7rw(~ | z) [Qe (l‘, u)] ) 2.4

subjectto  (0,.J) = argmin E, ., yer, (.| S){ [Qe(m,u) +J —c(z,u) — (l”ﬁ""Qe)(ac,u)]Q}7
0cO,JCeR
2.5)

where B“ is an operator that depends on 7. In this problem, the actor and critic correspond to the
upper-level and lower-level variables, respectively. Under this framework, the policy update can be
viewed as a stochastic gradient step for the upper-level problem in (2.4). The objective in (2.5) is
usually the mean-squared Bellman error or mean-squared projected Bellman error [20]. Moreover,
when B“ is the Bellman evaluation operator associated with 7, and we solve the lower-level problem
in (2.5) via stochastic semi-gradient descent, we obtain the TD(0) update for policy evaluation [65].
Similarly, when B“ is the projected Bellman evaluation operator associated with ,, solving the
lower level problem naturally recovers the GTD2 and TDC algorithms for policy evaluation [8].
Therefore, the actor-critic algorithm is a first-order online algorithm for the bilevel optimization
problem in (2.4) and (2.5). We remark that bilevel optimization contains a family of extremely
challenging problems. Even when the objective functions are linear, bilevel programming is NP-hard
[29]. In practice, various heuristic algorithms are applied to solve them approximately [62].

2.2 Linear Quadratic Regulator

As the simplest optimal control problem, linear quadratic regulator serves as a perfect baseline to
examine the performance of reinforcement learning methods. Viewing LQR from the lens of an MDP,
the state and action spaces are X = R? and U/ = R¥, respectively. The state transition dynamics and
cost function are specified by

g1 = Axy + Buy + ¢, c(x,u) = z' Qx4+ u' Ru, (2.6)



where e, ~ N (0, ¥) is the random noise that is i.i.d. for each ¢ > 0, and A, B, @, R, ¥ are matrices
of proper dimensions with ), R, ¥ > 0. Moreover, we assume that the dimensions d and k are
fixed throughout this paper. For the problem of minimizing the infinite-horizon time-average cost
limsupy_, o, 771 Z;sT:o Elc(zt, us)] with g ~ Dy, it is known that the optimal actions are linear in
the corresponding state [76, 3, 7]. Specifically, the optimal actions {u; }¢>¢ satisfy uj = —K*x; for
all t > 0, where K* € R**4 can be written as K* = (R+ BTP*B)*lBTP*A, with P* being the
solution to the discrete algebraic Riccati equation

P*=Q+A'P*A+ATP*B(R+B"P*B)"'BTP*A. @7

In the optimal control literature, it is common to solve LQR by first estimating matrices A, B, @,
R and then solving the Riccati equation in (2.7) with these matrices replaced by their estimates.
Such an approach is known as model-based as it requires estimating the model parameters and the
performance of the planning step in (2.7) hinges on how well the true model is estimated. See, e.g,
[21, 70] for theoretical guarantees of model-based methods.

In contrast, from a purely data-driven perspective, the framework of model-free reinforcement
learning offers a general treatment for optimal control problems without the prior knowledge of the
model. Thanks to its simple structure, LQR enables us to assess the performances of reinforcement
learning algorithms from a theoretical perspective. Specifically, it is shown that policy iteration
[12, 14, 45], adaptive dynamic programming [52], and policy gradient methods [26, 44, 70] are all
able to obtain the optimal policy of LQR. Also see [54] for a thorough review of reinforcement
learning methods in the setting of LQR.

3 Actor-Critic Algorithm for LQR

In this section, we establish the actor-critic algorithm for the LQR problem introduced in §2.2. Recall
that the optimal policy of LQR is a linear function of the state. Throughout the rest of this paper, we
focus on the family of linear-Gaussian policies

{rr(-|z) = N(~Kz,0%I}), K € RF*4}, 3.1

where o0 > 0 is a fixed constant. That is, for any ¢ > 0, at state x;, we could write the action u;
by uy = —Kuxz + o - 1, where 7 ~ N (0, I). We note that if o = 0, then the optimal policy
u = —K*x belongs to our policy class. Here, instead of focusing on deterministic policies, we
adopt Gaussian policies to encourage exploration. For policy 7, the corresponding time-average
cost J(K), state-value function Vi, and action-value function Q) are specified as in (2.1) and (2.2),
respectively.

In the following, we first establish the policy gradient and value functions for the ergodic LQR in
§3.1. Then, in §3.2, we present the on-policy natural actor-critic algorithm, which is further extended
to the off-policy setting in §B.

3.1 Policy Gradient Theorem for Ergodic LQR

For any policy 7, by (2.6), the state dynamics are given by a linear dynamical system
241 = (A — BK)xy + &4, where e¢; =€ +0-Bn, ~ N(0,7,). (3.2)

Here we define ¥, := ¥ 4 ¢ - BB in (3.2) to simplify the notation. It is known that, when
p(A — BK) < 1, the Markov chain in (3.2) has stationary distribution N (0, X ), denoted by vx
hereafter, where X i is the unique positive definite solution to the Lyapunov equation

Yk =V, + (A - BK)Yg(A - BK)'. (3.3)
In the following proposition, we establish .J(K), the value functions, and the gradient V i J(K).

Proposition 3.1. For any K € R**? such that p(A — BK) < 1, let Px be the unique positive
definite solution to the Bellman equation

Px = (Q+ K"RK) + (A - BK)' Px(A — BK). (3.4)



In the setting of LQR, for policy 7x, both the state- and action-value functions are quadratic.
Specifically, we have

VK(CU) = CETPKZ' - tI‘(PKEK), (35)
Qr(z,u) =20z +2"0Ru+u"0%z +u'0%2u—0? tr(R+ PxBB") — tr(PxXk),
(3.6)

where X is specified in (3.3), and we define matrix O i by

On — @}(1 @}(2 o Q+ATPKA ATPKB (.7)
K=\e3d e22) \ B"PkA R+B'PxkB)’ '

Moreover, the time-average cost J(K) and its gradient are given by
J(K)=tr[(Q+ K" RK)Sk| + 0 - tr(R) = tr(Px ¥,) + 02 - tr(R). (3.8)
ViJ(K)=2[(R+ B"PxkB)K — B Px A]S i = 2Ex ¥k, (3.9)
where we define Ex := (R+ B PkB)K — BT Pg A.

Proof. See §D.1 for a detailed proof. O

To see the connection between (3.9) and the policy gradient theorem in (2.3), note that by direct
computation we have

Vilogmg(u|z) = Vg [-(20%) " (u+ Kz)?] = —0 7% (u+ Kz)z . (3.10)

Thus, combining, (3.6), (3.10), and the fact that w = — Kz + o -  under 7, the right-hand side of
(2.3) can be written as

Eynvg ummi [VK logmx(ulz) - Qr(z, U)} =—0"". ]EzNVK,n~N(0,Ik)[U ) UIT ‘Qk(r,—Kx+o0-1n)].
Recall that for n € N(0, I1,), Stein’s identity [64], E[n- f(n)] = E[V f(n)], holds for all differentiable
function f: R¥ — R, which implies that
VKJ(K) = 7EINVK777NN(07IL£) [(VUQK)(L -Kr+o- 77) : "ET]
= 2B, non0in{(R+ B PxB)(~Kz +0-n) + B PxAz]z "}
=2[(R+ B"PxB)K — B' PxA|SK = 2ExS. (3.11)

Thus, (3.9) is exactly the policy gradient theorem (2.3) in the setting of LQR. Moreover, it is worth
noting that Proposition 3.1 also holds for o = 0. Thus, setting ¢ = 0 in (3.11), we obtain

VrJ(K) = —Epry [(VuQk)(z, —Kx) -a:T] =K,y [(VUQK)(JJ,U)’ )VKWK<.’L‘)],

where 7 (2) = —Ka. Thus we obtain the deterministic policy gradient theorem [60] for LQR.
Although the optimal policy for LQR is deterministic, due to the lack of exploration, behaving
according to a deterministic policy may lead to suboptimal solutions. Thus, we focus on the family of
stochastic policies where a Gaussian noise o - 77 is added to the action so as to promote exploration.

u=mg (z

3.2 Natural Actor-Critic Algorithm

Natural policy gradient updates the variable along the steepest direction with respect to Fisher metric.
For the Gaussian policies defined in (3.1), by (3.10), the Fisher’s information of policy 7, denoted
by Z(K), is given by
[Z(K)](i5),7.5) = Eanvic ammi [VKU logmg (u|z) - Vi, log i (u| x)]
=07 Bomuge 0,10 0325 - vy = 072 - Wi = '} [Bxljy, (.12)

where 4,7’ € [k], j,7’ € [d], K;j and K,/ are the (4, j)- and (¢, j')-th entries of K, respectively,
and [X k], is the (7, j/)-th entry of X . Thus, in view of (3.9) in Proposition 3.1 and (3.12), natural
policy gradient algorithm updates the policy parameter in the direction of

[Z(K)| 'VrJ(K) = Vg J(K)S ' = 2Ek.



By (3.7), we can write Ff as Q%EK — (9%(1, where O is the coefficient matrix of the quadratic
component of (Ji. Such a connection lays the foundation of the natural actor-critic algorithm.
Specifically, in each iteration of the algorithm, the actor updates the policy via K — - (022K — ©21),
where 7 is the stepsize and © is an estimator of © K returned by any policy evaluation algorithm.
We present such a general natural actor-critic method in Algorithm 1 §A, under the assumption that

we are given a stable policy K for initialization. Such an assumption is standard in literatures on
model-free methods for LQR [22, 26, 44].

To obtain an online actor-critic algorithm, in the sequel, we propose an online policy evaluation
algorithm for ergodic LQR based on temporal difference learning. Let mx be the policy of interest.
For notational simplicity, for any state-action pair (x,u) € R%T* we define the feature function

bz, u) = svec [(i) (i) T] , (3.13)

and denote svec(© ) by 03 . Using this notation, the quadratic component in Q i can be written as
¢(z,u) " 0%, and the Bellman equation for Q x becomes

(p(z,u),0%) = c(z,u) — J(K) + (E[p(a’,u') |z,u], 0% ), V(z,u) € RITE, (3.14)

In order to further simplify the notation, hereafter, we define 9%, = (J(K ) 6% )T, denote by E(z,u)
the expectation with respect to z ~ v and u ~ mx (- | ), and let (2, u’) be the state-action pair
subsequent to (x, u).

Furthermore, to estimate .J (/) and 67}, in (3.14) simultaneously, we define

- T
ZSK = E(a:,u) {¢($, U) [¢(x7 u) - ¢(]}/, u/)] }7 b = E(w,u) [C(Z‘, U)¢($, u)} ) (3.15)
Notice that J(K') = E(, ., [c(z,u)]. By direct computation, it can be shown that 7, satisfies the

following linear equation
1 0 I\ (J(K)
(E(x,u>[¢(x,U)] EK) <792> = ( br | (3.16)

whose solution is unique if and only if = in (3.15) is invertible. The following lemma shows that,
when 7 is a stable policy, = is indeed invertible.

Lemma 3.2. When 7 is stable in the sense that p(A — BK) < 1, 2 defined in (3.15) is invertible
and thus 97, is the unique solution to the linear equation (3.16). Furthermore, the minimum singular
value of the matrix in the left-hand side of (3.16) is lower bounded by a constant x7, > 0, where x7,
only depends on p(A — BK), o, and o pin (P).

Proof. See §D.2 for a detailed proof. O

By this lemma, when p(A — BK) < 1, policy evaluation for 7 can be reduced to finding the unique
solution to a linear equation. Instead of solving the equation directly, it is equivalent to minimize the
least-squares loss:

miniﬂmize{[ﬁl — JE)P A+ [0 - By b, )] + Ext® — bKuj}, (3.17)

where 9! € R and 92 has the same shape as svec(© x ), which are the two components of 9. It is clear
that the global minimizer of (3.17) is ¥} Note that we have Fenchel’s duality 2 = sup, {2z-y—y°}.
By this relation, we further write (3.17) as a minimax optimization problem

F T J(K)] Wt
JR S PO e == Il

+ (0" B [0(z, u)] + Ex9? — b, w?) —1/2- ||lw]|3, (3.18)

where the dual variable w = (w?!, w?) has the same shape as ¥J. Here we restrict the primal and

dual variables to compact sets Xg and X, for algorithmic stability, which will be specified in the
next section. Note that the objective in (3.18) can be estimated unbiasedly using two consecutive
state-action pairs (z, u) and (z’, v'). Solving the minimax optimization in (3.18) using stochastic



gradient method, we obtain the gradient-based temporal difference (GTD) algorithm for policy
evaluation [66, 67]. See Algorithm 2 for details. More specifically, by direct computation, we have

Var F(0,w) = w' + (Bpu)(8),w?),  VeFO,w) =Egu,[(e—9¢) ¢ w?],  (3.19)

Vi F(0,w) =0 — J(K) — w!, Ve F(0,w) = 0" - E, ) (¢) + Ex9? — bg — w?,
(3.20)

where we denote ¢(z,u) and ¢(a’,u’) by ¢ and ¢, respectively. In the GTD algorithm, we update ¢}
and w in gradient directions where the gradients in (3.19) and (3.20) are replaced by their sample

estimates. After T iterations of the algorithm, we output the averaged update 2 = (Ethl Qg -

ﬁf)/(thzl o) and use 0= smat(@) to estimate O k in (3.7), which is further used in Algorithm 1
to update the current policy 7. Therefore, we obtain the online natural actor-critic algorithm [9] for
ergodic LQR.

Meanwhile, using the perspective of bilevel optimization, similar to (2.4) and (2.5), our actor-critic
algorithm can be viewed as a first-order online algorithm for
W Bos e [(000), 7)) .
subjectto (¥, w) = argmin argmax F' (¢, w), )
0eXs wEXq
where F'(¢,w) is defined in (3.18) and depends on 7. In our algorithm, we solve the upper-level
problem via natural gradient descent and solve the lower-level saddle point optimization problem
using stochastic gradient updates.

Furthermore, we emphasize that our method defined by Algorithms 1 and 2 is online in the sense
that each update only requires a single transition. More specifically, let {(x,, un, ¢, ) }rn>0 be the
sequence of transitions experienced by the agent. Combining Algorithms 1 and 2 and neglecting the
projections, we can write the updating rule as

= 27122 247121
K1 = Ky, — 7, - {[smat(97)]** K,, — [smat(v2)]*' },
79n+1 = 1971 — Q- gﬁ(xnaunacnamn-&-l;un-&-l)a (322)
Wn+1 = Wn + 8 Guo(Tn, Un, Cy Tt 1, Unt1),
where gy and g,, are the update directions of ¥} and w whose definitions are clear from Algorithm 2,
{7,.} and {@,,} are the stepsizes. Moreover, there exists a monotone increasing sequence {N; };>o
such that 5, = v if n = NN, for some ¢ and 7,, = 0 otherwise. Such a choice of the stepsizes reflects
the intuition that, although both the actor and the critic are updated simultaneously, the critic should

be updated at a faster pace. From the same viewpoint, classical actor-critic algorithms [36, 9, 28]
establish convergence results under the assumption that

2771, = Zaﬂ = 00, Z(W?L + ai) < o0, nlingoin/an =0.

n>0 n>0 n>0
The condition that 7,, /&, = 0 ensures that the critic updates at a faster timescale, which enables
the asymptotic analysis utilizing two-timescale stochastic approximation [10, 37]. However, such
an approach uses two ordinary differential equations (ODE) to approximate the updates in (3.22)
and thus only offers asymptotic convergence results. In contrast, as shown in §4, our choice of the
stepsizes yields nonasymptotic convergence results which shows that natural actor gradient converges
in linear rate to the global optimum.

In addition, we note that in Algorithm 2 we assume that the initial state xg is sampled from the
stationary distribution v . Such an assumption is made only to simplify theoretical analysis. In
practice, we could start the algorithm after sampling a sufficient number of transitions so that the
Markov chain induced by 7 approximately mixes. Moreover, as shown in [69], when 7 is a stable
policy such that p(A — BK) < 1, the Markov chain induced by 7 is geometrically 5-mixing and
thus mixes rapidly.

Finally, we remark that the minimax formulation of the policy evaluation problem is first proposed
in [40], which studies the sample complexity of the GTD algorithm for discounted MDPs with i.i.d.
data. Using the same formulation, [72] establishes finite sample bounds with data generated from a
Markov process. Our optimization problem in (3.18) can be viewed as the extension of their minimax
formulation to the ergodic setting. Besides, our GTD algorithm can be applied to ergodic MDPs in
general with dependent data, which might be of independent interest.



4 Theoretical Results

In this section, we establish the global convergence of the natural actor-critic algorithm. To this end,
we first focus on the problem of policy evaluation by assessing the finite sample performance of the
on-policy GTD algorithm.

Note that only O returned by the GTD algorithm is utilized in the natural actor-critic algorithm for
policy update. Thus, in the policy evaluation problem for a linear policy 7y, we only need to study
the estimation error ||© — O k||Z, which characterizes the closeness between the direction of policy
update in Algorithm | and the true natural policy gradient.

Furthermore, recall that we restrict the primal and dual variables respectively to compact sets Xg and
Xq for algorithmic stability. We make the following assumption on Xg and Xq,.

Assumption 4.1. Let 7x, be the initial policy in Algorithm 1. We assume that 7, is a stable
policy such that p(A — BKj) < 1. Consider the policy evaluation problem for 7. We assume that
J(K) < J(Kp). Moreover, let Xg and X, in (3.18) be defined as

Xo = {#: 0 <9 < J(Ko), 9?2 < Re}, 4.1)
Xo = {w: '] < J(Ko), ||z < (1 + IK||F,)° - Ra}- 4.2)
Here, ]A%@ and EQ are two parameters that do not depend on K. Specifically, we have
Ro = [Qllso + 1 Rlltvo + Vd/owmin(¥) - (JAlIfo + | Blifo) - T (Ko), 4.3)
Ro=C Re -0, 5(Q) [J(Ko)P”, (4.4)

where C > 0 is a constant.

The assumption that we have access to a stable policy K| for initialization is commonly made in
literatures on model-free methods for LQR [22, 26, 44]. Besides, p(A — BKj) < 1 implies that
J(Ky) is finite. Here we assume J(K) < J(Kj) for simplicity. Even if J(K) > J(Kj), we can
replace J(Ky) in (4.1) — (4.4) by J(K) and the theory of policy evaluation still holds. Moreover, as
we will show in Theorem 4.3, the actor-critic algorithm creates a sequence policies whose objective
values decreases monotonically. Thus, here we assume J(K) < J(K) without loss of generality.

Furthermore, as shown in the proof, the construction of Rg and R ensures that (¢, 0) is the
saddle-point of the minimax optimization in (3.18). In other words, the solution to (3.18) is the same
as the unconstrained problem miny max,, F'(¢,w). When replacing the population problem by a
sample-based optimization problem, restrictions on the primal and dual variables ensures that the

iterates of the GTD algorithm remains bounded. Thus, setting Re and R essentially guarantees that
restricting (9, w) to Xg x Xq incurs no “bias” in the optimization problem.

We present the theoretical result for the online GTD algorithm as follows.

Theorem 4.2 (Policy evaluation). Let ¥* and O be the output of Algorithm 2 based on T iterations.

We set the stepsize to be o = a/+/t with a > 0 being a constant. Under Assumption 4.1, for any
p € (p(A — BK), 1), when the number of iterations 7 is sufficiently large, with probability at least
1 —T~%, we have

T[E@, §Q7 J(K0)7 HKHfrm O'r:uln(Q)] . IOgG T

Ko (1=p) VT
where T[E@,RQ,J(K@), 1K ||ros 0 (Q)] is a polynomial of Ra, R, J(Ko), ||K||to, and
1/omin(Q)-

Proof. See §C.1 for a detailed proof. O

18 - Okllfo <

4.5)

This theorem establishes the statistical rate of convergence for the on-policy GTD algorithm. Specifi-
cally, if we regard Y[Re, Rq, J(Ko), | K ||tro; i, (Q)], p» and K% as constant, (4.5) implies that

the estimation error is of order log6 T/ V/T. Thus, ignoring the logarithmic term, we conclude that
the GTD algorithm converges in the sublinear rate O(1/+/T'), which is optimal for convex-concave



stochastic optimization [49] and is also identical to the rate of convergence of the GTD algorithm
in the discounted setting with bounded data [40, 72]. Note that we focus on the ergodic case and
the feature mapping ¢(z, ) defined in (3.13) is unbounded. We believe this theorem might be
of independent interest. Furthermore, 1/k%, is approximately the condition number of the linear
equation of (3.16), which reflects the fundamental difficulty of estimating O . Specifically, when
K} 18 close to zero, the matrix on the left-hand side of (3.16) is close to a singular matrix. In this case,
estimating © i can be viewed as solving an ill-conditioned regression problem and thus huge sample
size is required for consistent estimation. Finally, 1/[1 — p(A — BK)] also reflects the intrinsic
hardness of estimating © . Specifically, for any p € (p(A — BK), 1), the Markov chain induced by
Tk is B-mixing where the k-th mixing coefficients is bounded by C - p* for some constant C' > 0
[69]. Thus, when p is close to one, this Markov chain becomes more dependent, which makes the
estimation problem more difficult.

Equipped with the finite sample error of the policy evaluation algorithm, now we are ready to present
the global convergence of the actor-critic algorithm. For ease of presentation, we assume that ), R,
A, B, U are all constant matrices.

Theorem 4.3 (Global convergence of actor-critic). Let the initial policy K be stable. We set the
stepsize v = [||R|| + oL, (V) - | B||? - J(Ko)] in Algorithm 1 and perform N actor updates in
the actor-critic algorithm. Let { K} }o<:<n be the sequence of policy parameters generated by the
algorithm. For any sufficiently small € > 0, we set N > C' - | S« || /7 - log{2[J(Ko) — J(K*)]/e}
for some constant C' > 0. Moreover, for any ¢t € {0,1,..., N}, in the ¢-th iteration, we set the
number 7} of GTD updates in Algorithm 2 to be

T, 2 YKol T (Ko)] - e, [L= p(A = BE)] /27,

where T[||K¢||, J(Ko)] is a polynom1al of || K¢|| and J(Kjp). Then with probability at least 1 — €'©
we have J(Ky) — J(K*) <

Proof Sketch. The proof of this Theorem is based on combining the convergence of the natural policy
gradient and the finite sample analysis of the GTD algorithm established in Theorem 4.2. Specifically,
for each K, we define K| | = K; — n - Ek,, which is the one-step natural policy gradient update
starting from K. Similar to [26], for ergodic LQR, it can be shown that

J(K{q)—J(K*) < [1=Cr-y- Sk - [J(Ke) — J(KF)] (4.6)

for some constant C; > 0. In addition, for policy 7x,, when the number of GTD iteration 7} is
sufficiently large, K1 is close to K7, which further implies that |.J (K[, ) — J(K;41)| is small.
Thus, combining this and (4.6), we obtain the linear convergence of the actor-critic algorithm. See
§C.2 for a detailed proof. O

This theorem shows that natural actor-critic algorithm combined with GTD converges linearly to
the optimal policy of LQR. Furthermore, the number of policy updates in this theorem matches
those obtained by natural policy gradient algorithm [26, 44]. To the best of our knowledge, this
result seems to be the first nonasymptotic convergence result for actor-critic algorithms with function
approximation, whose existing theory are mostly asymptotic and based on ODE approximation.
Furthermore, from the viewpoint of bilevel optimization, Theorem 4.3 offers theoretical guarantees
for the actor-critic algorithm as a first-order online method for the bilevel program defined in
(3.21), which serves a first attempt of understanding bilevel optimization with possibly nonconvex
subproblems.

Furthermore, although we only consider the problem of LQR and analyze the natural actor-critic
with GTD for policy evaluation, our theoretical framework can be applied to general reinforcement
learning problems with other policy optimization methods for the actor (e.g. vanilla policy gradient
[68], trust-region policy optimization [57] and proximal policy optimization [58]) and other policy
evaluation methods for the critic such as TD(0) [65], least-square temporal-difference (LSTD) [13],
and Retrace [47]. In particular, suppose the critic adopts compatible features [68] for policy evaluation
using nonconvex optimization techniques, it can be shown that vanilla policy gradient converges to a
local minimum of the expected total return with a sublinear rate [75]. Moreover, by leveraging the
geometry of the expected total return as a functional of the policy, recently, [1, 39, 71, 59] prove that
natural policy gradient [34], TRPO and PPO are all able to find the globally optimal policy. Using
similar approaches, we can establish the convergence and global optimality of actor-critic methods.
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A Algorithms

In this section, we present the details of the actor-critic algorithm.

Algorithm 1 Natural Actor-Critic Algorithm for Linear Quadratic Regulator

Input: Initial policy 7, such that p(A — BKy) < 1, stepsizes ~ for policy update, and a policy
evaluation algorithm.
Initialization: Set the current policy 7 by letting K <+ K.
while updating current policy do
Critic step. Estimate O g in (3.7) via a policy evaluation algorithm, e.g., the on-policy GTD
algorithm (Algorithm 2), which returns an estimator ©of © K-
Actor step. Update the policy parameter by K + K — - (022K — ©21).
end while N N
Output: The final policy 7, matrix O that estimates © -, and J that approximates J(K).

Algorithm 2 On-Policy Gradient-Based Temporal-Difference Algorithm for Policy Evaluation

Input: Policy 7, number of iterations 7', and stepsizes {cv }1e(r)-
Output: Estimator © of O in (3.7).
Initialize the primal and dual variables by ¥y € X and wy € X, respectively.
Sample the initial state o € R? from the stationary distribution p . Take action ug ~ 7mx (- | 7o)
and obtain the reward ¢ and the next state x.
fort=1,2,...,T do
Take action u; according to policy 7, observe the reward c; and the next state z;4 ;.
Compute the TD-error §; = 9}_; — ct—1 + [d(zi—1,ut—1) — d(z¢, us)] TI7_4.
Update 9! by 9} = 9} | — - [wiq + d(zi—1,ui—1) Tw? 4]
Update 9% by 97 = 07 1 — ay - [p(1—1,u-1) — ¢(@e, ur)] - (a1, up—1) "wi .
Update w! by w} = (1 — ) - w} + - (911 — ci—1)-
Update w? by w? = (1 — o) - w? + v - 6 - d(my—1).
Project ¥; and w; to Xg and Xq, respectively.
endfor
Define § = (9", 02) = (S0,2; i - 04) /(g ) and & = (3, @ - wi) /(i )
Return 9! and © = smat(19?) as the estimators of J(K) and O ¢, respectively.

B Extension to the Off-Policy Setting

Recall that in our natural actor-critic algorithm, the critic can apply any policy evaluation algorithm to

estimate © . When using an off-policy method, we obtain an off-policy actor-critic algorithm. In this
section, we extend Algorithm 2 to the off-policy setting using importance sampling. Specifically, let
7, be the behavior policy and suppose it induces a stationary distribution v, over the state space R?.
Moreover, let 7 be the policy of interest and let 7x (2, u) = 7 (u| ) /mp(u | ) be the importance
sampling ratio. Then, the Bellman equation in (3.14) can be written as

(p(w,u),0%) = c(z,u) — J(K) + (E[p(a’, u) - 7rc (2", u') | @, 4], 0% ), (B.1)

where (7, u) € R* 2/ is the next state given (x,u), and v’ ~ (- | 2). In the following, we denote
by E(,,.) the expectation with respect to 2 ~ v, and u ~ (- | ). Similar to Zx and b defined in
(3.15), for the off-policy setting, we define

Ek =Eguw{o@ u)[o(z,u) — 7 (', u) - ¢(a', u')] T}, bi =B [c(@,u)d(z, u)],
EK = IE(a:,u) [(15(1’7 u) - TK(I'/? u/) ! ¢<£L‘/7 u/)]a gK = IE(;z,u) [¢(xv u)]7 aKg = ]E(;c,u) [C((E, u)]

Based on (B.1) and direct computation, it can be shown that 9% = (J(K),svec(Ox) )" is the
solution to linear equation

T 1 —
Ard =g,  Ag = (1 ﬁK) , 0= (32) . Ak = (ZK) . B2
gK oK K
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Similar to the derivations in §3.2, we propose to estimate 9} by solving a minimax optimization
problem:

: il _ T o o . 2
Join max F(0,w) = w [Axd = Ax] = 1/2 - wl>. (B.3)

Here, similar to Assumption (4.1), we let Xg and X be Euclidean balls given by Xg and X, in
(3.18) be defined as Xo = {9: [[9!2 < E@} and Xo = {w: |2 < EQ}, where Re and Rq
are chosen appropriately. Notice that both F'(1J,w) and its gradient can be estimated unbiasedly
using transitions sampled from the behavior policy. Solving (B.3) using stochastic gradient method,
we obtain the off-policy GTD algorithm for the ergodic setting. See Algorithm 3 for the details.

Combining this policy evaluation method with Algorithm 1, we establish the off-policy on-line natural
actor-critic algorithm.

Algorithm 3 Off-Policy Gradient-Based Temporal-Difference Algorithm for Policy Evaluation

Input: Policy 7, number of iterations 7', and stepsizes {a }+<[7}, the behavior policy 7, and its

stationary distribution v.

Output: Estimators J and © of J(K) in (3.8) and O in (3.7), respectively.

Initialize the primal and dual variables by ¥y € Xg and wy € X, respectively.

Sample the initial state 2y € R? from the stationary distribution 1. Take action ug ~ (- | 2¢)

and obtain the reward ¢ and the next state x;.

fort=1,2,...,T do
Take action u; according to policy 7, observe the reward c; and the next state z; ;.
Compute the TD-error 6; = U1 — ¢;—1 + [d(@—1,us—1) — Tre (T, ug) - Py, ug)] T 971,
Update the primal variable ¥ by

O =01, —au - [wiy + d(m—1,ue1)  wiy],

79? = 19371 — Q- [¢($t71>ut71) - TK(-'L'tvut) : ¢($t>ut)] : [Qb(gﬂtflautfl)—rw?fl + wth]-

Update the dual variable w by

wp = (1—ay) wf + oy {91+ [dlze1, up—1) — i (Te, ue) - d@e,ue)] 97 — ern )

Wtz =(1—ay) 'Wf + a0 - P(z—1).

Project ¥; and w; to Xg and Xq, respectively.
end for

Define 9 = (9", 92) = (32, - 92)/ (X 1y a) and & = (S, - wn) /(S o).
Return 9! and © = smat(19?) as the estimators of .J(K) and O , respectively.

Similar to Theorem 4.2, we have the following theorem that shows that Algorithm 3 converges at a
sublinear rate to the desired solution 7.

Theorem B.1 (off-policy GTD). Let 9" and © be the output of Algorithm 3 based on T iterations.
We set the stepsize to be oy = a/+/t with a > 0 being a constant. We assume that A in (B.2) is
invertible and that its minimum singular value is lower bounded by a constant ;, > 0. Moreover, we
assume that the Markov chain induced by the behavioral policy 7, is geometrically S-mixing with
parameter p € (0, 1). Let v, be the stationary distribution of this induced Markov chain. We assume
that, for (x,u) ~ v, both ¢(x, u) and 7k (x, u) are sub-exponential random variables. Then, when
the number of iterations 7" is sufficiently large, with probability at least 1 — T4, we have

Y[Ro, Ro, J(Ko): | K [0, 0ia(@)] 1og® T

Ko (1=p) VT
where T[E@,EQ,J(KO), |1 K ||r0s 0 (Q)] is a polynomial of Ra, Ra, J(Ko), | Ko, and
1/O'min(Q)~

Proof. The proof of this theorem is parallel to that of Theorem 4.2, thus here we only sketch the
proof for brevity.

||® - @K”%ro <
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The proof can be completed in three steps. In the first step, we show that (¥, w) = (9%, 0) is the
saddle point of the optimization problem in (B.3). To simplify the notation, we define a vector-valued
function G(z, u, z’,u'; ) by

Gz, u,z',u';9) = 9 — c(z,u) + (p(z,u) — (2, 0) - p(2’,u), 0%),
G*(z,u, 2’ W'59) = 9" ¢(z,u) + {[o(z,u) — (2, ) - TK(m’,u’)]T192 —c(z,u)} - ¢z, u).
(B.4)
By definition, for all (¢, w), F(,w) in (B.3) can be equivalently written as
F(0,w) = (B 0 un G, u, 27,05 9)],w0) = 1/2- w3 (B.5)
Thus, for any ¥, the solution to the unconstrained maximization problem max,, F'(8,w) is
w(0) = Eg w00 G, u, ', u'; ).
Recall that ¢(z,u) = (¢(z, u), svec[diag(Q, R)]). Since both ¢(z,u) and 7 (2, u) - $(z, u) are
sub-exponential random vectors, when Rg and R, are chosen properly, we can show that ¥}, € Xg

and that w(v) € X for all ¥ € Xg. Notice that w(¥};) = 0. Thus, (9%, 0) is the solution to the
minimax optimization problem in (B.3).

Then, in the second step, we relate the estimation error ||© — O |2, to the primal-dual gap
Gap(d,8) = F(0,w) — min F(I,). B.6
ap(d,&) = max F'({,w) — min F(4,0) (B.6)

Similar to the derivations in (C.14)—(C.17), since the minimum singular value of A i is lower bounded
by K7, it holds that

(0"~ JE) 4110 — O [fo < wi - Gap(d, ). (B.7)
Thus, it suffices to bound the primal-dual gap in (B.6), which is achieved in the last step.
Specifically, we would like to utilize Theorem C.4 obtained from [72]. Since this theorem requires

bounded iterates and Lipschitz gradient, similar to the third step in §C.1, we truncate the feature
vector ¢(x, u). In particular, we define

e= () {Io(weu)ll3 < Cxc - Yog T |Iric (@ ue) - ol w3 < Crc log T, (BSY)
0<t<T

where Cj, is a constant specified by the stationary distribution 1. Since both is ¢(z, u) and ¢(x, u) -
Tr (x,u) are sub-exponential random vector when (z, %) ~ v, it can be shown that £ holds with
probability at least 1 — 27°~°. Then we define truncated random vectors

(’l;(:mu) = ¢(z,u) - Lg, o (z,u) = ¢(x,u) T (2, u) - Le
and the truncated minimax optimization problem,

. jog -~ . 2
Jnin max F,w) = (E(g ) [G@,u,a’ 0 0)],w) —1/2 - |w]]3, (B.9)

where we define é(x,u,x’,u’;ﬁ) by
G (z,u, 2’ ' 9) = 0 — &, u) + (d(z,u) — rc(a '), 92),
Gz(x7u7$/7ul;’l9) = 191 : 5(1’,’&) + {[5(35’“) - @K(xlvul)}—rﬁz - E(x,u)} : a(gj’u)

Here we let ¢(z, u) = (¢(z,u), svec[diag(Q, R)]) in (B.10). Similar to the derivations from (C.25)

to (C.31), we can show that sup, , |[F'(¢, w) — F(9,w)| < 1/T, which implies that

(B.10)

Gap(¥,w) — L{Ié%{)é F(9,w) — Join F(ﬁ,w)} ‘ <2/T. (B.11)

Since F' defined in (B.9) have Lipschitz gradients, by Theorem C.4, we have
~ - ~ o’ T
max F(¥,w) — min F(9,») < Ok log’T
wEXq deXeo (1-p)- VT

with probability at least 1 — T, where C'k is a constant that depends polynomially on Ee, R,
J(Kp), | K ||tro> and 1/0min(Q). Finally, combining (B.7), (B.11), and (B.12), we conclude the
proof of this theorem. O

(B.12)
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C Proofs of the Main Results

In this section, we provide the proofs of the main results, namely, Theorems 4.2 and 4.3, which
are proved in §C.1 and §C.2, respectively. The proofs of the supporting results are deferred to the
appendix.

C.1 Proof of Theorem 4.2

Proof. Our proof can be decomposed into three steps. In the first step, we show that, with Xg and
Xq given in (4.1) and (4.2), (¥, w) = (9%, 0) is the solution to the minimax optimization problem
in (3.18). Then, in the second step, we show that the primal-dual gap. of this optlmlzatlon problem

yields an upper bound for the estimation error ||® Okl 2,. where 0= smat(192) is the estimator
of O returned by the GTD algorithm. Finally, in the last step, we study the performance of such a
minimax optimization problem, which enables us to establish the error of policy evaluation.

Step 1. In the first step, we show that (J,w) = (U%,0) is the saddle point of the optimization
problem in (3.18). To simplify the notation, we define a vector-valued function G(x, u, z’, u’; ) by

Gz, u,z’ u';9) = 9 — c(z,u),
G*(z,u, 2’ W59) = 9" - ¢(z,u) + {[o(z,u) — d)(:r:’,u’)]—rﬁ2 —c(z,u)} - ¢z, u).

By definition, G(x, u, 2’, u'; 1) is of the same shape as ) and w. Moreover, for all (¢, w), F/(¥,w) in
(3.18) can be equivalently written as

F(,w) = (E(gu )Gz, u, 2’ u's9)],w) — 1/2 - ||w|3. (C2)

(C.1)

Thus, for any ¥, the solution to the unconstrained maximization problem max,, F'(8,w) is
w(¥) = By u) G, u, 2’ u';9)). (C.3)

In the following, we show that ¥}, € Xg. Moreover, we also prove that, for any ¥ € Xg, w(¥) in
(C.3) belongs to Xq, where Xg and X, are defined in (4.1) and (4.2), respectively. Since w(d%,) = 0,
it holds that (9%, 0) is the solution to the minimax optimization problem in (3.18).

Recall that we assume J(K) < J(Kj), where K|, is the initial policy that is stable. Thus, J(Kj) is
finite. By the definition of ¥}, to show U3, € Xe, it suffices to bound ||© k ||t0. By the definition of
O in (3.7), we have

(Q+ATPkA  ATPB \_(Q AT
@K< BTPeA Rt PeB) -\ r)T pT)PxA B

which implies that
1€k llro < (1Qllro + [Rlltvo) + (1AlIfo + 1 BlIfo) - I P - (C4)

Now we apply the following lemma to obtain an upper bound on || Pk ||fro-
Lemma C.1. When 7 is a stable policy, we have

1kl < J(K)/omin(Q),  [[Pxll < J(K)/omin(¥),

where oyin(+) denotes the minimal eigenvalue of a matrix.

Proof. By (3.8) in Proposition 3.1, we have

J(K) 2 t[(Q + K " RK)Yk] 2 0min(Q) - t1(2x) = omin(Q) - [ Zxc,
J(K) 2 tr(Pr Vo) = omin(Vo) - tr(Px) 2 [ Pr|| = J(K)/omin(¥),

where we use the fact that U, > U. Therefore, we conclude the proof. O

Applying Lemma C.1 to (C.4), we have

18x¢lv0 < (1Qllsvo + [ Rlltro) + ([Allfio + | Bllfo) - Vd - T(K)/0umin(). (C5)
Combining (C.5) and the definition of é@ in (4.3) we conclude that 9% € Xo.
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Furthermore, it remains to show that the vector in (C.3) belongs to Xy, for all ¥ € Xg. We consider
the two components of G(z, u, ', u’; J) separately. By (C.1), we have

|]E(:v,u,w’7u’) [Gl (1’, u, $l7 u/; 79)” = |191 - J(K)| < J(Ko), (C6)

where the second inequality follows from the fact that 0 < < J (Ko). Moreover, by (C.1), for the
second component of G(z,u, 2’, u'; ), we have

E(w)u7w/7u/)[G2(:1:, w, 2’ u'y9)] = 9! ‘Bz [o(x,u)] + ExV? — b, (C.7)
where =y and by are defined in (3.15). By Lemma D.2, we have
IEx 9?2 < |Ex] - [19°]l2 < 4(1+ | KF0)* - 1217 - Re. (C38)
Moreover, for any positive definite matrix I', we have
by svec(l') = E(zu){(¢(z,u), svec[diag(Q, R)]) - (¢(x, u),smat(T')) }, (C9

where diag(Q, R) is the block diagonal matrix constructed by @ and R. Note that the joint distribution

of (z,u) is the Gaussian distribution N (0, £ ), where S is defined in (D.16). Thus, b svec(T)
can be written as the product of two quadratic forms of Gaussian random variables. Applying Lemma
D.3 to (C.9), we obtain that

by svec(T) = 2<§)Kdiag(Q,R)§]K,F> . +<§K,diag(Q,R)> . <§]K,F>,
which implies that

Ibxll2 < 3(1Qtro + I Rlltro) - 1S 1- (C.10)
In addition, the first term on the right-hand side of (C.7) is bounded by
19" B o ]y < (o) - [Sxc GATY

Finally, combining (C.8), (C.10), (C.11), and the upper bounds in (D.17), we have
E (20,0 [GP (@, u, 2 0 19)]“2
<2(d+ | Kfo) - ISkl + 401+ [ K[F0)* - IZx]* - Re
+12(|Qlltro + I Rllfro) - (d + 1 K [7:0)* - 12k 12
< C-(1+[Kfo)* - Ro - 05 (Q) - [T(Ko)P, (C.12)
where C' > ( is an absolute constant.

Hence, combining (4.4), (C.6) and (C.12), we conclude that w(d) € X, for all ¥ € Xg. Therefore,
we have shown that (V7 0) is the saddle point of the optimization problem in (3.18), which concludes
the first step of the proof.

Step 2. In the following, we relate the estimation error ||© — © k|2, to the performance of the
optimization in (3.18). Specifically, we consider the primal-dual gap

Gap(19 w) = max F(19 w) — ﬁrggl F(¥,o), (C.13)

which characterizes the closeness between (19, gf)) and the optimal solution (9%, 0), quantified by the
objective value.

Recall that w(?)) defined in (C.3) is the optimal dual variable for each § € Xg. Hence, for any
w € Xgq, it holds that

min F(J,w) < min max F(6,w)
YEXo 0eXo weXq

< pin {[9" = JE) + 0" - Eo o [é(w, w)] + Exc0® = brell3} = 0. (C.14)
Q
Thus, for 9 returned by the GTD algorithm, we have
{0 = JE)? 4+ 19" - B [0, )] + Excd? — bicll3} = max F(),w)
- — < .
= max F(9,w) ﬁrggé F(v,0)+ ﬂmgl F(9,0) < Gap(9,d), (C.15)
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where the last inequality follows from (C.14).

Furthermore, by direct computation, we can bound the left-hand side of (C.15) via

1 0 =R 2
I N
H(E(z,u)[qs((l}7u)} :K> ( K) )
Z H;(Q . ||fl9 — 19?(”% = K/*K. I:H@ — eKH?ro + |191 o J(K)|2}, (C16)

where we utilize the fact that ¥}, is the solution to the linear equation in (3.16) and k7 is specified in
Lemma 3.2. Therefore, combining (C.15) and (C.16), we have

9 — J(K)]? + 116 — Ok |3, < K * - Gap(d,B), (C.17)

which establishes the connection between ||© — © x [|%, and the primal-dual gap in (C.13).

Step 3. In the last step, we construct an upper bound for the primal-dual gap. By (C.17), this yields
an upper bound for the error of parameter estimation.

Note that the distribution of the state-action pair (z, u) have unbounded support. We first construct
an event such that {¢(x;,u¢)}L_, are bounded conditioning on this event. To this end, we establish
an upper bound for tail probability of the ||¢(z, u)||2 using the Hansen-Wright inequality stated as
follows.

Lemma C.2 (Hansen-Wright inequality). For any integer m > 0, let A be a matrix in R™*™ and
let n ~ N(0, I,,) be the standard Gaussian random variable in R™. Then, there exists an absolute
constant C' > 0 such that, for any ¢ > 0, we have

Plln" An—E(n" An)| > t] < 2-exp[~C - min(t® - 4|53, ¢ |A]7)]
Proof. See [55] for a detailed proof. ]

Applying Lemma C.2 to (z,u) ~ N(0, %) with S defined in (D.16), we obtain
P([[lz2 + ul? — tr(Ex)| > ¢] <2-exp[~C - min(e - |Sx 2, t- |Sx] )] (€18)

fro’

Setting t = C - log T - || Sk || in (C.18) with constant C; sufficiently large, it holds that
—2

2|8kl = [Sxll - CF log® T 8k > CF - (@4 k)7 log® T2t S|

(C.19)
where the first inequality follows from the relation between the operator and Frobenius norms,

and the second inequality holds when logT > C Y. (d + k). For ease of presentation, for any
t€{0,1,...,T}, we define

& = {’||a:t||§ + w3 — tr(Ex)| < Oy -log T - HiKH} (C.20)

and write £ = (),<;<7 &. Combining (C.18) and (C.19), we obtain that £ holds with probability
at least 1 — 76 Thus, by taking a union bound for {(x;,u;)}._,, we have P(€) > 1 — 2T 5.
Moreover, combining (C.20) and (D.17) further implies that, on event £, we have

ngsz{H:ctH% + w3} < Cy - log T - HEKH +tr(§]K) < (Cy-logT+d+k)- ||§]K||

<20y logT - ||Sk|| < 2Cy -log T [0” + (1 + | K[Z,) - [ Bx]]- (c21)

In the sequel, we study the stochastic optimization problem in (3.18) with the restriction that £ holds.
Specifically, for any state-action pair (z, u), we define the truncated feature function as

d)(xvu) = ¢(.’[,U) : ]l{|H¢>(x,u)||§ - tr(iKﬂ < Cl : IOgT : HEKH} (C.22)

By this definition, for any ¢ € {0,...,t}, we have ¢(x¢, us) = B(x¢, uy) - 1¢,. Now we replace
¢(x,u) by ¢(x, u) in (3.18) and consider the following minimiax optimization problem:

. ﬁ'ﬂ’ = E$U$/u/ é y Wy /7 l719 ) _]- 2 27 C23
min max F(0,0) = (B (G, wa, uid)]w) =172 Jwls, - (€23)
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where, similar to G(z, u, z’,u’;¥) in (C.1), we define é(x, u,a’,u’;9) by

Gl (z,u, 2’ 'y 9) = 9" — &z, u),

G?(z,u, 2’ ' 9) = O - p(w,u) + {[g(x, u) — %(x',u’)]TﬂQ —¢(w,u)} - oz, u).
Here we denote &(z, u) = (¢(z, u), svec|diag(@®, R)]) in (C.24) to simplify the notation.

(C.24)

We remark that, when & is true, (1/9\ @) is also the solution returned by the gradient-based algorithm
for the minimax optlmlzatlon problem in (C.23). As aresult, when € holds, the primal-dual gap of

(C.23) is equal to max,e v, (19 w) — minge xg F(9,0).

In the following, we characterize the difference between the objective functions in (3.18) and (C.23).
For any (¢, w) € Xgo x Xq, by (C.2) and (C.23) we have

‘F('ﬁﬂx}) — ﬁ(ﬁ,w” = ‘<]E(z,u,z’,u/) I:G((E,U7.’E/,ul; 19) - é(m,u,x/,u/;ﬁ)},wﬂ
< ‘]E(m’u’x“u/) (G (z,u, 2’ '3 0) — G (z,u, 2’ ' 19)]‘ - J(Ko)

+ H]E(x,u,w’,u’) [GQ(J:’ U, Z‘/, ul; 19) - éQ('xa U, 33/, u/; 19)] ||2 ' EQ
(C.25)

By the definitions of G(z, u, 2’ u’;1) and é(:c, w,z’,u’;9) in (C.1) and (C.24), we have
G (z,u, 2’ ' 9) — Gz, u, ' u'30) = c(w,u) - 1 ge (C.26)
G2 (z,u, 2’ ' 9) — G2z, u, ' '3 0) = G2, u, @ 05 0) - Dge +p(a 0! 9% - p(m,u) - L g Lpe,
where we denote {[[|¢(x, u)[|3 — tr(Sx)| < Ci -logT - [|Zk|} and {]||¢(z, u)[3 — tr(Zx)| <
Cy-logT - || Xk} by A and B, respectively, and .A°, B¢ are the complement sets of A and B.
For the first term on the right-hand side of (C.25), Cauchy-Schwarz inequality implies that

’E(z,u,z’,u’) [Gl(x, u, o’ u' ) — él(x,u, x’,u’;ﬁ)” < \/IP(AC) } \/E[CQ(x,u)]. (C.27)
Since ¢(z, ) is a quadratic form of a Gaussian random variable, by Lemma D.3, we have
E[c?(z,u)] = 2tr[Sxdiag(Q, R)Exdiag(Q, R)] + {tr[Exdiag(Q, R)]}

< 3(|Qlltro + | Rllgo)? - 12k 120 < 3(11Qlto + | Rlltro)? - [02 - &+ (d + [ K|E0)? - 25 ]1%],

where the last inequality follows from (D.17). Besides, for the second term on the right-hand side of
(C.25), combining (C.25), (C.26), triangle inequality, and Cauchy-Schwarz inequality, we have

NE 000y [GP (2, 0, 2" 0’5 9) — G?(z,u, 2 u; )]
< {||E(x,u,w’,u’)[G2(m7uaxlau/; 19) : ]l.A”]

I,
o [ [0 )0 - () 1], }

< (VB - 2| G2 s 0) ) + EB - Bl - oty o] )

(C28)

For the expectations on the right-hand side of (C.28), using the inequality (a + b)? < 2a? + 2b?%, we
have

E[|}G2(I,u,$,,u/;l9)“§]
<2 EB{ [0 - clw,u) + 6lw,0) %) - o(@, w3} 42 Bl 6w, u) - oo’ u) O3],

(C.29)
Further applying Cauchy-Schwarz inequality to (C.29), we have
E{[0" ~ cla,w) + 6(x,u) 9*]* - [6(z, w3}
1/2
< (B{[0" - c(w,w) + (2, w) "0 FE oz w)l3]) (C.30)
1/2
EH|¢(:1:,U) . QS(Q:’,U’)TﬁHz] < (E[|¢($’,U’)Tﬂ|4] E[H(b(x,u)”ﬂ) . (C.31)
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Since the marginal distributions of (x,u) and (2, u’) are both N(0, £ x), in (C.30) and (C.31) we
bound the two terms in (C.29) using the fourth moments of N (0, X ), which can be written as a
polynomial of J(Ky), || K |ltre, |Q|l | R, Re, and Rgq.

Meanwhile, recall that we have shown that P(A¢) < 76 and P(B¢) < T~5. Thus, when T is

sufficiently large, by combining (C.25), (C.27), (C.28), and (C.29), we have |F (¥, w) — f‘(ﬂ, w)| <
1/T, which implies that

6e03.2) - |1 FO.) — iy P9

< max|F(J,w) — F(J,w)] +52%3;1F(19,a) —~F(¥,0)| <

C.32
weXq ( )

Sl

Hereafter, we study the primal-dual gap in (C.13) conditioning on event £. To simplify the notation,
we define function H (¢, w; ¢, ¢') on Xo x Xq by

HW,w;¢,¢') = < (quaz u'; 1), >—1/2-Hw\|§,

where the function qS(x,u) is defined in (C.22), and we denote a(x,u) and g(:z:’,u’) by ¢ and
@', respectively. Using this definition, the objective function F (9, w) in (C.23) can be written as
ﬁ(ﬂ,w) = E(oue,u) [H(9,w; ¢,¢")], where (x,u) and (z,u") are two consecutive state-action
pairs. Note that H (9, w; ¢, ¢') is a quadratic function of (¢, w) for all ¢ and ¢’. The partial gradients
of H(Y,w; ¢, ¢’) are given by

Vo HW,w;d,¢') = w' + d(z,u) w?, (C.33)
Vo H(0,w; 6,0) = [$(z,u) &) - [b(z,u) — d(a/, )], (C.34)
Vo H(,w;¢,¢') =9 —¢(x,u) —wt, (C.35)
Ve HW,w;h,¢') = G?(z,u, ', u';9) — w?. (C.36)
By combining (C.22), (C.33), and (C.34), we can bound the norm of VyH (¥, w; ¢, ¢') by
IV H (9,050, 8)]], < lw! + d(z,u) w?| +||[d(z,u) "w?] - [b(z,u) — d(a’, u)]|, (C.37)

< |w'| + 2]l ¢, u)l2 - ||w2\|2 [l w2 + 16(',u') 2]
< J(Ko) +16C3 - (1+ [[K[30)? - 1og> T - [0 + (1 + | K|) - 2]

Here the second inequality holds when ||$(x, u)||2 > 1 and the last inequality follows from (C.21).
Similarly, combining triangle inequality, (C.35), and (C.36), we have

[V (9,036, ¢, < 19" =&z, u) — |+ +[(1Qltvo + | Rllwo) - |9, w)]l2
+ (|6, u)lz + I (x, w)ll2) - Re] - l(x, u)ll2
< 2J(Ko) + 1607 -10g? T - [0® + (1 + | K|2,) - |Zx|]” - Re. (C.38)
where the last equality holds since Re > ||Q||to + || B|tro- Moreover, we have V23sH(,w; b, ¢') =
0and —V2 _H(¥,w; ¢, ¢') is the identity matrix.
We utilize the following lemma, obtained from [69], to handle the dependence along the trajectory.

Lemma C.3 (Geometrically S-mixing). Consider a linear dynamical system X;;; = LX; + ¢,
where {X;}¢>0 C R™, e ~ N(0, ¥) is the random noise, and L € R™*"™ has spectral radius smaller
than one. We denote by v; the marginal distribution of X, for all ¢ > 0. Besides, the stationary
distribution of this Markov chain is denoted by N (0, ¥, ). For any integer k& > 1, we define the k-th
mixing coefficient as

B(k) = igngNW [prk | Xo=2) - PN(O,Eoo)(')HTV]'

Furthermore, for any p € (p(L), 1) and any k > 1, we have

BK) < Cpp - [tr(Sac) +m- (1= p)2] 2 o,

where C), 1, is a constant that solely depends on p and A. That is, { X; };> is geometrically 5-mixing.
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Proof. See Proposition 3.1 in [69] for a detailed proof. O

Recall that under policy 7k, {(2+, ut) }+>0 form a linear dynamic system characterized by (D.13)
and (D.14). Since p(L) = p(A — BK) < 1, Lemma C.3 implies that, for all p € (p(A — BK), 1),
(¢, 1) is a geometrically S-mixing stochastic process with parameter p. The following theorem,
adapted from Theorem 1 in [72], establishes the primal-dual gap for a convex-concave minimax
optimization problem involving a geometrically 5-mixing stochastic process.

Theorem C.4 (Primal-dual gap for minimax optimization). Let A and ) are bounded and closed

convex sets such that ||z — /|| < D forall z,2’ € X and ||y —¢/||2 < D forall y,y’ € V. Consider
the gradient algorithm for stochastic minimax optimization problem

min max F(z,y) = Eenr [®(2, 95 6)], (C.39)
where ¢ is a random variable with distribution ¢ and F'(z,y) is convex in z and concave in y.
In addition, we assume that ¢ is the stationary distribution of a Markov chain {&}+>0 which is
geometrically S-mixing with parameter p € (0, 1). Specifically, we assume that there exists a constant
C¢ > 0 such that, for all £ > 1, the k-th mixing coefficient satisfy 3 (k) < Ce - pk. Furthermore, we
consider the case where, almost surely for every { ~ m¢, ®(z,y; ) is L1-Lipschitz in both z and y,
Vo ®(z,y; &) is Lo-Lipschitz in z for all y € Y, and V, ®(x, y; ) is Lo-Lipschitzin y forall z € X'
Here, without loss of generality, we assume that D, L1, Ly > 1. Consider solving the optimization
problem in (C.39) via T iterations of the gradient-based updates

xy = Iy [xt—l — Vo ®(2_1, yt—l;ft—l)], yr = Ly [yt—l + ooy Vy‘I)(ﬂft—l, yt—l;&—l)],

where ¢ € [T], Iy and ITy, are projection operators, and {a; = a/v/t},¢ )7y are the stepsizes, where
o > 0is a constant. Let

Zte[T] Q- Ty EtG[T] Q- Yt
ZtE[T] ap ZtE[T] Q

be the final output of the algorithm. Then, there exists an absolute constant C' > 0 such that, for any
d € (0, 1), with probability at least 1 — 4, the primal-dual gap satisfies

(D? 4+ L2 + L1 LyD) log?T + log(1/8 -C¢lyD
maxF(f,y)*minF(x,@ﬁC (D7 + Ly + Ln L, ) og” T+ log( /)+C Celn .
yey z€EX log(1/p) VT T

/{L‘\: @\:

Proof. This theorem follows from Theorem 1 in [72], where we set oy, = o/ Viforallt > 1, and
focus on the case where {{; },> is geometrically §-mixing. Under the mixing assumption, for any
k > 1, the k-th mixing coefficient of {¢;};>0 satisfies (k) < Cg¢ - p¥. Then, for any 6,7 € (0, 1),
Theorem 1 in [72] implies

T 1 T T
max F(Z,y) — :I(Iél/rvl F(z,y) < (Z at) (Ao + A -7 Zat + As Za?—i— (C.40)

yey -1 t=1 t=1
16DL, - {2T(n) -log[r(n)/d] - Li: of +7(n)- al} }1/2> :

where we define 7(n) = log(n/C¢)/log(p) and denote
Ag=D*+12D-ay-7(n) Ay =4L1D Ay =10L% + (24L? + 8L, Ly D) - 7(n).

Now we set oy = «/v/t and 1 = C¢/T in (C.40), which implies that 7(n) = log T/ log(1/p).

Moreover, note that forall 7" > 1, we have 2T +1—-2 < Zthl 1/Vt < 2v/T —1 and Z;l 1/t <
log T' 4 1. The last term on the right-hand side of (C.40) can be upper bounded by

16DLy - {2log T/ log(1/p) - log[r(n)/d] - [log T + 1 + a - log T/ log(1/p)] }1/2

< 16DLy - {21logT/log(1/p) - [loglog T + log(1/6)] - [log T + 1 + a - log T/ log(1/p)] }1/2
< C- DLy -logT/log(1/p) - v/loglog T + log(1/4), (C.41)
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where C is an absolute constant. Moreover, for the first three terms, we have
Ag=D?+12D -« -logT/log(1/p) < C - D*logT/log(1/p), Ay-n<C-C¢L1D/T,
(C.42)
Aj - Z af < [10L? + (24L% + 8L LyD) - log T/ log(1/p)] - (log T + 1)

< C-[L? + L1 LyD] - log® T/ log(1/p). (C.43)
Thus, combining (C.40), (C.41), (C.42), and (C.43), we obtain that

max F(Z,y) — rrél}vlF(ﬂi,@\) < C-[(D*+ L} + LiL2D)/log(1/p) -log T - log(T'/8)/NT + CeLD/T],

yey

which concludes the proof of Theorem C.4. O

In order to apply Theorem C.4 to the minimax optimization in (C.23), we only need to specify
parameters Cg, D, Ly, and L. First, for any p € (p(A — BK), 1), by Lemma C.3, we can set

Ce=Cpr - [tx(Ex) + (d+ k) - (1= p)*)'/?
<20, VaA+E-{ [+ L+ KR - IDxl]* + (1 =)'} (€44
Moreover, by the definitions of Xg and X, in (4.1) and (4.2), respectively, we can set D by
D* = 2[J(Ko)l + Rg + (1 + || K|f,)" - RS, (C45)
Moreover, by (C.37), (C.38), and the form of V2G (0, w; ¢, ¢'), we have
Ly <1603 log? T - [o% + (14 | K[R) - 1] - [(1 4 |K[2,)?  Ba + Ro].  Lo=1.
(C.46)

Combining Theorem C.4, (C.44), (C.45), and (C.46), we to obtain an upper bound for the primal-dual
gap in (C.13). Specifically, for any p € (p(A — BK), 1) and any ¢ € (0, 1), with probability at least
1 — 4, the primal-dual gap of the optimization problem in (C.23) is bounded by

Clog T [o% + (1 + |K)2.) - IExll]" - [(1 + | K[20)? - Ra + Re)’
_(1og2:r+10g(1/5)Jr Vd+k )
log(1/p) VT —~ (1—p)-T)

where C' > 0 is an absolute constant. Besides, we note that ¢ is a constant and that | X x| >
Omin(¥) O Finally, recall that, when event £ holds, the primal-dual gap is equal to
maXye x, F( ) minge x, F(9,&). Combining (C.32), (C.47) with § = T~5, and the fact
that P(& ) > 1—2T~°, we conclude that

(C.47)

\/\/

~ = = 12
Gap(0,0) < C-log" T+ (1 + | K[fo)* - 1Tk [|* - [(1+ | K[E0)? - Ro + Re
<1og2T+1og(T5)+ \/d+k> 2

log(1/p) - VT —~ (1=p)-T

T
5 32
<O+ KR 12k - [+ 1K) - Ro + Re

. log® T
(1-p)-VT

holds with probability at least 1 — 375 > 1 — T—*%, where in the second inequality we use the fact
that 1 — 1/x < logz < x + 1 holds for all > 0, which implies that 1/log(1/p) < 1/(1 — p).
This further implies that the first term on the right-hand side of the first inequality dominates the
second term. The upper bound of Gap(?, @) in (C.48) concludes the last step of our proof. Finally,
combining (C.17) and (C.48), we complete the proof of Theorem 4.2. O

(C.48)
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C.2 Proof of Theorem 4.3

Proof. Our proof of the global convergence can be decomposed into two steps. In the first step,
similar to the analysis in [26], we study the geometry of the average return J(K), as a function of
K. Specifically, we show that J(K) is gradient dominated [51]. Note that we study the ergodic
setting with system noise and stochastic policies. In contrast, [26] study the case where both the
transition and the policy are deterministic. Thus, their analysis of the geometry of J(K') cannot be
directly applied to our problem. Motivated by their analysis, we follow the similar approach to with
modifications for our setting. In addition, in the second step, we utilize the geometry of J(K) to
show the global convergence of the actor-critic algorithm. Specifically, combining Theorem 4.2, we
show that, with high probability, Algorithm 1 constructs a sequence of policies that converges linearly
to the optimal policy 7 x~.

Step 1. As shown in (3.8) in Proposition 3.1, we can write J(K) as
J(K) = tr(Pg¥y) + 0 tr(R) = Eeniou,) (v Pra) + 0 - tr(R).

In the following lemma, for two policies 7y and 7, we bound the difference between x| Pxx
and 2 " P 2. Then, taking expectation with respect to z € N (0, ¥,,) yields the difference between
J(K) and J(K').

Lemma C.5. Let K and K’ be two stable policies such that both p(A — BK) and p(A — BK') are
smaller than one. For any x € R?, let {7} };>0 C R be the sequence of states satisfying =/, = z and
xy, = (A— BK')x} forall t > 0. Then it holds that

z Pz —x' Pxao = ZAKJ(I(Z‘;),
t>0
where the function Ag g : R? — R is defined as

Ag gi(z) =22 (K' — K) Egx +2" (K’ — K)"(R+ B' Pk B)(K' — K)x.

Proof. Note that both Px and Pk satisty the Bellman equation specified in (3.4). Moreover, using
the operator 75 defined in (D.3), we have Py = T, (Q + K'T RK'), which is equivalent to

o Prx=Y a [(A- BK)T(Q+ K' RK')[(A - BK")"]z. (C.49)
t>0

By the construction in Lemma (C.5), for all t > 0, we have (A — BK')'x = . Thus, by (C.49) we
have

e Prz=Y 2, (Q+K RK)x, =Y () Qu} +u} Ru}), (C.50)
>0 >0
where we define uj, = —K'x} for all t > 0. Thus, by (C.50), we have the following telescoping sum:
' Pz — 2! Prx = Z [(x;TQxi + u;TRug) + I;TPKI; — .Z‘;TPKIZ?;] — xBTPKQ:B
t>0

= [} Qu +uy  Rup) +apyy | Py, — ) Pgaj].  (C51)
t>0

Thus, in (C.51) we write T Pz — x| Prx as a summation where each term can be written as a
quadratic function of z;. To further simplify (C.51), for any 2 € R, we have

2" Qe+ (—K'z)"R(~K'z) + [(A — BK')z] " Px[(A — BK')z] — 2" Pxx (C.52)
=2 [Q+(K' - K+ K)"R(K' — K + K)|x+
2"[A—BK - B(K' — K)] ' Pg[A— BK — B(K' — K)|z — 2" P
=22 (K'—K)'[(R+B"PxkB)K — B'PxAlz +2' (K' — K)"(R+ B PxB)(K' — K)z.
=22 (K' —K) Exx+2"(K' = K)"(R+ B PxB)(K' — K)z,

where Eix = (R+ BTPKB)K — BT Py A. Finally, combining (C.51) and (C.52), we complete the
proof of this lemma. O

24



In the following lemma, we utilize Lemma C.5 to show that J(K) is gradient dominated.

Lemma C.6 (Gradient domination of J(K)). Let K* be an optimal policy. Suppose K has finite
cost. Then, it holds that

Omin(¥) - |[R+ BTPgB|| ™! - tr(ELEx) < J(K) — J(K*)

<1/omin(R) - |Zk-|| - tr(Ep Ex). (C.53)
Proof. For the upper bound in (C.53), bu (3.8) we obtain that
J(K) = J(K*) = tr[(Px — Pg)W,] = Eponow,) [# (Px — P)al, (C.54)

where ¥, = W+ 02BB T does not involve K or K*. Applying Lemma C.5 to (C.54) with K’ = K*,
we have

J(K) = J(K*) = =Egsn0,0,) {Z AK,K*(II)] , (C.55)
t>0
where we define z} = (A — BK*)z for all t > 0. Besides, by direct computation, we have

Eus N (0.0 [Z :v’:(:vZ‘)T]

>0
— ]ExNN(O,%){ > (A-BE*)'z2"[(A- BK*)f]T} =Ti-(¥,) = Sk, (C.56)
>0
where the operator T is defined in (D.3).
Meanwhile, by the definition of Ag k-, forany x € R?, by completing the squares we have
Aggi(z) =22 (K' — K)'Exr+2"(K' = K)"(R+ B' PxB)(K' — K)x
_ tr{x:cT [K'— K + (R+ B PgB)'Ex] (R+ B"PxB)[K' — K + (R+ B PxB) ' E] }
—tr[za" Eg(R+ B PxB) ' Ex]
> —trfza Ex(R+ B' PxB) 'Ex]|, (C.57)
where the equality is attained by K’ = K — (R+ BT Px B) "' Ex.
Thus, combining (C.55), (C.56), and (C.57), we obtain that
J(K) — J(K*) < tr[Sx-Ex(R+ B PxB) 'Ex| < ||Zk-|| - tr[Ex-Ef (R + BT Px B) ' Eg]
< Sk - [[(R+ BT PgB) ™| - tr(Ex Ex). (C.58)

Notice that R + BT Px B = R implies (R + BT P B)~! < R™!. Therefore, by (C.58) we obtain
that J(K) — J(K*) < 1/omin(R) - || Zk+| - tr(E} Ex), which establishes the upper bound in
(C.53).

Furthermore, for the lower bound, since K/ = K — (R + BTPyxB )*1E i attains the lower bound
in (C.57) and K* is the optimal policy, similar to (C.55) and (C.56), we have

J(K) = J(K*) > J(K) = J(K') = —Eqg: on(0,w,) {Z AK,K’(»’U;)]
>0

=tr[SxEf(R+ B"PxkB) 'Ex| > 0min(¥) - |[R+ B P B|| " - tr(Ex Ex),

where in the first equality we define 2}, = (A — BK')! for all ¢ > 0, and the last inequality follows
from the fact that X s = U > 0p,in (V) - I4. Therefore, we conclude the proof of Lemma C.6. [J

Notice that X = K* achieves the minimum of J(K). Lemma C.6 implies that
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where A = 1/0min(R) - ||Zk+||. That is, the difference of the objective can be bounded by the
norm of the natural gradient. Therefore, updating the policy parameter K in the direction of natural
gradient E'x yields decreases the objective value. Therefore, we conclude the first step.

Step 2. In the second part of the proof, equipped with Lemma C.6, we establish the global convergence
of the natural actor-critic algorithm. Recall that we assume that the initial policy 7, is stable, which
implies that J(K)) is finite. Moreover, according to Algorithm 1, the policy parameters are updated
via

Ky =K, —7-Ex,,  Ex, =07K,— 6}, (C.59)
where (:)t is the estimator of © g, returned by Algorithm 2.
We use mathematical induction to show that {.J(K) };>¢ is a monotone decreasing sequence. Suppose
J(K;) < J(Ko). We define K|, = K; — - Fg,, i.e., K/, is obtained by a single step of natural

policy gradient, starting from K. In the sequel, we use J(K7 ;) to connect J(K;) and J(K;41).
By Lemma C.5, we have

J(K{sy) = J(Ki) = Bsnniowo) 2" (P, — Pr,)7]
= —2v-tr(Sky,, - Bg,Ex,) +7° - r[Sk;,, - B, (R+ BT Pk, B)Ex,]
= —2v-tr(Xk;,, - Bg,Ex,) +7° - |R+ B' Px,B| - tr(Sk;,, - Ex, Ex,).
(C.60)
When 7 is sufficiently small such that
v (IRl + o () - 1B]* - J (Ko)] <1, (C61)
by triangle inequality, we have
V- IR+ BT Pr, Bl < v - [IRI + I1BI* - 1Pre. ] <+ [I1RI + 05 (¥) - [|B]I* - T (Ko)] < 1,
(C.62)
where the second inequality follows from Lemma C.1 and the induction assumption that J(K;) <
J(Ky), and the last inequality follows from (C.61). Thus, combining (C.60) and (C.62), we have

J(Kipy) = J(Ky) < = - te(Sky, -Ef,Bx,) < —7 - omn(¥) - tr(Eg, By,),
<=y Omin(0) - Omin(R) - | Sges |7+ [J(K) — J(K7)]. (C.63)
where the third inequality follows from the fact that X K, = W, and the last inequality follows from
Lemma C.6. Note that (C.63) implies that J (K, ;) < J(K;) < J(K).
Furthermore, by the difference between J (K1) and J(K/, ;) can be bounded by
|J(Kt+1) - J(K7g+1)| = |tI‘ [(PKt+l - PKt'+1) : \I/U] | < ||\I/U||f1‘0 : HPKt+1 - PK

< [IWllero - +0* - 1 Blifo] - | Priss — P

t+1||'

ol
(C.64)

Now we utilize the following Lemma, obtained from [26], to construct and upper bound for || Pk, , —
PKt/Jrl ”
Lemma C.7 (Perturbation of Pg). Suppose mx is a small perturbation of 7 in the sense that
IK" = K| < omin(9) /4 [Zx[|7HIBI7"- (14 - BK[| + 1)~ (C.65)
then we have
1Prr = Prc|| < 60505, (%) - [[Sxc || - [ K - || R]

(1K1 IBI - [|A = BE + || K] - |Bl +1) - | K = K'|l. (C.66)

Proof. This lemma is a slight modification of Lemma 24 in [26]. Here we sketch the proof. See [26,
Lemmas 17 and 24] for a detailed proof.
Recall that we define operator T in (D.3). The operator norm of Tg is defined as ||Tx| <
supq || T (Q2)]|/]|€2]|, where the supremum is taken over all symmetric matrices. As shown in
Lemma 17 in [26], we have || Tk || < o5 (%) - | £k . Moreover, under the condition in (C.65), in
the proof of Lemma 24 in [26], it is shown that

1P — Prcl| < 6l Txc |- KT IRIF- (K- IBI - 1A = BE[L+ K| - (| Bl +1) - | K — K.

Combining this with the upper bound on || 7k ||, we conclude the proof. O
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To use this lemma, we need to verify (C.65). That is,

4 Kepr — K- L+ |[A= BE A D) - 1Bl 125, | < 0min(P). (C.67)
By the definition of K, and K7, we have
[Kiv1 — Kipall =7 1Bk, — Ex, | <710t — O, [l - (1 + [1Kel), (C.68)

where E K, 1s defined in (C.59). Plugging (C.68) into the left-hand side of (C.67), we obtain that
A K1 — K|l - A+ [[A= BK ) - 1B - 12k,

Lol

<4700 = Ok, It - (L4 1 Kel) - (L + A= BE{ ) - B - 2k

t+1 ”

(C.69)
Utilizing Lemma (C.1) and the fact that J (K, ;) < J(Kj), we have
1Zky,, | < J(E ) /omin(Q) < J(Ko)/0min(Q)- (C.70)
In addition, by triangle inequality, we have
A= BK{| <||[A=BK +~- Bl [ Ex|
<A = BE[+ - [[B]l - €[ - (1 + [| K- (C.71)
By the definition of O g in (3.7), we have

1Ok, Il <INl + IRl + (| Allo + | Bllzvo)® - [l Prc, |
< 1@+ RN + (1Allso + 1 Blltro)? - J (Ko) /Tmin (P), (C.72)
where the last inequality follows from Lemma (C.1) and the induction assumption. Furthermore, by
triangle inequality, it holds that
el < Tl + - 1Bk < Il + - 1O [ - (1 + (1K)

<Kl + - IR+ IR + (I Allso + | Blltro)? - J (Ko)/0min(¥)] - (1 4[| Kz ).
(C.73)

In the sequel, we set

_ -1

7= (IRl + 00 (®) - | BI* - J(Ko)] (C.74)

Note that we assume that [|Q|], || R]|, | All, || B]l, 0min(Q@), omin(R) are all constants. Combining
(C.69), (C.70), (C.71), and (C.72), we conclude that there exists a polynomial Y (-, -) such that

A K1 — Kyl - A+ [[A = BE ) - Bl - 12k

t+1

1< Y[l Kl T(Ko)] - 186 = O, o
(C.75)

Furthermore, for the right-hand side of (C.66), combining (C.68), (C.69), (C.70), (C.71), (C.72), and
(C.73). we conclude that there exists a polynomial T5(-, -) such that

[1®ltro - +02 - [Bllfo] + 600 (¥) - 1Sz, | [ K e[l [ Rl
(1K 1Bl 1A = BEG Gl + Kl Bl +1) - ([ K — Kyl
< Yo [ Kell, J(Ko)] - |©¢ — O, [l fro- (C.76)

Meanwhile, in Theorem 4.2 we have shown that, there exists a polynomial T3(-, -) such that, for T
sufficiently large, Algorithm 2 with 7 iterations returns an estimator O for O g, such that

Y3 [l K], J (Ko)] . log®> T

K, /(L —p) TV

H@t - (—:)Kf, ||fro S

(C.77)

holds with probability at least 1 — 7%, where p € (p(A — BK;),1) and KJ, is specified in Lemma
3.2, which depends only on p, o, and o, (¥). Notice that log® T'-T—/4 < T=1/5 for T sufficiently
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large. Therefore, in the GTD algorithm for estimating ©,, we set the number of iterations T;
sufficiently large such that

T [ Kill, J(Ko)] - Y[l Kell, J(Ko)] -, - (1= p) V2T, < 0 (W),
Yo [|Kol, J(Ko)] - Ta[ll Kell, J(Ko)] - wig, - (L —p)~ /2.1, 1°
< €/2 omin(P) - omin(R) - | Zr+| ™ (C.78)

hold simultaneously. For such a T}, combining (C.75) and (C.77), we conclude that (C.67) holds.
Lemma C.7 implies that (C.66) is true. Combining (C.64), (C.66), (C.76), and (C.77), we conclude
that

’J(KHI) - J(Kt/Jrl)’ <€/2 omin(¥) - omin(R) - [[Xk+ ||_1 (C.79)

holds with probability at least 1 — T}, *. Thus, when J(K;) — J(K*) > ¢, combining (C.63) and
(C.79) we have
J(Ki1) — J(Kp) < —€/2 - 40min (V) - 0min(R) - || Sk [| 7 < 0.
Therefore, we have shown that, as long as J(K;) — J(K*) > €, J(K;4+1) < J(K) holds with
probability at least 1 — T;l/ 4
Meanwhile, (C.63) implies that,
J(K(y) = JK") < [1 =7 omin(V) - omin (R) - | X+

) = J ()]
By (C.79), when J(K;) — J(K*) > ¢, with probability 1 — 7, *, we have
J(Kien) = J(K) < [1=7/2 - 0nin() - in(B) - | S| - [I(50) - T (K],

which shows that, in terms of the policy parameter, natural actor-critic algorithm converges linearly.
Specifically, with

N > 2||Sk-

/7 Ot (W) - o (R) - log{2[J (Ko) — J(K™)]/€} (C.80)

policy updates, we have J(Ky) — J(K™*) < e with high-probability, where  is specified in (C.74).

Finally, it remains to determine 7} for all t € [N]. Notice that T} satisfies the two inequalities in
(C.78). Thus, we set

Ty > TalllKill, J(Ko)] - wie, ™ (Bxe,) - [L = p(A — BEy)] /%70

for some polynomial function Y4(-, -). With such a T, the fail probability T, * < ¢~2°. Notice that
the total number of iterations depends on € only through log(1/¢). Thus, the total fail probability can
be bounded by €'°. Therefore, we conclude the proof.

D Proofs of the Auxiliary Results

In this section, we provides the proofs for Proposition 3.1 and Lemma 3.2.

D.1 Proof of Proposition 3.1

Proof. We first establish (3.8). Note that under 7, we can write u; as —Kz; + o - 1, where
ne ~ N(0, I4). This implies that, for all > 0, we have

Elc(ze, ur) | 2] = &) Qi + Epyon(0,10) [(— Kzt + 0 - mi) " R(—=Kay + 0 - 11))]
=2/ (Q+ K"RK)x; + o* - tr(R). (D.1)
Thus, combining (D.1) and the definition of J(K) in (2.1), we have

J(K) = lim E{; S Ele(w, w) | mt]} _ Tngo]E{; S (@ + KT RE )z, + 0 .tr(R)]}

T—o0
t>0 t>0

=Epui [ (Q+ K RK)z] + 02 - tr(R) = tr[(Q + K" RK)Sk] + 0 - tr(R), (D.2)
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where the third inequality in (D.2) holds because the limiting distribution of {z;};>0 is vk.

It remains to establish the second equality in (3.8). To this end, for K € R**< such that p(A—BK) <
1, we define operators we define Tx and T, by

Tic(@) = D (A= BK)Q[A-BK)]",  T{(Q) =Y [(A-BK)"] QA - BK),

>0 >0
(D.3)
where 2 € R4 is positive definite. By definition, 7z (£2) and T, () satisfy Lyapunov equations
Tx(Q) =Q+ (A - BK)Tx(Q)(A - BK) ", (D.4)
T (Q) =Q+ (A - BK)"T{ (Q)(A - BK), (D.5)

respectively. Moreover, for any positive definite matrices €)1, {25, since p(A — BK) < 1, we have
Q- T ()] = Y tr{Q (A - BK)'Q,[(A - BK)"|"}
>0

=> t{[(A— BK)"| "0 (A - BK)'Qy} = tx[Tg (1) - Q). (D.6)

Meanwhile, by combining (3.3), (3.4), (D.4), and (D.5), we have ¥ x = Tx (V,) andPx = T, (Q +
KT RK). Thus, (D.6) implies that

tr[(Q@ + K"RK) - Sk| = tr[(Q+ K "RK) - T (¥,)] = tr[T¢ (Q + K" RK) - ¥, | = tr(PxV,).
Combining this equation with (D.2), we establish the second equation of (3.8).

In the following, we establish the value functions. In the setting of LQR, the state-value function Vi
is given by

Vi (x) = Z{E[c(mt,ut) | g =z, uy = —Kay+ 0 -] — J(K)}

= i{E[xZ(Q + K"RK)xy] + 0? - tr(R) — J(K)}. (D.7)
t=0

Combining the linear dynamics in (3.2) and (D.7), we see that Vi is a quadratic function, which is
denoted by Vi (z) = 2" Pxx + ag, where both Px and axr depends on K. Note that Vi satisfies
the Bellman equation

Vic () = By [e(z, w)] = J(K) + E[Vi (27) | 2],
where 2’ is the next state given (z, ). Thus, for any = € R, we have
2" Pxr=2(Q+ K "RK)x+2' (A— BK)" Pg(A - BK)z.

Thus, Py is the unique positive definite solution to the Bellman equation in (3.4). Meanwhile, since
Eymvy [Vk(2)] = 0, we have ag = — tr(Px Xk ). Hence, we establish (3.5).

Furthermore, for any state-action pair (x, u), we have
Qk(z,u) = c(x,u) — J(K) + E[Vk(2") | 2, u]
= c(z,u) — J(K) 4 (Az + Bu) " Px(Ax + Bu) + tr(Pg¥) — tr(PxSk)
=2"Qr+u' Ru+ (Az + Bu) " Px(Az + Bu) — 0? -tr(R + Px BB") — tr(Px k),
where 2’ in the first equality is the next state following (z, u), and the last equality follows from (3.8)
and the fact that ¥, = ¥ + ¢ - BBT. Thus, we prove (3.6).
It remains to derive the policy gradient V ;¢ J(K). By (3.8), we have

VKJ(K) ZQRKZK-FVKU(Q()-ZK (D.8)

)|Q(,:Q+KT RK’

where the second term denotes that we first take compute the gradient V i tr[QoX k] with respect to
K and then set Qo = Q + K T RK. Recall that we can write ¥ x = T (¥, ). The following lemma
enables us to compute the gradient involving 7.
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Lemma D.1. Let W and ¥ be two positive definite matrices. Then it holds that
Vi tr[W - T (¥)] = —2BT T (W)(A — BK) Tk ().
Proof. To simplify the notation, we define operator Fx by
Fi(Q) = (A - BK)"Q(A - BK)
and let f;’t be the ¢-th composition of Fg . Thus, by the definition of TII and ]-";, we have

T () =) Fr'(Q).
>0
Moreover, by (D.4) we have
tr[W - T (V)] = tr(W¥) + tr[(A — BK)"W(A — BK) - T (V)]

which implies that

Vi tr[W - Tie (¥)] = —2BTW(A — BK)Tic(¥) + Vi tr[Wy T (V)] ‘ vy P9
1=K
For any k£ > 1, by recursively applying (D.9) for k times, we have
Vi tr[W - T (0)]
k
_ T T,t
= -2B [Z}"K (W)] (A—BE)Tg(9) + Vi tr[W1 Tk (9)] ‘ Wa— D) () (D.10)

t=0

Meanwhile, since p(A — BK) < 1, we have
lim tr[F ™ (W) T (¥)] < Jim (Wl [Tk (W)] - p(A — BE)* =0,
— 00

k—o0

Thus, by letting £ on the right-hand side of (D.10) go to infinity, we obtain

Vi tr[W- Tg(¥)] = —2B7 [i]—}?t(W)] (A— BE)T(¥) = —2B" T; (W)(A — BK)Tx ().
t=0

Therefore, we conclude the proof of the lemma. O
By the above lemma, since X = Tx (¥, ), we have

Vi (@0 20l g,-gune e = Vit [Qo- T (W]
= 2B T (Q+ KTRK)(A - BK)Ti(V,) = —2B" P (A — BK)Sg,  (D.11)

where we use the fact that Py = T; Q@+ K TRK ). Therefore, combining (D.8) and (D.11), we
establish (3.9), which completes the proof of Proposition 3.1. O

D.2 Proof of Lemma 3.2

We present a stronger lemma than Lemma 3.2, whose proof automatically validates Lemma 3.2.

Lemma D.2. Suppose p(A — BK) < 1. Let N(0, 5 k) be the stationary distribution of the state-
action pair (z, u) when following policy 7k . Then for Zx defined in (3.15), we have

Ex = Ok @ 2k) — (SxLT) @ (CxLl") = (Ex @ Sx)(I - LT @, LT).  (D.12)

Moreover, Z is a invertible matrix whose operator norm is bounded by 2[c? + (1+ || K||2.) - |Z k]|]-
There exists a positive number «7}, such that the minimum singular value of the matrix in the left-hand
side of (3.16) is lower bounded by a constant k7§, > 0, where k% only depends on p(A — BK), o,
and oymin (V). Furthermore, since = is invertible, the linear equation in (3.16) has unique solution
9%, whose first and second components are J(K') and svec(O g ), respectively.
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Proof. Throughout the proof of Lemma D.2, for any state-action pair (x,u) € R4T*, we denote the
next state-action pair following policy 7x by (2, '). Then we can write

¥’ = Az + Bu + ¢, v =—-Ki'+oc-n=-KAr — KBu— Ke+o0-n, (D.13)

where ¢ ~ N(0,¥) and € N(0, Ii). For notational simplicity, we denote (x, u) and (', u") by z
and 2/, respectively. Thus, we can write 2’ = Lz + &, where we define

A B I
L= (—KA —KB) - (—%() (4 B, °= (—Keia-n)' (D.14)

Since it holds that p(M N) = p(NM) for any two matrices M and N [32, Theorem 1.3.22], we
have p(L) = p(A — BK) < 1. Meanwhile, by definition, ¢ € R%*+* is a centered Gaussian random
variable with covariance

v ~UKT
(—qu KVYK' 402 Ik> ’ (D.15)

which is denoted by U, for notational simplicity. In addition, for © ~ vk and u ~ 7 (-|2),
we denote the joint distribution of z = (x,u) by Uk, which is a centered Gaussian distribution

in R%*_ Since # ~ N(0,Sg) and u = —Kax + o - I, we can write 7k as N (0, %), where
Y € REHK)*(d+E) can be written as

T
S EK —XJI(I(T _ 0 0 Id Id
EK—(KZK KEKKT+J2~Ik>_(O 02'1k>+<—K YK K . (D.16)

Thus, by triangle inequality we have
1Bkl 0 b+ 12kl - (d+ [KllRe),  [IBx[|<0® + A+ 1K) - 2kl D.17)
where in (D.17) we use the fact that || AB||tr0 < || Allfro - || B]|-

Furthermore, since L defined in (D.14) satisfy p(L) < 1, Yk is the unique positive definite solution
to the Lyapunov equation

Yk =LERLT + Uy, (D.18)
where W is defined in (D.15). Moreover, the feature mapping can be written as ¢(z, u) = ¢(z) =
svec(zz ), which implies that

oz, u) — ¢(a,u) = svec[zz| — (Lz+¢e)(Lz+e)']
= svec (,zz—r —Lzz LT —Lze" —e2"LT — E&‘T).

Hence, since ¢ is independent of z, by the definition of Zx in (3.15), we have

Ex = E, 5. [p(2)svec(zax’ — Lax LT —0,)"].

Now let M and N by any two matrices, by direct computation, we have
svec(M) Eg svec(N) = B,z [(227, M) - (227 — Lzz" LT — ¥, N)]
=E.iy [z M2z (N — LTNL)2] — E,p [z M2] - (¥, N)
=EguN(0,7441) [QTE}(mMi}(ngQTi}(m(Z\T — LTNL)ii(ﬂg] — <§]K, M) - <\Tlo, N),
(D.19)

where i%z is the square root of ¥ x defined in (D.18). We utilize the following Lemma to compute
the expectation of the product of quadratic forms of Gaussian random variables.

Lemma D.3. Let g ~ N(0, I;) be the standard Gaussian random variable in R% and let A;, A be
two symmetric matrices. Then we have

Elg" A1g-g" Apg] = 2tr(A; Ag) + tr(A;) - tr(Ay).

Proof. See, e.g., [48, 43] for a detailed proof. O
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Applying this lemma to (D.19), we have
svec(M) " Eg svec(N)
=20 [S)P M- SA(N - LTNL)E)]
(S MEY?) 0[S (N - LTNL)SY?] — (S, M) - (¥, N)
=2(M,Sx(N - L' NL)Eg) + (M, Ex) - [(N -~ LTNL,Zg) - (¥,,N)]. (D.20)
Note that 3 x satisfy the Lyapunov equation in (D.18), which implies that
(N-L"NL,Sg) = (N,Sg) — (N, LS L") = (N, ¥,).
Thus, by (D.20) we have
svec(M) " Ef svec(N) = 2(M, Sk(N — LTNL)§K> = 2svec(M) " svec [EK(N - LTNL)EK]
= 2svec(M)T(§JK Rs iK — iKLT Rs EKLT) SVGC(N)T
= 2svec(M)" [(iK ®s EK)(I — LT ®L")] svec(N),
where the last equality follows from the fact that
(A®s B)(C®sD)=1/2-(AC ®; BD+ AD ®,; BC)

holds for any matrices A, B, C, D. Thus, we have established (D.12). Since p(L) = p(A—BK) < 1
I — LT ® L7 is positive definite, which implies that = is invertible.

Now we consider the linear equation in (3.16). Since = is invertible,

= 1 0\ 1 0
oK = (E(x wlo(z,u))] EK) o <svec(EK) EK) D.21)

is also 1nvert1ble Thus, (3.16) has unlque solution 9}.. Moreover, to bound the smallest singular
value of = K, we note that the inverse of =, can be written as

L 10
K 7\ —Etsvec(Xg) Zx)°

whose operator norm is bounded via

[

=_112 —_ fd 2 —_
-7 < 1+ [|2x" sveeEx)|, + 12 (D.22)
By (D.12), we have
E;{l svec(ix) =(I-L"®, LT)*l(iK R EK)*l svec(iK)
—(I-L" @, L) ' (O @ S5l )svee(Sr) = (I — LT @, LT) Lsvec(S5t). (D.23)

The following lemma characterizes the eigenvalues of symmetric Kronecker matrices.

Lemma D.4 (Lemma 7.2 in [2]). Let A and B be two matrices in R™*™ that can be diagonalized si-
multaneously. Moreover, let A1, ..., A\, and p1, . . ., 4, be the eigenvalues of A and B, respectively.
Then, the eigenvalues of A ®, B are given by {1/2 - (A\jp; + \jpi), 4,7 € [m]}.

By Lemma D.4, the spectral radius of LT ®, LT is bounded by p?(L) = p*(A — BK) < 1. By
(D.23) we have

|2t svec(Ex)|, < [L - p2(D)] - IE- I F S VA E-[1-p2L)] - IS5 (D24)
Besides, by (D.12) we have

IER < 10— 2T e D)7 B @ S < 1= P @] ISR 029)
Notice that ||§J;(1 | = 1/0min(Ex). Hence, combining (D.22), (D.24), and (D.25) we conclude that

IER P <14+ @+E)-[1—pL)?] 7 [omn(Ex)] 2+ 1= p(L)?] > [omin(Ex)] 4,
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which implies that
~ [1 - p*(A — BK)] - [00in(Sk)]

Umin(EK) > — — 172 > 0.
(14 1= p2(A = BEOP - [min (Sl + (d+ 8) - [min (510)?)

Moreover, to see that omin (S ) only depends on o and omin (¥), for any a € R% and b € R¥, we
have

:
(g) S (b) — Bl (072 4570 = By ooy {lla — K T0) + -1}
> 02 B3 + Owin(¥) - la = KTb3 = (02 = 0rmin (V) - [ - [B]3 + 0in (V) - a3

Thus, suppose o2 is sufficiently large such that 02 — oy (¥) - | K[|2 > 0, omin(Sk) is lower
bounded by min{o? — omin(¥) - || K||%, 0min(¥)}. Therefore, we can find a constant «}; depending
only on p(A — KB), 0, and 0y,in(¥) such that o,in(Ex) > K.

Finally, to obtain an upper bound on ||Z ||, by triangle inequality and Lemma D.4 we have
- S S S 2 S 2
IExl < |5k @ B[ (L +ILT @, LT]) < [ (L +IL17) < 23k
where we use the fact that p(L) < 1. Applying (D.17) to the inequality above, we obtain that
IExll < 2[0* + (1 + [ KIEo) - 125 [],

which concludes the proof. O
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