Optimal Sampling and Clustering
in the Stochastic Block Model
(Supplementary material)

A Proof of Theorem 1 — Binary symmetric SBMs

Consider the binary symmetric SBM, where o« = (%, %), P11 = P22 = p, and p1a = P21 = q.
Without loss of generality, let V; = {1,..., 5} and Vo = {§ + 1,...,n}. Assume that there exists
a joint sampling and clustering algorithm 7 satisfying':

P[|Uk=1 Ve \ SE| < 8] = 1 —mn, )
where ST, 87 are the clusters returned by the algorithm 7 and lim,, o 77, = 0. We show that (1)

cannot hold when

2T 1 n

- ma{ KL ), KL(a:p)} < (- los (8) : 2)
where 7, = (log (%))_1/4 + /T Note that lim,,_,o 7, = 0. To this aim, we first relate (1)
to an hypothesis testing problem, where each hypothesis corresponds to an allocation of nodes to
clusters. We then construct two stochastic models: the first model leads to observations generated
under the true SBM, and the second to observations made under a different allocation of nodes to
clusters. Finally, we use a change-of-measure argument: we study the log-likelihood ratio of the
observations under the two models, and show how it relates to hypothesis testing problem and to the
error probability 7,,. This leads to our necessary condition.

Hypothesis testing. Let 5 = [S,;H 1, consider the hypotheses Hy, . .., Hps corresponding to different

allocations of nodes to clusters. Let Vl(m), VQ(m) be the allocation corresponding to H,,,. We construct
these allocations so that:

(C0) v{°>:{1,2,...,g} and v§°):{%+1,...,n},
(1) ‘uizlv,gm \v,gm\ —95 forall 1<m< M,
(C2) ]uizlv,g’”)\v,gl)] > 25 forall m,l:m#L.

We can prove that we can build M > (%)S hypotheses satisfying (C1) and (C2). This lower
n(2 2 2
bound on M comes from the analysis of W there are ("é 2) feasible allocations
=1 l 1

25) (n72§

satisfying (C'1) and for any such given allocation, there are at most Zle ( . . ) allocations

violating (C2). A detailed proof is provided in (18).

Based on the outputs of the algorithm 7, define the following hypothesis testing function:

F(ST.65) =ars _min | UE V" \ ST

'Formally, the inequality should be min, ]P’[!Uiil Vo (k) \S;’J| < s8] > 1 — ny, where the min is over
permutations o of {1, 2}.
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Note that ‘ugzlv,g"’) \ V,il) ‘ can be interpreted as a distance between any two different allocations
W Yimy and (WY, V) and thus the triangle inequality holds, e.g.,

U WO < st v +

’UizlSﬂ \ V,gl) forall m,I.
We deduce from (1) and the triangle inequality that:

Pf(S7,85) =021~ and  min PIf(S],57) = 3)

T
<7
ml < 9p

since the algorithm 7 mis-classifies at most s nodes with probability 1 — 7,,.

Two stochastic models. To prove the necessary condition, we use a change-of-measure argument.
More precisely, we consider that the observations can either come from the true stochastic model ¢
corresponding to the true allocation of nodes to clusters, or from another model U. Let Pg = P (resp.
Py) and Eg[-] = E[-] (resp. Eg[]) be the probability measure and expectation under the model ®
(resp. ). To construct the second model ¥, let m* = argminy<m<p P[f(ST,ST) = m]. ¥ is

constructed so that:
Py [f(ST,83) =m™] > 1 — . “4)
The construction of such a ¥ can be made as follows: randomly select *+5+1 nodes from V; \ V(m*

and S+§+1 nodes from V, \V2 ) and swap the selected nodes. We denote by V; and V, the resulting
clusters under ¥. Then,

‘uizlfzk \V,S””‘ —5-5—1 and ‘uizlfzk \vm — 54541 )
From the triangle inequality and the condition (C2), for all m # m*
VRV A V| = |G A = [\ 2 s s 1 (©)

Now, since m must have by assumption less than s mis-classified nodes with probability 1 — 7,,, we
deduce, combining (5) and (6), that (4) actually holds.

Change-of-measure argument. In (3) and (4), we have identified events that are very unlikely under
P4 and very likely under Py, when we assume that the algorithm mis-classified less than s nodes
w.h.p.. More precisely, we deduce from (3) and (4) that:

Po[f(ST.55) =m] < 77 and Py[f(S].87) =m"] > 1—n,. ™

This observation will be used to derive an upper bound of the log-likelihood ratio Q of the observations
under Pg and Py. Let y(¢) and e(t) denote the value and the edge corresponding to the ¢-th

observation, respectively. Let C;; = {(v,w) € (V; \ VZ-(O)) x (V;N V;O))}. Then, the log-likelihood
ratio of the observations under Ps and Py, Q, is defined as follows:

T
Q=" " 1(e(t) € C11 UCa0) (y(t> log§ + (1 —y(t)log 1 _5) +

t=1

] =

1_
1(e(t) € C12UCa) (y log +(1- ())logl_Z)

t
Using (7), we can upper bound Py {Q < log(M)} as follows. Observe first that:

1

m }—/
{Q<log(M), f(ST,87)=m*}

/ exp(Q)dPg
{Q<log(M), f(ST,S83 )=m*}

<MPg{Q <log(M), f(ST,S5) =m"}
<MPy{f(ST,85) =m"}



From (7), we also have:

Py{Q <log(M), f(S].) #m"} < Pe{f(S]) #m"} < nn. 9)
Combining (8) and (9), we conclude that:
Py {Q > log(M)} > 1 — 2n,. (10)

Now since nodes within the same cluster play the same role and due to the symmetry of the SBM, the
expected number of observations should be identical for all nodes. Thus:

T
2(5+s+1)
Ey LZ; 1(e(t) € ui,jcij)] < TT. (11)
Moreover, we have:

Ey {y(t) 1og§ + (1 — y(t)log 1 :z|e(t) €Cpy U cm} = KL(p,q)

Ba ()10 L+ (1= ) 08 T=21e(t) € oo UCn | = K L3,

and from the optional stopping time theorem and (11),

2T
Ey[Q] < (5 +s+1)— max{KL(p,q), KL(g,p)}- (12)

In the above inequality, Ey[Q] is maximized when all the observation budget is used to sample
inter-cluster edges when K L(p, ¢) < K L(g, p) and intra-cluster edges when K L(p, q) > K L(q,p)
(which corresponds to *(p, ¢)). Markov inequality then implies that:

2T (s 4+ s+ 1) max{ K L(p,q), KL(q,p)}
nlog(M)

Py{Q > log(M)} < . (13)

However, in view of (2) and of the definitions of 5 and M, 2L(E+s+1) mﬁigﬂf 9 KL(@:P)} cannot

exceed 1 — 27n,,. Hence (13) contradicts (10). Therefore, to have less than s mis-classified nodes with

high probability, we need: lim inf,, _, o QT'maX{ﬁig(’f/)s’)K Liap} > q,

B Proof of Theorem 1 — Generic SBMs

Notations. Let 15 € {0, 1}™ be the binary vector where only the values corresponding to the indices
of elements in S are equal to 1. Let d*/(A, B) denote the Hamming distance between A and B.
We denote by P™ and E™ the probability and the expectation under a given sampling and clustering
algorithm 7.

Proof strategy. Assume that an algorithm 7 satisfies:

(P1) when |V;| = aynforalll <i < K,

T
E™[d(v,V;)] = Qxfjg forall veV; forall 1<i,j<K, (14)

(P2) forall (Vy,...,Vk) having \/Ele(ak — “;—’“)2 < Zlog(%) < B,

K
s 1 H
BT d (L, L) <s| 21— 7, (15)

k=1

where (S7)1<k<k are the clusters returned by the algorithm 7 and lim,, o 7, = 0.



From n,, and the target number of mis-classified nodes, we set v,, = (log (%))71/4 + /T, and

5= [%1 In the proof, we show that with any algorithm 7 and ™ € X' («), it is not able to satisfy
both (P1) and (P2) when

2% -D(p,ar) < ﬁ log (g) . (16)
Let +* and j* be the cluster indices such that
K
> el K L(pok, pjx) = Ala™, p).
k=1

Hypothesis testing for clusters :* and j*. Let Hy, ..., Hy; be hypotheses defined with different

partitions (Vlm), . Vé(m)) satisfying that

(CO) \Vi(?)\ =apn—5§—s—1, |V](9)| =aj+n+5+s+1, and
VO =apn forall k¢ {i*,j*},
e VO cvr™ and Y| =apn+5—s5-1,
(c2) d# (11\,5:”), ]lvf?) >25 forall [#m
@©3) V" =y forall k¢ {i*,;*}
Then, we can build this set of hypotheses such that

s (522)
es

This is due to the following reason. There are (O‘j* ";?SH) different partitions satisfying (CO0), (C1),

and (C3), since we can generate a new partition by moving 25 elements of VJ(B) to Vi@ ). Let the

first partition (Vl(l), cee Vé(l)) be randomly selected among the (“9 *"Z?SH) possible partitions.
For the given (Vl(l), e Vﬁ(l)), there are at most >_;_, (215) (“-7'*"_l§+3+1) partitions satisfying (C0),

(C1), and (C3), but not (C2). After removing all the partitions violating (C2) with respect to the first
partition, we randomly select the second partition and then remove all the partitions violating (C2)
with respect to the second partition. In this manner, we can iteratively generate M partitions with

(aj* n+§+s+1)
25
M Z Zf:l (2[5) (aj*nfl§+s+1)
ajentststl )2
Q (T)

DG
= l

L ("

RGeS

©_(5”

- 225 (60&{*’]’7,)5

S

()

where (a) is obtained from (7) > (%)b and (b) is obtained from the facts that 3°;_ (%°) <
25 (%) =22 and (&) < (€2)" forall 0 < b < a.

Random graph models. Let ® be the SBM model corresponding to the partition of Hy,
(Vl(o), cee V}?)), and ¥(™) be the SBM model with partition (V{m), e Vl((m)) such that

VO P v and P = aen. (19)



Let Py and Py be the probability measures under the models ® and W(™), respectively. We
analogously denote by Eg and Ey ) the expectations under ¢ and P(m),

From the clustering algorithm 7, we can build a simple hypothesis test as follows:

ST) = i dT (1, om), Lgn ).
F(SE) argme{(ﬂlfl..,M} (Vf*) si*)

Note that the partition vector of (V\™, ..., V™) is cr and the partition vector of (V™ ..., V(™)
is o' satisfying ||a — &'l = $£2H/2 < £1og (Z). Thus, we have
Pe[f(SL)=01>1—-mn,, and Pgwm[f(SE)=m]>1—n, forall 1<m <M, (20)

since the number of mis-classified nodes is less than s with probability at least 1 — 7,, from (15); and
the condition (C2) and the definition of ¥(™) in (19) imply that f(SF) = 0 under ® and f(SF) = m
under (™) when the number of mis-classified nodes is less than s.

)

The log-likelihood ratio and its connection to the error probability of the hypothesis test. Let
m* = argming, e, ay Pa[f(Sf) = m]. Then, from (20),

Po[f(SF) =m"] < 10 @1

In what follows, we derive the log-likelihood ratio of the observations between ® and (™) and
explain its connection to the error probability.

Let (V1, ..., Vi) be the partition under (™), Let y(t) and e(t) denote the observed value and the

observed edge at the ¢-th observation, respectively. Let C, = {(v,w) € (V- \VL(O )) X Vi}. We
introduce Q, referred to as the pseudo-log-likelihood ratio of the observations under Pg and Py m+))
as follows:

K
i 1 — py~
0=>"S"1(e(t) € Cr) (y(t) log 275 4 (1 — y(#)) log “) . 22)
t=1 k=1 Pjk 1 —pjx
‘We have:
Py {Q < log(M)}
=Py m{Q <log(M), f(S) = m"} + Py {Q < log(M), f(S)) #m™}.  (23)
We get:
P (Q <log(M), £(5T) =m*} = [ dPT e
{Q<log(M),f(S. )=m*}
- / exp(Q)dPj
{Q<log(M), f(S5)=m"}

exp(log(M))Pg{Q < log(M), f(S{.) =m™}
MPG{f(S5) =m"}
M, 24

INININA

where the last inequality is obtained from (21).

From (20), we also have:

Pionn{Q <log(M), f(S) #m™} < Pl {f(S5) #m™}
< M (25)
Combining (23), (24), and (25), we conclude that:
Py ey {Q > log(M)} > 1 — 21, (26)

Analysis of the log-likelihood ratio. We now show that (26) does not hold when

S

T 1 n



(16) is a necessary condition for (15), since every algorithm 7 satisfying (15) has to satisfy (26).

Applying Markov inequality,

Eg e (@]
P (s log(M)} <—¥2
W (m ){Q > Og( )} — 10g(M)
<2(§+5+1)TZkK:1 o7 K L(pivks pjk)
- nlog(M)
2(s+s+1)T - D(p, )
nlog(M)
1
< 27
STxwe 27)
where the last inequality holds since from the definition of -,
on n s+s+1
log(M) > 51 (J )> 51 (—) d W/~ <1+4n,.
og(M) = slog 1665/ = 1+%8 o8 an — <1+~

Thus, we have

Pyan{Q >log(m)} <1 —2v,(14+0(1)) < 1—2n,,
which contradicts (26).

C Proof of Lemmas

C.1 A useful property of the KL divergence

. d’KL(a,b 1 1 1 1
Since dag ) = a(l—a) and max{a,b} < z(1—x) < min{a(l—a),b(1—-b)} for all = €
[min{a, b}, max{a, b}|, we have
(a—b)° (a—b)°
—— < KL(a,b) < .
Smaxa b} = ) < S T b= 0))

Under (A1) and (A2), therefore, there exist positive constants ¢; and ¢y such that
cap < KL(pig,pjr) < cop forall 4,3, k.

C.2 Proof of Lemma 1

Under (A1) and (A2), we have K L(pix, pjr) = O(p) for all 4, j, k. For all o and &, we deduce
Az*(p, a),p) <A(z',p) + O(plla — &)
<A(z*(p,&),p) + O(plle — &lf2),
where &’ = arg mingex (&) [|[€ — (P, )||2. Analogously, we have
A(z"(p, @), p) < A(z"(p, ), p) + O(plla — &ll2).
Therefore, we have

|A(z"(p, @), p) — Alz"(p, &), p)| _ |D(p,@) — D(p,&)| _ 0®).

& = a2 & — a2

C.3 Proof of Lemma 2

Assume that the true clusters Vi, ..., Vg are given. Since e(V;,V;) is a sum of T' independent
Bernoulli random variables, from Chernoff-Hoeffding inequality, forall 1 <7 < K
p
> -
> )

de(Vi, Vi) n(n—1)
P
TGRS SIITITESS ST L (pai— o) LV =D vlvilon

— pis
T wil(vil-1) "
Se*L;TT'KL((Pn‘JF%)Wlnm_l) Pii o (n=T) )—|—67 i =) Tatmen Pii T a(a=D)




and for all 4, j such that ¢ £ j,
P ( 46(Vi,Vj) n(n — 1)

- 2)

— DPij
oT  2\Vil|Vj]
5T 2|Villv,l 2|1villv;Dh 5T 2|VillVvyl 2|Villv,l
SE*T'KL((PI‘J*%) 1) Pid (1) )_"_e*T'KL((Pij*%) a1y Pid o))

<e pT/n

oo [ PL/n

= exp (log(pT'/n))? )’
since K L(p,q) > gzz;ft)zj'

We now consider |e(V;,V;) — e(S;, S;)|, the error due to the mis-classified nodes in the first step.
Since the observations and the partition from the first step are correlated, we are not able to directly
use concentration inequalities for the sum of independent random variables. We thus define a set

of partitions so that the first step output (S1, ..., Sk) belongs to the set where the number of mis-
classified nodes is less than nexp ( —C %) and then show that all partitions in the set satisfy

le(Vi,V;) — e(S;,S;)| < 2n with high probability. We define the sets as follows:
T/n
= V) U Ve \ V| < pri .
A {(V17 K) k—1| k \ k| = nexp < log(pT/n)

For any given (Vi,...,V}) € A,
P (|e(vi,V5)) = e(V;, V)| = 2n)

<P (Je(Vi \ Vi, V;) +e(Vi \ Vi, V)| > 2n)
<P (e(V]\ Vi, V))) = n) + P (e(Vi \ V], V})) > n)

17 J
oo (1),

where the last inequality is obtained from the Chernoff bound since

Ele(Vi\ Vi, V)] < p%T exp (Cbgpé;%> < %

A1<( Yy R COwH)
1 exp (_Olog(pT/n))
nexp(—C o En)
g en e (—Crtth)
n exp (—C%)
= (i 01+ st o (-2 ) )

From the union bound, we obtain

max eV, Vi) = e S| < | max i [e(V V) eV V)| < 2n

with probability

1 —2|Alexp (—%) >1—exp (—%) .

We conclude that with high probability,
pij —Disl _ (108;(Tp/n) 4L )

Dij

Tp/n vn



C.4 Proof of Lemma 3

Let ' = argmingey(q)l|T — ®*(p, a)||2 where ||A|2 is the spectral norm of A. When
UK,V \ Si| < nexp (_clogp(%’;n)), pi=pul = 0 (IOg}?;fﬁ + ﬁ) and 2L = (1),

(@) X A
A(z*(p, ), p) <A(z*(p, ), p) + O(Hga}x Ipij — Dijl)
<A(x',p) + O(max |pij — Pij| + pmax|o; — dul)
<A(z*(p, &), p) +0(max [pij — Pyl + pmax |a; — dil)

(e) o . R
<A(z"(p, a)vp)+0(max [pij = Dij| + pmax |a; — dil)

Loy log(Tp/n) 1
<A(x* Op(———+ — 28
<A(x"(p, &), p) + O(p( To/n \/ﬁ)), (28)
where (a) is obtained from |KL(pik,pjr) — KL(Pik,pjr)] = O(max;;|pij — pij|) since

%&ab) = lo (Z((ll:ab;) and we assume that ‘log (%)‘ < ky; (b) is obtained from the
fact that I_(L(pik,ﬁjk) = O(p) for all i, j, k under (A1); and (c) is obtained from | K L(pik, jk) —
K L(pik, Djr)| = O(max; j [pij — Dij| + pmax; [o; — &y)).

Analogously, we can show that

A’ (5.6).) < A (p.a).p) + OG5 4 o)), 9)

Since A(x*(p, ), p) = Q(p) under (A2), from (28) and (29), we have

‘A(QZ*(]&, d)7ﬁ) — A((B*(p7 a)vp)l _ (log(Tp/n) 7)
A(z*(p, @), p) Tp/n Vn”

C.5 Proof of Lemma 4

When v € S; NV;, e(v, Sk) is a sum of independent Bernoulli r.v. with mean p;; with 2(1 —
samples. From the Chernoff-Hoeffding bound, we have

N[>

JE

2>
o
o

IA

5. T|_&.T
P <lg}€z7m<xK e(v,8k) —2(1 — 2)£Uikpikn‘ > 410”)
K
1) T 6. T
< _ R 95t
_kz_lP<e(v,Sk) 2(1 2)$kazkn‘_4pn)
K
) T 6. T
< P S — 1—-)z T —p—
_; (6(’1], k) ( 2) 7,kpk ‘ 5pn>
K

E
I
-

/\

< —2(1-5)@7, nKL(kaJ’_loz ’asz) 6_2(1_)xlanL(plk_m7ka)>

oT/n )

~ (log(pT/n))3



(a=b)?

where the last inequality is obtained from the facts that % < KL(a,b) <

and 0 = m. From the above inequality and the Markov inequality,

P{|Si\vi|+’(57;ﬁvi) D, zainexp<_&%)}

[= %5 e (<t

— 2min{a(l—a),b(1-b)}

P{’(Si nVi)
E H(Sz‘ﬂvi) Vi }
an pT/n

2 P (_W)

pT/n .
< —_— forall 1<i<K.
<o (“gmgrmy) o 1sis

When v € S; NV}, e(v, S) is a sum of independent Bernoulli r.v. with mean 5, with 2(1 — $)z% T
samples. From the Chernoff-Hoeffding bound, we have

P| max
1<k<K

5. . T| &.T
(0,50 201~ Pttt | < 39T )

K
1) T 0. T
=TIr Si) — 2(1 — 2)&hpin—| < Th—
1P ((ete.0 201~ sy | < o7 )
5 T
< H exp|— yminh 5 (2= 08)a5,— - KL(q,pjx)
k=1 qe(pik—4(2—§)5s* 7pik+4(2—§)i;k) n

opT
Sexp< sz Kme,pjk)w(];))

< exp <_2: D(p,a) + 0 (‘”:LT)) .

From the above inequality and the Markov inequality, with high probability

T
igamexp<—2-D( )+O<6p )) forall 1<i<K.
n n

C.6 Proof of Lemma 5

Since 7@”10;’3”' = O(ilogg:%") +ﬁ) from Lemma 2, we have KL(dEU’S’Zg,pzk) >

%K L( ;EZ ‘;" ; , Pir,) under (A1) and (A2). From the Chernoff-Hoeffding bound, we deduce

1
S e(v,Sk) . oT T/n o
S ;]P) {d(U’Sk)KL(dE ,S:i apzk) = AKn exp ((10g€p1{/n))4> DR(p,a)}
K
e(v,Sp) 6T »T/n o
<kZ_1]P{d('Uask)KL(d( ,S:)’ zk) = SKn exp ((log(pT/n))4> DR(p,a)}

oT pT/n A
e (g (g ) 70 )



Since we have Df(p, &) = Q(p) under (A2) and § = ( , the above inequality becomes

1
log(pT'/n) )

T /n
pT exp ( el /m)® )
nlog(pT /)2

K
P {Z d(v,Sk)KL(ZEZ’ g:g, hik) > d(v,V)DR(ﬁd)} <exp | —
k=1 ’

Applying Markov inequality, we deduce that this second round additionally generates at most

n exp (f % exp (%)) mis-classified nodes with high probability.

10



