Supplementary for Selecting Optimal Decisions via
Distributionally Robust Nearest-Neighbor Regression

Ruidi Chen Ioannis Ch. Paschalidis *
Division of Systems Engineering Department of Electrical and Computer Engineering
Boston University Division of Systems Engineering
Boston, MA 02215 and Department of Biomedical Engineering
rchen15@bu.edu Boston University

Boston, MA 02215
yannisp@bu.edu

A Key Concepts

A.1 Sub-Gaussian Random Variables

Definition 1 (Sub-Gaussian random variable/vector). A random variable y € R with mean j,, = E(y)
is sub-Gaussian if there exists some positive constant C such that the tail of y satisfies:

P(ly — py| > t) < 2exp(—£7/(2C?)), Yt > 0. )

The smallest constant \/2C' satisfying (1) is called the sub-Gaussian norm, or the 1s-norm of y,
denoted as ||y|l,,- All sub-Gaussian random variables have a finite yo-norm. A random vector

z € R? is sub-Gaussian if z'u is sub-Gaussian for any u € RP. The 1)o-norm of a vector z is defined
as:

A !/
z = sup [|z'u
el 2 sup fl2ul,,.
where SP denotes the unit sphere in the p-dimensional Euclidean space.

The sub-Gaussian property (1) describes a class of distributions whose tail decays at least as fast as a
Gaussian; some classical examples include the Gaussian, Bernoulli, and any bounded distribution.
An equivalent property to (1) says the following:

202

Elexp(Ay)] < exp < + )\,uy> , YA eR.

The 1o-norm of a sub-Gaussian random variable is usually related to its standard deviation, and
thus characterizes the random fluctuation embedded in the variable. For example, for a Gaussian
random variable y ~ N (1, 02), its Moment Generating Function (MGF) is M (\) £ E[exp(\y)] =
exp(A\?02/2 + A1y ), which implies that its 1)2-norm is just a multiple of o.

A.2 Gaussian width

Definition 2 (Gaussian width). For any set A C R™, its Gaussian width is defined as:

w(A) £ E [21613 u’g} ,

where g ~ N (0,1) is an m-dimensional standard Gaussian random vector.
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B Omitted Theorems and Proofs

B.1 Bounding the Estimation Bias

To bound || 3%, — ,, |l2, we present a simplified version of Theorem 3.11 in [1] as follows.

Theorem B.1. Under Assumptions A, B, C, D, E, when the sample size N,;, > N, with probability
at least 6,,,

185, = Buallz < 7.

The parameters 1., d,,, T, are related to the Gaussian width of the unit ball in || - ||, the sub-
Gaussian norm of (X, ¥ ), the eigenvalues of the covariance matrix of (X, ym ), as well as the
geometric structure of the true regression coefficient 3,,,. Moreover, 7, is decreased as the sample
size increases and the uncertainty embedded in (X, Y., ) is reduced.

B.2 Bounding the Distance to the Nearest Neighbors

We will show that the distances between x and its K, nearest neighbors could be upper bounded
probabilistically. All predictors are assumed to be centered, and independent from each other. In
Theorem B.2 we present a lower bound for P(||x — X,,,(5)[lw < @, @ = 1,...,Kp,), for any
positive definite diagonal matrix W.

Theorem B.2. Suppose we are given N,, i.i.d. samples (Xumi, Ymi), © € [Ny], drawn from some
unknown probability distribution with finite fourth moment. Every X,,; has independent, centered
coordinates:

E(xpmi) = 0, cov(xy,;) = diag <02 ...,02 ),Vi € [N

mls »Ymp

For a fixed predictor x, and any given positive definite diagonal matrix W € RP*P with diagonal
elements w;, j € [p, and |w;| < B?, suppose:

|(xmij - xj)Q - (aznj +xj2)| <Tm, as., Vi€ [Nm]v JE [p]v

where T;;,x; are the j-th components of Xp; and X, respectively. Under the condition that

w2, > B? §=1(quj + m?) with probability at least 1 — I _,, , (Ny, — Ky, + 1, K),

”X - Xm(i)”W < W, € [Km],
where

Np,!

1=pmo
Il—me(Nm - Km + 17Km) é (K _ 1)'(N _ K )' /(; tNm_Km(l - t)Km_ldt’

i

T, (82,/B2  X,(02, +42)) )>

2
Om

Pmo =1— eXP(—m (

and

Om = p var((xml-j - £L‘j)2>, gu) = (1 +u)log(l+u) — u.

J

Proof. To simplify the notation, we will omit the subscript m in all proofs, e.g., using x; and x;)
for X,,,; and x,,,(;), respectively, and N for N,,,. Define the event A; := {||x; — x|/ g2y < w}. As
long as we can calculate the probability that at least K of A;, i € [IN], occur, we are able to provide
a lower bound on P(||x — x(;||w < w, i € [K]). Note that given x, A;, i € [N], are independent



and equiprobable, since x;, i € [IN], are i.i.d. Based on Bennett’s inequality [5], we have:
P(A;) = P(||x; — x||3; < @°)
Bz(l’ﬂ — 1‘1)2 + e + Bz(xlp — Z‘p)2 S ’lDz)

o2 T QDQ/BQij(a]2»+x?)

(1>

where t; = (z;; — ;)2 j € [p]; 02 = >_; var(t;). In the above derivation, we used the fact that ¢,
J € [p], are independent, and |t; — E[t;]| < T, as., Vj.

Given the lower bound for IP(\4;), we can derive a lower bound for the probability that exactly K of
A;, i € [N], occur. For a given x, A;, i € [N], are independent, and thus,

P(l|x — x@yllw < w, i € [K]) > P(at least K of A;,7 € [N] occur)

_ f: (]kv) (]P’(Ai))k(l —P(Ai))N_k

where I1_, (N — K + 1, K) is the regularized incomplete beta function defined as I _,, (N — K +

1,K)2 (N - K+ 1)( ) 01 PoN=K (1 —)K=1dt. The bound above used the monotonicity of

the binomial tail distribution in the “success” probability. O

B.3 Proof of Theorem 2.1

Proof. We omit the subscript m for simplicity. By Theorems B.1 and B.2, we have

[(x = x() (8" = B)| = |(x — x)) WEW2(8" - B)]
1(x — %)) WZ | [W=2(8" - B)]|2
wT

Ta

IN

<

where the second inequality used the fact that |[W 2 (8% — 3)]|, < Tif |3 — Bll2 < 7, which
can be verified by the Courant-Fischer Theorem, and the fact that W is diagonal with elements

B2,..., (2, and |3;] > b. Based on the inequality (Z?:l al) < n(Zl L af), we know:

(x —x())' Bl = Z/@ X —X(;
< pZ(Bj(X_X(i))j)Q
— \/p(X—X(i))’VAV(X—X(i))
< /P



Therefore,

[(x = x())' 87| = |(x — x3)) (8" — B) + (x — x(;))' B
< |(x = %) (B = B)| + I(x — x))' B
< T“r\/ﬁw

Thus, for a given x,

1 & 2 ? (2)
= (KZ(KX_X(“)/B*+|h(x)—h(x<z‘)))> gt

_ _\ 2 2
wT _ Lw n 9
< (== == T
_(b + /P + B) + e T
The above bound used both Thms. B.1 and B.2, whose statements hold with probabilities no less than
dand 1 —I;_p, (N — K + 1, K) w.r.t. sampling, respectively. Let .A and 13 the events corresponding

to the statements of Thms. B.1 and B.2 being satisfied. Using bar to denote complement, and the
union bound, it follows that (2) holds with probability

PANB)=1-P(ANB)=1-P(AUB) >§—L1_p,(N — K+ 1,K).
The probability bound can be easily derived using Markov’s inequality. O
B.4 Proof of Theorem 3.1

Proof. The proof borrows ideas from Theorem 1.5 in [2]. Define W,,, £ ¢=¢9m )/ Zj\il e 805 (%)
and ¢ Z 6 —&Gm (x)e EYm (X) Then

b= (ie—m(x)) 3 Wie &m0
m=1

Jj=1

M M
< (Do) 3 Wi (1= Gy (0) + €20 ()
]1\:/11 " M M
= (D0 00) (1€ X2 W) +€ 3 Wit ()

m=1 m=1
M
< (Ze*@*’ﬂ)e*& Szt Wontim (0)+62 00y Won, (%)

where the first inequality uses the fact that forx > 0,e™* <1 —x + x2, and the last inequality is
due to the fact that 1 + x < e*. Next let us examine the sum of exponentials:

Ze 5y1x><z(1fsyj )+ E2())
_M(l_ szj +§2MZ )

< Me=$71 235 95 (0+€% 37 235, 9700

Using the two bounds above, for any k € [M], we have
e EUR(x)—Euk (%) < ¢

3)

_exily 9500 . 2 xM 9200
M M

M M
=& Y Wintm (x)+€2 Y Wiy, (x)
S M@ m=1 m=1 .



Taking the logarithm on both sides of (3) and dividing by &, we obtain

e—Em(x)

M
% Z gm Z o—Ei; (%) ym( ) Uk (X) + Yk (X)

M
1 - e EImB) log M
+’5(M Z Ym Z S €07 m(x)> e

O
B.5 Proof of Theorem 3.2
Proof. By the sub-Gaussian assumption we have:
e gyk (x .
Z RETEL r(%) > e — T(x) | < ]P’(mgxyk.(x) > Zoo — T(x))
= IP(U {Qk(x) > Teo — T(x)})
“)

. Ekiexp(— (0 = T(x) — g <x>)2).

203(x)

Note that the probability in (4) is taken with respect to the measure of the training samples. We essen-
tially want to find the largest threshold T'(x) such that the probability of the expected improvement
being less than T'(x) is small. Given a small 0 < € < 1 and due to (4), to satisfy

e~ €0k (%)
(ZZ e e, 0 7 Gk (x )>5Uco—T(X)> <€,

it suffices to set:

2
co — T - Mg
Zexp(— (e = T(x) — 13, (%)) ) e )
A sufficient condition for (5) is:

exp (— (o0 = T09) ~ 115, () ) <E. Vme [M],

2C2 (x)
which yields that,
T(X) S Leo — ,uym \/ 2 m log €/M) vm € [M] (6)
Given that T'(x) is non-negative, we set the largest possible threshold satisfying (6) to:
T(x) = max (0, min (mco fg, (X) — /=202, (x log(e/M))>
m
When using a deterministic policy (£ — 00), for any m € [M], we have

P(Ir%i@n Im(X) > xeo — T(x)) = (m {Gm(x) > 2o — T(x )})

< P(§m(X) > Teo — T(x))

Teo — T(x) — p1g,,(x))°
<exp(—( 20%(){)7! ) )
Similarly, to make
]P’(mln Im (X) > Teo T(x)) <,
we set:
T(x) = max (O7 n}%n (xco — tg,, (x) —/—2C2 (x) log €)>,
which establishes the desired result. O



C Numerical Experiments Details

C.1 Cohort Selection

The patients that meet the following criteria are included in the hypertension dataset:

e Patients present in the system for at least 1 year;

e Received at least one type of cardiovascular medications, including ACE inhibitors, An-
giotensin Receptor Blockers (ARB), calcium channel blockers, diuretics, a-blockers and
B-blockers, and had at least one medical record 10 days before this prescription.

e Had at least one recorded diagnosis of hypertension (corresponding to the ICD-9 diagnosis
codes 401-405);

e Had at least three measurements of the systolic blood pressure.

C.2 Predictive Performance of Various Models
We use four metrics to evaluate the predictive power of various models on the test set:

e The R-square:
St (i — )’
S (i~ 9)?
wherey = (y1, ..., yn,) and ¥ = (41, ..., 9, ) are the vectors of the true (observed) and
predicted outcomes, respectively, with IV, the size of the test set, and § = (1/N¢) Zf\il Yi-
e The Mean Squared Error (MSE):

Ri(y,y)=1-

Ny

. 1 .
MSE(y,y) = N, > (i — i)
=1

e The Mean Absolute Error (MeanAE) that is more robust to large deviations than the MSE
since the absolute value function increases more slowly than the square function over large
(absolute) values of the argument.

Ny
N 1 N
MeanAE(y,y) = N, E lyi — Uil
=1

e The MedianAE which can be viewed as a robust measure of the MeanAE, computing the
median of the absolute deviations:

MedianAE(y,y) = Median (|y; — 9:|,¢ =1,..., Ny).

The out-of-sample performance metrics of the various models on the hypertension dataset are shown
in Table 1, where the numbers in the parentheses show the improvement of DRLR informed K-NN
compared against other methods. Huber refers to the robust regression method proposed in [3, 4],
and CART refers to the Classification And Regression Trees. Huber/OLS/LASSO + K-NN means
fitting a K-NN regression model with a Huber/OLS/LASSO-weighted distance metric. We note that
in order to produce well-defined and meaningful predictive performance metrics, the dataset used to
generate Table 1 did not group the patients by their prescriptions. A universal model was fit to all
patients using the prescription as one of the predictors. Nevertheless, it would still be considered as a
fair comparison as all models were evaluated on the same dataset. The results provide supporting
evidence for the validity of our DRLR+K-NN model that outperforms all others in all metrics, and is
thus used for predicting the outcomes of counterfactual treatments.
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