A Omitted Proofs

A.1 Proof of Theorem I

First we note that W(X, 7)Y — >, m(X)Y (t)] = >}, (W (X, t)drs — m(X))Y (¢). Then analyzing
each summand separately, we can obtain:
E[W (X, 8)dr:Y (1) — m(X)Y (#)]
— E[E[W (X, 1)d7.Y (t) — m(X)Y () | X]]

= E[W(X, )E[6r:Y (t) | X] — m(X)E[Y (¢) | X]]

= E[W(X, )E[E[or:Y (t) | X,T] | X] — m(X)E[E[Y'(?) | X, Z] | X]]
= EW(X OE[nE[Y (1) | X,T = t] | X] — m(X)E[p(2) | X]]

= EW(X, )E[o7: | X]E[pe(Z) | X, T = t] — m(X)E[p1(Z) | X]]
= E[W(X, )n(X)E[p(2) | X, T = t] - m(X)E[u(Z) | X]]

= E|W(X,)n(X)v (X, 1) — m(X Z"t’ v (X, 1)

Therefore the solution to the equation E[W (X, ¢)d7:Y (t) — m:(X)Y (¢)] = 0 is given by:
W (X, ), (X ) (X, t) — m (X Z”t’ We(X, 1) = Qu(X)

where §2;(X) is any arbitrary function of X with mean zero. Solving this for W gives

T (X)) 20 e (X (X, ) + Q4 (X)

W(X,1) = e (X)(X.1) |

and finally replacing X with z gives the required solution.

A.2 Proof of Theorem 2|
Define )
TSAPE = 52;7&()(
Using (z + y)? < 222 + 2y2, we have
E[(%{/IT/ - TW)Z | Xl:anl:n] < QE[(%{/IT/ - 7'§APE)2 ‘ Xl:nalen] + 2]E[(T;'TAPE - Tﬂ)z | Xi:n, Tl:n]~

Noting that 77 = E[75 4 p ] Assumptlonlzlmphes that E[(73 4 pp — 7)?] = O(1/n). Markov’s
inequality yields E[(7% 4 pp — 77)% | X1, T1:n] = Op(1/n).

Let CMSE(W, u) = E[(#% — 7Z4p5)* | X1:n, T1:n]. We proceed to bound CM SE. By iterating
expectations we can obtain:

CMSE(W, ) = [(ﬁrv - TgAPE)2 | X, T]
E[E[(Tw - TSAPE)2 | X,T,Z | X,T]
= E[E[ My —Toape | X.T.Z) | X, T] +E[V[Ty —5apr | X,T,Z] | X, T
(=

= E[( Zf”m N2 | X, T]+E[V ZWY )| X, T,Z] | X,T)
anm )2 | X, T] + 2||W\|%
where o is the bound defined in Assumption 3]
Next observe that for any (possibly correlated) random variables Aj,..., A, and numbers

P1s---,Pn € R™ such that 3. p; = 1, we have V[, p;A;] < max; V[A;]. Given this, we can
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simplify the first term above further, as follows:

Zfztm )? | X, T anE [1e(Zi) | X, To])* + V= Efztﬂt ) | X.T]
Zfztl/t(XzaT ZV Zflt,u't | X T]
Zfztl/t(XlaT Zmaxfzt ,ut( l) |X7T]

202
Z fitllt(Xi,Ti))Q + F thax WizéTit + Wt(Xi)Q
o2
mexz,T)) 2(W2 1)

7

1 202
= (*Zlfit’/t(XmTi))2 + ?“WH% +

it

202

3

where for the second inequality we used the fact that (v + y)? < 222 + 2y%  This
gives us CMSE(W,p) < J*(W,u) + Op(1/n), and combining this with the above gives
E[(7F, — )% | X1.n, Ti.n] < 2J%(W, 1) + Op(1/n) as required.

A.3 Proof of Lemmal[2

First, we will use the notation f(z;z,t) for the conditional measure of Z given X = x and T = ¢,
and observe that according to Bayes rule we have:

fzz,t")  ew(z) mw(z)
f(ziz,t)  ep(2) ne(x)

Define E,; and IP,; as shorthand for expectation and probability given X = z,T = ¢ respectively.
Then given the above, for any M > 0 we can bound

"o 77t”(l‘) ., o
vi(z,t") = e (@) E[u(Z) | X = 2,T = t"]
= [z $7t”)ut(2)dz
z
_ @) [ ew(z) () o z)dz
- nt'(w) JZ et’(Z) ny/(:r)f( jx,t )N’t( )d
~ 2lz) ev(2) zx 2)dz
= ntu(x) JZ et/(Z) f( ) ,t ),Ltt( )d
e () e (2) e (2) ew(2)
") <MEW[1{€”(Z) < M)+ Bae 1 ) = M) t<Z>]>

Now we can use the fact that p; is b-bounded to bound the first term by

ME (1) < Myu(2)] = Mo t) = ME[1{ELE) > M)
< Muy(z,t') + Mb]}”xt,[et"(z) > M],

ey (2)
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and in addition applying Cauchy Schwartz we can bound the second term by

ev(z) ey (2) ey (2)
P[22 S e, (42 2]
mt ey (Z) xt ey (Z)

b\/mt, e M]Ewt/[(etll(z))Q].

2
Now define g(x,t) = Ezt[(%@» ]. By AssumptionEwe know g(z,t) is finite for every x and .

]Ezt/[]l{et"(z) - M}et" z) \/Ea:t ]1{et”(z) > M},ut(Z>2]Ea:t/[(etﬂ(Z)> ]

Also by Markov’s inequality we know that ]P’m[ ek M] < 9lz ,275) . Therefore putting all of the
above together we can obtain

" W(I) ’ ng(xa t,)
vi(z,t") < () (Ml/t(x,t )+ % )
1 (2) Ny 2bg(z,t')
< nt,,(‘r) <M|1/t(x,t) + M )

This inequality is valid every M, so we can pick M to make it as tight as possible. Choosing

_  [2bg(z,t) . .
M = v (u07) ives us:

e (2) Noe(x, t/
Ut//($)\/8bg(x7t)| t( 7t)|

vi(z,t") <

Finally note that, since by symmetry E[u(Z) | X,T] = —E[—u(Z) | X, T], we can strengthen this
inequality to the following

77t’ fU

@ \/Sbg (z, )| (z, )],

iz, 8] <

and noting that g(z,t') = E[e;%(Z) | X = z, T = t'] gives us our final result.

A.4 Proof of Lemma[3l

First note that by AssumptlonE}' is compact. Also J(W, ) is continuous for every W, since by
Assumptlon we know that the norm on each F; dominates the norm on £2(Z) and this continuity
result would be trivial if 7; = £2(Z). This means that by the Extreme Value theorem we can replace
the supremum over ;1 with a maximum over g in the quantity we are bounding. Given this, we will
proceed by bounding miny max,er B(W, ;1) using von Neumann’s minimax theorem to swap the
minimum and the maximum, and then use this to establish the overall bound for J (W, ).

Next we can observe that B(W, ) is linear, and therefore both convex and concave, for each of W
and p. Next, by Assumption[6] F is convex and compact, and following the same argument as above
B(W, ) is continuous for every . In addition, B(W, p) is also clearly continuous in W for fixed p,
and the set {IWW : |[W o < M} is obviously compact and convex for any constant M. Thus by von
Neumann’s minimax theorem we have the following for every finite M :

min max B(W,u) = max min B(W, 8
[Wl2<M peF (W, 1) peF [Wla<M (. ) ®
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Given this, we can bound miny max,cr J (W, i) as follows, which is valid for any M:

X 1
mv[i/n Il?ea.u%)_( J(W, p) < mwi/n Il?ea]zc B(W, )% + ﬁWTZW

2
) o
< mVIllnIZILlEa;_CB(W M)Q + EHWHS

2
g
< mi B(W,pn)? + —|W|3
< i e BOV )"+ W

2

. o

< ( min  max B(W, u))* + — M?
[Wl2<M peF n

2
ag
= (max min B(W,pu))? + —M?
(nax min BW.u)"+ 25

2
, o
=max min B(W,pu)? + ?MZ
LEF |Wa<M n

In these inequalities we use the fact that miny max,, B(W, u)? = (miny max, B(W, x))? and
max, miny B(W, 1) = (max, miny B(W, p))? due to the symmetry of 4 in F implied by
Assumption [3}

A.5 Proof of Lemmaf

Let [ [ denote Cartesian product. First we note that without loss of generality we can prove this
lemma in the case that 7 = [], 7, since in general F' < [, F; so sup,crinfyw J(W, ) <
SUperq, 7, infw J(W, 1), and it is easy to verify that all of our assumptions would still hold on the

larger set [ [, 7.

Now define the set H° = {u € [, L2(Z) : E[vr(X,T)?] = 0}. Each coordinate H{ of H° is a
subspace of £2(Z), so we can also define its orthogonal complement ;. Also, we have separability
since from Section[zwe know that Z < RY, so any function f € £2(Z) can be uniquely represented
as f = fO+ f* where f° € H) and f* € H;". This means that for each u; € F;, we can similarly
uniquely represent yi; = Y + 11,7, and we can easily extend this to a unique representation of the
vector 1 = p¥ + p. Now in the case that E[v (X, T)?] = 0 we have vz, (X;, T;) = 0 almost surely
for all 4, and it follows from Lemmathat vr, (X;,t) = 0 almost surely also for all ¢ and ¢. Therefore
any component of 1 in H° has no effect on the function J(W, 1) which we are bounding, so without
loss of generality we can restrict our attention to the following space:

Fr=1]H ~F).

t

By construction the only function in 7 such that E[v7 (X, T)?] = 0} is the zero function, which
we can also ignore in our bounds below, since when p = 0 we can easily obtain J(W, u) = 0 by
choosing W = 0. Furthermore, by Assumption|/|we know that for each ¢ the F; norm dominates the
L£2(Z) norm, so it must be the case that that each space F;' is closed, since H;" is a closed subspace
of £L2(Z) due to it being an orthogonal complement. Thus it follows easily from Assumption hat
F* is closed, given that its norm is an R™ norm on top of the corresponding 7, norms and m is
finite.

Now, based on Lemma 3] it is sufficient to pick weights in response to y that control for a single mean
outcome function. Instead of actually constructing a particular set of weights, we take the approach
of viewing this as a convex optimization problem. Specifically, given p, we calculate the minimum
euclidean norm of all weights that set the bias term B (W, u) to zero exactly. This can be formulated
as the following convex optimization program

min Z Wf
W
i

LY Wirr, (X, Ti) = Y m(Xa)m (X3, T0).
% ,t
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Given the program only has linear constraints with equality, it satisfies Slater’s condition, and
therefore satisfies strong duality, which we will use to find the optimal value of this program. First
we calculate the Lagrangian as

Ln,(W,A) = ZWiz + A <Z Wivr, (Xs, Ti) — Z'/Tt(Xi)Vt(XiaTi)> .

It can easily be verified by taking derivatives that for any A € R this function is minimized by setting
W; = —%I/Ti (X, T;), and plugging this value in gives the dual formulation of the program as

)\2
T 2vn (X T)? = A Y m( X (X, Th),
7 i,t

max —
A

which is unconstrained. Again by taking derivatives we can maximize this function, and we find the
maximum value is given by
D me(Xo)ve (X5, T;)

Zi VTq:(XivTi)Q 7
and finally plugging this value into the dual objective function we see that the euclidean norm of the
weights W* solving the convex program above is given by

(X, (X)) (X, T))°
Zi vT; (Xi7 Tl)2

A=—2

W3 =

Now define E,, as the mean with respect to the empirical distribution of the logged data. Then this
objective value can be reformulated as

nEn 3, 1e(X, T)]

*®(2 _
W5l = =g, B X, 197

Therefore choosing M = |W*|, combining this result with Lemma 3| gives us

. 1 (o%E, >0 (X, T))?
min us;gr J(W,p) < #Sel;g o ( E,[vr(X,T)] )
~ L B[S, (X, T)P )
per+ 0 \E[vr (X, T)?] + (E,[vr (X, T)?] — E[vr (X, T)?])

Given this we will proceed by arguing that we can bound the denominator away from zero. We can
note that y appears in both the numerator and denominator on the same scale, so without loss of
generality we can further restrict our attention to 4 with fixed norm. By Assumption[8]we know that
we can rescale every p € F to have norm -y for some v > 0. Given this we will restrict ourselves to
the set . = {u e F* : |u| = ~}. Since F. is the intersection of two closed sets it must be closed.
Furthermore by Assumption|[6 it is also compact, so it satisfies the conditions for the extreme value
theorem. By construction E[vr(X,T)?] > 0 for every p € F., so putting the above together we

have inf -+ E[vr(X,T)?] > 0. We will define this value to be a.

Now the numerator in the above bound is clearly bounded above by some S > 0 uniformly over
p € F, since by Assumption [0 we know that every ji; € F; is uniformly bounded by some global
constant, and therefore all v terms are bounded by some constant b. Given this all that remains to be
shown is that sup .  |E,, [vr (X, T)?] — E[vr(X, T)?]| converges in probability to zero. In order to
show this we will define the following terms:

D, = E,[vr(X,T)?]

E, =sup|D, —E[D,]|
HEF

We need to show that F,, converges uniformly to zero. Define D/, as an arbitrary recalculation of
D,, replacing (X1.p,, Th.p,) with (X7.,,,77.,,), which differ from the originals at most in a single
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coordinate i, and define £}, = sup .z |D;, — E[D;,]|. Furthermore as argued above all v terms are
bounded above by some constant b, so each v, (X;, Ti)2 is bounded by b2. Given this we can obtain

|Ey — Byl = |sup | Dy, — E[Dy]| — sup [D;, — E[D, ]|
neF pneF

< sup [(Dn, — E[D,]) — (D, — E[Dy,])]
HEF

= sup |D, — D,
HEF

1
= —sup vy, (X, Ty)? — v (X}, T))?|
N uer
202
< =
n

Given this we can apply McDiarmid’s inequality to obtain the following bound:

7162
P(|Ey —E[En]| <€) < 2exp { =557

This implies that E,, — E[E,,] = 0,(1). Next we show that E[E,,] = 0,(1) also. We do this using
a symmetrization argument as follows, where D!, is defined identically to D,, using iid shadow
variables (X, T/) in place of (X, T;) for each 7, and ¢; are iid Rademacher random variables:
E[E,] =E [sup |D,, — E[Dn]|]
HEF

1
=E|sup|— ) vr (X, ;) — Elvp/ (X], T
g om0~ o )|
< 2E | su 12 vr, (X5, T)
S — 2 avr\Ad, Ly
uegni T

1
< QZE sup *ZGiCSTitVt(Xz‘,Ti)
n
t i

HEF

1
< 4;1@ ilel.I;' Ezilﬁin(Xi;Ti)

1
<4§E ZIEIJP: ﬁgeiﬂt(zi)

<4) Ru(F)

where in the third inequality we appeal to the Rademacher comparison lemma [28, Thm. 4.12]. Thus
since from Assumption[10]we know that the Rademacher complexity of each set R,,(F,,) vanishes,
it follows that E[E,,] = 0,(1). Putting everything from above together we get

1 B
i J(W L -,
I%nilelg (W, ) — Op(l)

so we have miny sup e J(W, i) < O,(1/n) as required.

A.6 Proof of Theorem [

First, Assumption E follows trivially from the definition of F K Next, Assumption E and
Assumption 8] follow from the fact that FX consists of all functions in span(F;) with norm

at most 1, as does the fact that it is a closed space. Given that K is a Mercer kernel, balls in the
corresponding RKHS have finite covering number [44], and it follows easily from this that X has
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finite covering numbers, as its covering number must be bounded above by the sum of the covering
numbers of the spaces 7. So FX is closed and totally bounded with respect to its norm, and
therefore compact, which gives us Assumption |§ Clearly each F; is contained in £?(Z) since
RKHSs are square integrable, and the fact that the & norm dominates the £2 follows from Mercer’s
Theorem, which implies that | f||% = >..° | f?/o;, where f; is the ith eigenvalue of f for some
orthonormal basis of Ez( ), and o; = 0 converges to zero. This gives us Assumptlon[ Next, by
construction each F/€ consists of all functions in the RKHS up to norm 1. Therefore assummg the
kernel K is bounded, it is trivial to verify that function application must be globally bounded, since
for any function f € F we have f(z) << f, K, >< ||f|+/K(z,2) < o/K(z,z), which gives us

Assumptlon@ Finally, given this characterization of F/¢ as the 1-ball of the RKHS, it has vanishing
Rademacher complexity [33, Thm. 2.1], so we have Assumptlon.

A.7 Proof of Theorem

First we will find a closed form expression for sup ¢ rx (% Zinf five(X;,T;))?, where v, is defined in
terms of the approximate posterior ¢. In this derivation we will use the shorthand ¢; for the conditional
density of Z; given X; and T; under ¢, and T for the kernel intergral operator defined according to
Tk f = SZ K (-, 2z) f(2)dz. In this derivation we will make use of the fact that (f, g) > = (f, Tk 9)
for any square integrable f and g. Given all this we can obtain:

2
sup <:L2fitVt(Xi7Tz ) Z sup (izfit <'ut’(‘0i>‘52>
it i

perK t meF[

2
= sup <ut, izf”%>

t HeeF[ 2

=) sup <ut, TK% Z fit‘Pi>

2

T HeeFE K

2
:Z (T £ 3 fireo T = 2, fitoi) o
HTK 2 fuillx

_Z<TK Zfit@z;TK Zfzt‘pz>
1 1
Z <n Zfit@i’TKﬁ Zfit<,01'>

2 Z fztfjt ¢17TK907>L2

%,7,t

= ) thtfjtf 801 J KZ 2 QOJ( )dZ)dZ

,7,t

= % Z f”fjtj f 0i(2)p; (2K (z,2")dz'd=

2,7,
1
= =5 2 fufnElK(Z:. Z))),

1,55t

K

L2

where the expectation in the last term is implicitly defined in terms of the approximate posterior ¢
and conditional on the observed data.
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Given this, and recalling that f;; = W;d7, —m(X;) we can derive a closed form for our minimization
objective, as follows:

1 1
sup J(I/Vv N) = 5 Z fitfthij + TZWZWJF”
neFK gt Ly
1
= ﬁ Z Qij(Win(sTit(sTﬁ — 2Wj5T7t7Tt(Xi) + Wt(Xi)Wt(Xj))
7,7,t

1
+ ﬁ Z W7WJF1J
2,]

1 2
2 D WiWj(Qusbryr, +Tij) — e YW Qi (X4))
(2] i

J

+ o 2 QumXm (X))

4,45t
Finally we can conclude by noting that this corresponds to the quadratic program formulation given

in the question with ¢ = 5 ¥, Qi;me(X;)m(X).

B Additional Experimentation Details

B.1 Experiment Scenario

All our experiments were conducted using the setup described in Section We used the following
parameter values for our data-generating distribution:

a = [1.0,-2.0,—1.0,2.0,4.0, 0.0, —2.0, —1.0, —3.0, 1.0]

Qg = 0
ox = 4.0
8= [0.5, —0.5]

Bo=0
C(O) =1.0
¢(0)o=0
C(l) =—-0.5
C(1)o=0

oy = 0.01

In addiiton, the policy m we are evaluating takes the form as described in Section[5.1] and we used
the following parameter values for this policy:

o = [-0.1,0.2,0.2,-0.1,—-0.1,-0.1,0.1,0.1,0.1, —0.1]
1 = =
B.2 Method Implementation Details

In all methods where we sampled from the posterior ¢(+; x, t), this sampling was done using STAN
[7]], solving QPs and LCQPs was done using the Python package quadprog/’|all stochastic gradient
descent (SGD) learning was performed using the Adam [25] optimizer with a learning rate of 0.001.

OptZ We ran Algorithm|l|with B = 50.

IPS Since the propensity scores 7;(x) are not not tractable to compute analytically, we trained
a neural network 7} to estimate this function. This was done by sampling batches of (Z, X) pairs

*https://pypi.org/project/quadprog/
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from the data model, and training the network using SGD to predict the vector of probabilities
Pr = BT Z + By from X, using cross-entropy loss. We used a neural network with two hidden layers
of size 200 for 7, and trained for 2000 iterations with a batch size of 32. We found in practice this
training was very stable and gave accurate results.

DirX For each ¢ we trained a neural network p; to predict v;(x, t) by taking the set of (X, T,Y)
triplets in our training data where T' = ¢, and training the network using SGD to predict Y from X
using MSE loss. Based on pilot experiments we used a network architecture with a single hidden
layer of size 100, and trained using a batch size of 128. We used 80% of our data for training, and
used the remaining 20% for the purpose of early stopping. We trained for a maximum of 500 epochs,
or until we made no progress on development data for 20 epochs.

DirZ For each t we trained a neural network /i, to predict u;. This was done by taking the set of
(X,T,Y) triplets in our training data, and for each sampling 200 Z values from the posterior using
our identified model given X and 7. This gives us a set of (Z,T,Y") triplets 200 times as large as our
original training set. We then trained each fi; network by taking the set of these triplets where T' = ¢,
and optimized the network using SGD on this data predicting Y from Z. We used the same settings
for this optimization as with the direct-naive method, except we allowed up to 1000 epochs. Note
that for both training and inference we limited ourselves to sampling 200 Z values per data point due
to computational limitations.

C Additional Experiment Results

C.1 Results with Alternative Link Functions and Constraints

We present here our additional experiment results. In these results SimplexOptZ refers to our method
using the simplex constraints discussed in Section[4.2]
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 39+.07  24+.02 .36+.02 .81+.02
500 194+.02 18 +.02 .23+.02 .49 + .02
1000 11+ .01 A1+£.01 .13+£.01 .27+ .01
2000 .08+.01 .084+.01 .094+.01 .17+.01

Table 5: Convergence of RMSE for weighted estimator using our weights, with step link

n

DirX:0ptZ, oo,

DirX:OptZ, ,

DirX:OptZ, ,

DirX:OptZ;

200
500
1000
2000

.57+ .06
.55 + .02
.49 £+ .02
48 + .01

42+ .03
.46 + .02
45+ .01
47+ .01

.39 +£.03
.39 +.02
.39+ .01
42 4+ .01

43+ .03
37 +£.02
32+ .01
.34 £+ .01

Table 6: Convergence of RMSE for doubly robust estimator using our weights and DirX, with step

link

n

DirZ:0ptZ, .,

DirZ:0ptZ, ,

DirZ:0ptZ,

DirZ:OptZ; ,

200
500
1000
2000

41+ .07
.20 + .02
11401
.08 + .01

29+ .02
21+.02
13+ .01
.09+ .01

.50 +.02
.31 +.02
18+ .01
.13+ .01

1.14+.03
.70 + .02
42+ .01
.26 + .01

Table 7: Convergence of RMSE for doubly robust estimator using our weights and DirZ, with step

link

n SimplexOptZ, ,,

SimplexOptZ, ,

SimplexOptZ,

SimplexOptZ;

200 .30 £+ .02 .25 + .02 .38 £.02 91 £ .02
500 18 4+.02 .19 £.02 24+ .02 .54 +.02
1000 12 £ .01 11+ .01 13+ .01 .29+ .01
2000 .07+ .01 .08 £ .01 .10 £ .01 .18+ .01
Table 8: Convergence of RMSE for weighted estimator using our weights and constraining W € nA",
with step link
n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 47+£.03 20£.03 21+£.03 23+£.02 254+.02 .52+.02 2.6+.02
500 484+£.03 20+£.02 21+£.02 23+.02 26+.02 48+.02 2.6+.01
1000 39+.02 20+£.01 21+£.01 234+.01 25+£.01 48+.02 26+.01
2000 40+.01 20+.01 21+.01 234+.01 25+.01 45+.02 26+.01

Table 9: Convergence of RMSE for benchmark methods, with step link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 03+.39 .11+.21 .29+4.21 .78 +.18
500 .09+.17 .10+.15 .17+.16 .47+ .15
1000 .02+.11 .054+.09 .08+.09 .25+ .09
2000 .03+.07 .05+.06 .07+.07 .16+.07

Table 10: Convergence of bias for weighted estimator using our weights, with step link

n DirX:0ptZ, oo,

DirX:OptZ, ,

DirX:OptZ, ,

DirX:OptZ;

200 43 £.38 .35 £ .24 31 +.24 37+ .22
500 51 +.19 42+ .18 .35+ .18 33 £ .17
1000 47+ .13 44+ .11 37 £.10 30+ .11
2000 A7 +.09 .46 + .08 41 £+ .08 .33 +.08

Table 11: Convergence of bias for doubly robust estimator using our weights and DirX, with step

link

n DirZ:0ptZ, .,

DirZ:0ptZ, ,

DirZ:0ptZ,

DirZ:OptZ; ,

200 .05 £ .40 19+ .22 45 +.22 1.1+ .21
500 10 £.18 14 £ .16 .26 £ .16 .68 + .17
1000 .04 £+ .11 .09 £.10 .15 +.10 414+ .10
2000 .03 £.07 .06 + .07 .10 £ .07 .25 + .07

Table 12: Convergence of bias for doubly robust estimator using our weights and DirZ, with step

link

n SimplexOptZ, ,,

SimplexOptZ, ,

SimplexOptZ,

SimplexOptZ;

200 .04 £+ .30 12+ .21 31+ .21 .89 + .20
500 .08 £.15 10 £.15 18 £.16 51+ .16
1000 .01+ .12 .06 £+ .09 .09 + .09 27+.10
2000 .03 £.07 .05 £ .06 .07 £ .07 A7+ .07

Table 13: Convergence of bias for weighted estimator using our weights and constraining W € nA",

with step link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 40+.25 194+.21 214+.20 23+£.19 25+£.18 .49+.18 2.6+.14
500 43+.21 20+.16 21+.15 23+.14 26+.13 45+.16 26+ .12
1000 .37+.12 20+£.10 21+£.09 23+.09 25+.08 46%+.15 26=.11
2000 .39+.10 2.0+£.08 214+.07 23+.07 25+.07 42+.17 26+.11

Table 14: Convergence of bias for benchmark methods, with step link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 .07+.01 .04+.00 .04+.00 .07+.00
500 .04+.00 .03+.00 .03+.00 .04+.00
1000 .02+.00 .024+.00 .02+.00 .02+ .00
2000 .01+.00 .014+.00 .01+.00 .01+.00

Table 15: Convergence of RMSE for weighted estimator using our weights, with exp link

n DirX:0ptZ, ,,;, DirX:OptZ,, DirX:OptZ, , DirX:0OptZ; ,

200 13 +.01 .10+ .01 12+ .01 114+.01
500 10+ .01 .09+ .01 .10+ .01 12+ .01
1000 .08 £.00 .08 £.00 .08 £ .00 .10+ .00
2000 .07 +.00 .07 £.00 .08 £.00 .09+ .00

Table 16: Convergence of RMSE for doubly robust estimator using our weights and DirX, with exp
link

n DirZ:OptZ, ,,; DirZ:OptZ,, DirZ:OptZ,, DirZ:OptZ, ,

200 15 4+.02 15+ .01 25+.01 44+ .01
500 .10+ .01 11 +.01 18 £.01 32+ .01
1000 .07+ .01 .08 +.01 12+ .01 23+ .01
2000 .04 £ .00 .05 £.00 .08 £ .00 .16 + .00

Table 17: Convergence of RMSE for doubly robust estimator using our weights and DirZ, with exp
link

n SimplexOptZ, ,,

SimplexOptZ, ,

SimplexOptZ,

SimplexOptZ;

200 .05 £ .00 11 +.01 224+ .01 .39 + .02
500 .04 £.00 .08 +.01 15+ .01 .28+ .01
1000 .02 £+.00 .05 £+.00 .09 £.00 .19+ .00
2000 .02 £.00 .03 £.00 .07 £.00 .14 4+ .00

Table 18: Convergence of RMSE for weighted estimator using our weights and constraining W e
nA", with exp link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 .124+£.01 76+.02 81+.02 .92+.02 1.0£.02 .10+£.01 1.04.01
500 .114+£.00 .76+.01 824+.01 .92+.01 1.0£.01 .10+£.01 1.0+.01
1000 .10+.00 .74+.01 .79+.01 .90+.01 1.0+.01 .094+.01 1.14.01
2000 .10+.00 .73+.00 .78+.00 .884+.00 .994+.01 .10+.01 1.0+£.01

Table 19: Convergence of RMSE for benchmark methods, with exp link
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n OptZ, 4o, OptZ, , OptZ, , OptZ;
200 .01+.06 .00+.04 —-0.00+.04 —0.05+.04
500 .01+.04 .01+.03 .00 + .03 —0.03 + .03
1000 .00+.02 .01+.02 —0.00+.02 —0.01+.02
2000 .01 +.01 .01+.01 .00 £ .01 .00 + .01

Table 20: Convergence of bias for weighted estimator using our weights, with exp link

n DirX:OptZ, ,,; DirX:OptZ,, DirX:OptZ, , DirX:0OptZ, ,

200 .07 £.10 .08 + .06 .10+ .05 A1 +.04
500 .07+ .07 .07 £.05 .09 £.05 114+.04
1000 .06 + .05 .07 £.03 .07 +£.03 .09 + .02
2000 .06 + .04 .06 £ .03 .07 £ .03 .09+ .03

Table 21: Convergence of bias for doubly robust estimator using our weights and DirX, with exp link

n DirZ:OptZ, ,,; DirZ:OptZ,, DirZ:OptZ,, DirZ:OptZ, ,

200 .05+ .14 12 £.10 .23 £.09 43 +.09
500 .03 £.10 .09+ .07 .16 £ .07 32 +.07
1000 .02 £ .06 .06 £.05 .10 £.05 23+ .06
2000 .01+ .04 .03 £.03 .07 £ .03 .16 + .04

Table 22: Convergence of bias for doubly robust estimator using our weights and DirZ, with exp link

n SimplexOptZ, ,,; SimplexOptZ,, SimplexOptZ, , SimplexOptZ; ,

200 .02 £.05 .10 £ .06 .20 £.08 38+ .11
500 .02 £.04 .07 £.04 14 £.05 27+ .06
1000 .01 £.02 .04 +.02 .08 £.03 194+ .04
2000 .01 +.01 .03 +.02 .06 + .02 14 +.02

Table 23: Convergence of bias for weighted estimator using our weights and constraining W € nA™,

with exp link

n IPS OptX,00:  OptX,, OptX;, OptX;, DirX DirZ
200 .10+.06 .714+.13 80%+.13 91+.15 1.0£.16 .07+£.07 1.0+.08
500 .114+.03 .76+.07r 81+.08 .92+.09 1.0£.10 .07+£.08 1.0+.09
1000 .10+.03 .74+.05 .79+.05 904+.06 1.0+.06 .06+.07 1.0+.10
2000 .10+.02 .73+.03 .78+.03 .88+.04 .994+.04 .07+.07 1.0+.09

Table 24: Convergence of bias for benchmark methods, with exp link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 A47+.04  35+.02 .39+.02 .48+ .02
500 36+.05  27+.02 .30+.02 .40 £ .02
1000 25+.02 .224+4.01 .25+.01 .37+.01
2000 .144+.01 .144+.01 .174+.01 .27+ .01

Table 25: Convergence of RMSE for weighted estimator using our weights, with cubic link

n DirX:0ptZ, ,,;, DirX:OptZ,, DirX:OptZ, , DirX:0OptZ; ,

200 58 £.07 41 £.03 42 +.02 .38 +.02
500 37 +.04 .33 +.02 .35+ .02 37 +£.02
1000 31 £.02 .31+.02 .33 £.02 .39+ .01
2000 21 +.02 23 +.02 .26 + .01 32+ .01

Table 26: Convergence of RMSE for doubly robust estimator using our weights and DirX, with cubic
link

n DirZ:OptZ, ,,; DirZ:OptZ,, DirZ:OptZ,, DirZ:OptZ, ,

200 49+ .04 42 £.03 .54 +.03 .76 + .02
500 .38 £.05 .30+ .02 .38 +.02 59 + .02
1000 27+ .02 .25 £.02 .32 +£.02 .52 4+ .02
2000 .16 + .01 .16 + .01 .22+ .01 .39 + .01

Table 27: Convergence of RMSE for doubly robust estimator using our weights and DirZ, with cubic
link

n SimplexOptZ, ,,; SimplexOptZ,, SimplexOptZ, , SimplexOptZ, ,

200 45 +.04 41 +.03 .52 +.03 .70 £.03
500 37 £.05 .30 +£.02 37 +.02 .55 +.02
1000 .26 +.02 .24 + .02 31 £.02 .50 + .02
2000 144+ .01 .15+ .01 .20+ .01 .35+ .01

Table 28: Convergence of RMSE for weighted estimator using our weights and constraining W e
nA", with cubic link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 46+.04 114+£.02 1.14£.03 1.3£.03 14+£.03 .36+£.02 1.44.01
500 .384+.02 114+.01 12+.01 13+£.01 144+.01 .344.02 144.01
1000 39+.01 11+£.01 12+£.01 13+£.01 144+.01 .35+.02 144.01
2000 .35+.01 11+.01 124+.01 13+.01 14+.01 .39+.02 14+.01

Table 29: Convergence of RMSE for benchmark methods, with cubic link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 .01 + .47 16 +.31 .29+ .27 45 +.16
500 —-0.01+.36 .12+.24 .22+.21 .37+.15
1000 .03 £+ .25 A124+.18  20+.15 .35+ .12
2000 02 +.14 07+.12 13+£.11 .26+ .08

Table 30: Convergence of bias for weighted estimator using our weights, with cubic link

n DirX:0ptZ, oo,

DirX:OptZ, ,

DirX:OptZ, ,

DirX:OptZ;

200 A3 £.57 26 £+ .32 33 £ .27 34+ .17
500 12+ .35 22 + .25 28 +.21 34+ .15
1000 A8 £.26 24+ .19 29 £.15 87+ .11
2000 14 + .16 18+ .14 22+ .12 .31 +.09

Table 31: Convergence of bias for doubly robust estimator using our weights and DirX, with cubic

link

n DirZ:0ptZ, .,

DirZ:0ptZ, ,

DirZ:0ptZ,

DirZ:OptZ; ,

200 .04 £ .49 25+ .34 45 £+ .29 74+ .20
500 .03 £.38 A7+ .25 32+ .21 57+ .16
1000 .04 £+ .26 .16 £.19 .28 £ .16 50+ .13
2000 .03 + .16 .10+ .13 19+ .12 37+ .10
Table 32: Convergence of bias for doubly robust estimator using our weights and DirZ, with cubic
link
n SimplexOptZ, ,,; SimplexOptZ,, SimplexOptZ, , SimplexOptZ, ,
200 .02 £+ .45 .22+ .35 40+ .34 .65 +.28
500 .01 £ .37 .15 £ .26 29 £.23 52+ .18
1000 .04+ .25 15 £ .19 27+ 17 A7+ .14
2000 02+ .14 .08 £ .13 A7 £ .11 .34 + .09

Table 33: Convergence of bias for weighted estimator using our weights and constraining W € nA",
with cubic link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 26+.38 1.14+.20 1.14+.20 1.24+.21 14+.22 32+.16 1.4+.12
500 314+.22 114+.10 12+.10 13+.10 14+.11 .294+.18 144.10
1000 37+.14 1.1+£.07 124+.07 134+.08 144+.08 .32+.16 1.4+£.10
2000 .34+.09 11+.05 12+.06 13+.06 14+.06 .34+.18 14+.11

Table 34: Convergence of bias for benchmark methods, with cubic link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 .09+.01 .08+.01 .13+.01 .23+.01
500 .06+.01 .06+.00 .094+.00 .16+.00
1000 .04+ .01 .04+.00 .06+.00 .12+.00
2000 .02+ .00 .03+.00 .04+.00 .08+ .00

Table 35: Convergence of RMSE for weighted estimator using our weights, with linear link

n DirX:0ptZ, ,,;, DirX:OptZ,, DirX:OptZ, , DirX:0OptZ; ,
200 A5+ .01 13 +.01 13 +£.01 13 +.01
500 14+ .01 13 +.01 .13 +£.01 13 +£.00
1000 A3+ .01 .13 £.00 .13 £.00 13 +.00
2000 12+ .00 12 +.00 12 +£.00 12+ .00

Table 36: Convergence of RMSE for doubly robust estimator using our weights and DirX, with

linear link

n DirZ:0ptZ, .,

DirZ:0ptZ, ,

DirZ:0ptZ,

DirZ:OptZ; ,

200 114+.01 11+ .01 18+ .01 .35+ .01
500 .06 + .01 .08 +.01 .13+ .01 24+ .01
1000 .05+ .01 .06 £.00 .09 £+ .00 .18 +.00
2000 .03 £.00 .04 + .00 .06 £+ .00 .12+ .00

Table 37: Convergence of RMSE for doubly robust estimator using our weights and DirZ, with

linear link

n SimplexOptZ, ,,; SimplexOptZ,, SimplexOptZ, , SimplexOptZ, ,
200 .09 + .01 .09 +£.01 15 +.01 29 +£ .01
500 .06 + .01 .07 £.01 10+ .01 19+ .01
1000 .04 £+ .01 .04 £ .00 .07 £.00 .14 £.00
2000 .02 +.00 .03 £+ .00 .05 £.00 -09 + .00

Table 38: Convergence of RMSE for weighted estimator using our weights and constraining W e
nA", with linear link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 .15+.01 57+.01 60+.01 .66+.01 .72+.01 .13£.00 .76+.00
500 .154+.01 57+.00 .60%+.00 .66+.00 .72+£.00 .13+£.00 .76+.00
1000 .14+.00 .57+.00 .60+.00 .664+.00 .724+.00 .13+.00 .76 +.00
2000 .14+.00 .57+.00 .60+.00 .664+.00 .724+.00 .134+.00 .76 +.00

Table 39: Convergence of RMSE for benchmark methods, with linear link
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n OptZ, o, OptZ, , OptZ, , OptZ; ,
200 .03+.09 .06+.06 .11+.05 .23+.04
500 .02+.05 .04+.05 .084+.04 .15+.04
1000 .01+.04 .03+.03 .05+.03 .11+.03
2000 .01+.02 .024+.02 .04+.02 .08+ .02

Table 40: Convergence of bias for weighted estimator using our weights, with linear link

n DirX:0ptZ, ,,;, DirX:OptZ,, DirX:OptZ, , DirX:0OptZ; ,

200 12 £.09 12 £.06 12 £.05 13 +.04
500 13+ .06 12 +.05 12+ .04 A2 +.04
1000 124+ .04 12 £.03 12 £.03 124+.03
2000 12 +.03 12 +.03 12 +.02 12 +.02

Table 41: Convergence of bias for doubly robust estimator using our weights and DirX, with linear
link

n DirZ:OptZ, ,,; DirZ:OptZ,, DirZ:OptZ,, DirZ:OptZ, ,

200 .04 £.10 .09 £ .07 17 £.06 .34+ .05
500 .02 £ .06 .06 £.05 12 £.05 .24+ .05
1000 .02+ .04 .05+ .04 .08 £.04 18+ .04
2000 .01 £.03 .03 £.03 .06 £ .03 12 4+.02

Table 42: Convergence of bias for doubly robust estimator using our weights and DirZ, with linear
link

n SimplexOptZ, ,,; SimplexOptZ,, SimplexOptZ, , SimplexOptZ, ,

200 .02 + .08 .07 £.06 .14 £+ .06 29+ .06
500 .02 £.05 .05 £.05 .09 £.05 19+ .04
1000 .01 £.04 .03 +£.03 .06 +£.03 14 +£.03
2000 .01 £.02 .02 +.02 .04 + .02 .09 + .02

Table 43: Convergence of bias for weighted estimator using our weights and constraining W € nA",
with linear link

n IPS OptX; 001 OptX,, OptX;, OptX;, DirX DirZ
200 .13+£.08 57+.056 60+.06 .66+.056 .72+£.05 .13+£.04 .76+.04
500 .144+.05 57+.04 60%+.03 .66+.03 .72+£.03 .12+.04 .76+.02
1000 .14+.04 57+.02 .60+.02 .66+.02 .724+.02 .13+.03 .76=+.03
2000 .13+.03 .57+.02 .60+.02 .66+.02 .72+.02 .13+.03 .76+.02

Table 44: Convergence of bias for benchmark methods, with linear link
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n OptZ, 4o, OptZ, , OptZ, , OptZ; ,
200 94+.21 31+.04 .524+.04 1.1+.04
500 32+.07  21+.03 .33+.03 .76+ .03
1000 .23+.04 .13+.02 .18+.01 .48+ .01
2000 .10 +£ .01 .09+.01 .114+.01 .28+.01

Table 45: Convergence of RMSE for weighted estimator using our weights, with step link and
dim, = 2

n IPS OptX,00;  OptX,, OptX,, OptX;, DirX DirZ
200 50+.06 22+.04 23%+.04 25£.04 27+£.03 .91+.07 28+.04
500 .50+.03 23+.03 244+.03 26+.02 28+.02 .57+.04 2.8+.03
1000 47+.02 23+.01 244+.01 26+.01 284+.01 .50+.04 294 .02
2000 424.02 224.01 234+.01 254+.01 284+.01 .40+£.02 29+.01

Table 46: Convergence of RMSE for benchmark methods, with step link and dim, = 2

n OptZ; o, OptZ, , OptZ, , OptZ; ,
200 .30 £+ .89 A7+ .25 46+ .23 1.1 +.20
500 .10 + .31 A3+.16 29+.16 .74+ .15
1000 .02 + .22 07+.11 .15+.10 .47+ .09
2000 —0.01 +£.10 .05+.07 .08 +.07 .27+.07

Table 47: Convergence of bias for weighted estimator using our weights, with step link and dim, = 2

n IPS OptX, 001 OPtX,, OptX;, OptX;, DirX DirZ
200 39+ .31 22425 23+£.24 254+.22 27+£.20 83+.38 2.84.26
500 46+.20 22+.16 23+.15 26+.14 28+.13 .53+.21 2.8+.18
1000 45+.11 23+£.08 24+£.07 26+£.07r 28+.06 .45+.21 29+ .12
2000 40+.11 22+.08 23+.08 25+.07 2.7+.07 .38+.11 29+.05

Table 48: Convergence of bias for benchmark methods, with step link and dim, = 2

C.2 Results with Varying Dimensionality of Hidden Confounders

We present some additional results here experimenting with varying the dimensionality of the hidden
confounder Z. We experimented with increasing the dimensionality of Z to either 2 or 5, while
keeping the dimensionalities of all other components equal. We extended the data generating process
components described in Appendix [B.T as follows:

e The ¢'th row of « is defined by cyclically rotating the elements of the a defined in Ap-
pendix [B.T by ¢ — 1 places clockwise.

e The i'th row of 3 is defined as [0.5 — 0.05(¢ — 1), 0.5 4+ 0.05(¢ — 1)].

e The i'th row of (0) is defined as 1.0 — 0.3(¢ — 1).

e The i'th row of (1) is defined as —0.5 + 0.3(7 — 1).

e The extra rows of all other matrices that need to be extended to accommodate higher
dimensional Z are simply duplicated.

We present results below for our method and benchmarks, for the step link function. We can observe
that the same overall pattern of behavior occurs, with our methods still appearing to be consistent,
though with slower convergence as the dimensionality of Z increases.
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n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 72+ .07  42+.05 .64+.04 .92+ .02
500 A7+.07  31+£.03 474+.03 .79+ .02
1000 .35+.04 .224+.02 .36+.02 .64+.01
2000 .31+.05 .17+.01 .26+.01 .47+ .01

Table 49: Convergence of RMSE for weighted estimator using our weights, with step link and
dim, =5

n IPS OptX, 501 OptX,, OptX,, OptX;, DirX DirZ
200 40+£.06 11+£.05 12+.04 13+£.04 144+.04 .44+.04 15+£.05
500 33+.03 11+.03 12+.03 14+.03 15+.03 .40+.04 154.04
1000 29+.02 11+£.02 12+£.02 13+.02 15+£.02 .35+£.03 1.6+.02
2000 26+.02 11+.01 11+.01 13+.01 14+£.01 31+£.02 15+.01

Table 50: Convergence of RMSE for benchmark methods, with step link and dim, = 5

n OptZ, o, OptZ,, , OptZ, , OptZ; ,
200 .03 +.72 32+.27  61+.22 91+.13
500 .01 £+ 47 23+.21 44+£.16 78+ .11
1000 —0.01+.35 .18+.13 .34+.11 .64+ .08
2000 .03 + .31 A3+ .11 244+.09 47+ .07

Table 51: Convergence of bias for weighted estimator using our weights, with step link and dim, = 5

n IPS OptX;, 001 OptX,, OptX;, OptX;, DirX DirZ
2000 23+£.33 1.1+.25 11+£.23 13+£.21 14+£.20 .36+.25 1.54.29
500 244.23 114+.16 12+.16 14+.15 15+.15 .324+.23 15+.21
1000 25+.15 11+£.11 12+.11 13#+.11 154+.10 31%+.16 1.6=£.10
2000 24+.12 11+£.06 11+.06 13+.06 14+.06 .29+.12 1.5+£.07

Table 52: Convergence of bias for benchmark methods, with step link and dim, = 5
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n OptZ, oy,  OptZ,, OptZ, , OptZ; ,
200 .35 £+ .05 204+.03 26+£.02 .70+ .03
500 21 + .02 12+.01 .18+.01 .38+ .01
1000 13+ .02 .05+.01 .11+£.01 .224.01
2000 .07 + .01 .03+.00 .07+.01 .16+ .01

Table 53: Convergence of RMSE for weighted estimator using our weights, with step link and
o, =0.1

n IPS OptX,00;  OptX,, OptX,, OptX;, DirX DirZ
200 .18+.02 33+.03 444+.03 .76+.03 1.6+.04 .34+£.06 3.2+.05
500 .07+.01 .184+.01 .254+.01 45+.01 1.0£.02 .08+.02 3.24.04
1000 .06 £.01 .09+.01 .13+£.01 .26%+.01 .684+.01 .04%+.01 3.3£.02
2000 .044+.00 .05+.00 .084+.00 .16+.00 .444+.01 .04+£.00 3.3+.01

Table 54: Convergence of RMSE for benchmark methods, with step link and o, = 0.1

n OptZ; o, OptZ, , OptZ, , OptZ; ,
200 —0.12+.32 .13+.15 .23+.13 .67+ .17
500 A1+ .18 A1+.06 .17+.06 .37+ .06
1000 .03+ .13 02+.04 .09+.05 .21+.05
2000 —-0.03+.06 .01+.03 .06+.03 .15+4+.03

Table 55: Convergence of bias for weighted estimator using our weights, with step link and o, = 0.1

n IPS OptX, 001 OPtX,, OptX;, OptX;, DirX DirZ
200 —-001+£.18 29+.16 41+£.16 .74+.18 1.6+ .22 A7+ .30 3.2+.29
500 .01 +.07 A7+£.07 244£.07 45+.07 1.0%.09 .03 £.07 3.2+.22
10000 —0.02+.06 .08+.04 .124+.04 .26+£.05 .67+.07 —-0.014+.04 3.3%.10
2000 .00 + .04 .05+.02 .08+.03 .16%+.03 .43+ .03 .00 +.04 3.3+.08

Table 56: Convergence of bias for benchmark methods, with step link and o,, = 0.1

C.3 Results with varying confounder stength

We present some additional results here experimenting with varying the strength of relationship
between X and Z. We do this by varying the o x parameter in the data generating process described
in Appendix [B.T. Lower values of ox mean that more of the variance of X is explained by Z,
corresponding to less confounding, whereas higher values of o x indicate that less of the variance of
X is explained by Z, corresponding to more confounding.

We experimented with o x values in the range [0.1,1.0,4.0, 10.0], noting that o x = 4.0 is what was
used in prior experiments, and we again used the step link function in this experiment. Our results
are presented below. As expected as the level of confounding increases, the performance of the
benchmark methods strongly decrease. However, our methods appear to be robust to the increasing
level of confounding, maintaining close to zero bias with sufficiently low levels of regularization.
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n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 33+.05 23+£.02 .30+.03 .74+ .03
500 13+.01  .12+.01 .16 +.01 .37+.02
1000 .13+.02 .06+.01 .11+.01 .24+.01
2000 .06+.01 .044+.00 .09+.01 .16+ .01

Table 57: Convergence of RMSE for weighted estimator using our weights, with step link and
o, =1.0

n IPS OptX, 501 OptX,, OptX,, OptX;, DirX DirZ
200 20£.03 22+£.04 24+£.04 27+£.04 314+.04 41£+£.05 3.1+£.05
500 .124+.01 214+.03 23+.03 26+.03 30+.03 .22+.02 3.1+.03
1000 .08+.01 20£.02 21+£.02 25+.01 3.0£.01 .09+£.01 3.2+4.02
2000 05+.01 1.7+.01 19+£.01 23+.01 28+£.01 .06+.01 32+.01

Table 58: Convergence of RMSE for benchmark methods, with step link and o, = 1.0

n OptZ, o, OptZ,, , OptZ, , OptZ; ,
200 —-0.15+.29 .17+.15 .26+.15 .72+.16
500 .07+ .11 .08+ .09 .14+.08 .36+£.09
1000 .07 + .10 .04+.05 .10+.05 .23+.04
2000 .02 + .05 .02+.04 .08+.04 .16+.03

Table 59: Convergence of bias for weighted estimator using our weights, with step link and o, = 1.0

n IPS OptX;, 001 OptX,, OptX;, OptX;, DirX DirZ
200 .07+.18 224+.24 24+.23 27+£.22 31+.21 21+.35 3.14.30
500 .044+.11 214+.18 23+.18 26+.17 30+.16 .09+.20 3.14.19
1000 .04+.07 19+£.09 214+.08 25+.08 3.0+.07 .044+.08 3.24.10
2000 .03+.05 1.7+£.08 194+.07 23+.07 28+.07 .056+£.04 32+.06

Table 60: Convergence of bias for benchmark methods, with step link and o, = 1.0
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n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 B9+.07 244+.02 .36+.02 .814+.02
500 19+.02  18+.02 .23+.02 .49+ .02
1000 .11+.01 .11+.01 .134+.01 .27+.01
2000 .08+ .01 .08+.01 .09+.01 .17+.01

Table 61: Convergence of RMSE for weighted estimator using our weights, with step link and
o, =4.0

n IPS OptX, 501 OptX,, OptX,, OptX;, DirX DirZ
200 47+.03 20+.03 21+.03 23+.02 25+.02 .52+.02 26+.02
500 48+.03 20+.02 21+£.02 23+.02 26+.02 48+.02 2.6+.01
1000 .39+.02 20+.01 214+.01 23+.01 254+.01 .48+.02 2.6+.01
2000 40+.01 20+.01 21+£.01 23+.01 25+£.01 45+£.02 26+.01

Table 62: Convergence of RMSE for benchmark methods, with step link and o, = 4.0

n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 03+.39 11+.21 294 .21 .78+ .18
500 09+.17 10+.15 17+.16 47+.15
1000 .02+.11 .05+.09 .08 +.09 .25+.09
2000 .03+.07 .05+.06 .07+.07 .16+ .07

Table 63: Convergence of bias for weighted estimator using our weights, with step link and o, = 4.0

n IPS OptX;, 001 OptX,, OptX;, OptX;, DirX DirZ
2000 404+£.25 194+.21 21+£.20 23+£.19 25+.18 49+.18 26+ .14
500 43+.21 20%+.16 21+.15 23+.14 26+.13 45+.16 26+ .12
1000 37+.12 20£.10 214+.09 23+.09 254+.08 .46+.15 2.6+ .11
2000 .39+.10 2.0+£.08 21+.07 23+£.07 25+£.07 42+.17 26+.11

Table 64: Convergence of bias for benchmark methods, with step link and o, = 4.0
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n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 60+.07 37+.04 .53+.04 .974+.03
500 A42+.05 .32+.04 .39+.03 .69+.03
1000 .274+.03 27+.03 .32+.03 .52+ .02
2000 .20+.03 .18 +.02 .24 +.02 .40+ .02

Table 65: Convergence of RMSE for weighted estimator using our weights, with step link and
o, = 10.0

n IPS OptX, 501 OptX,, OptX,, OptX;, DirX DirZ
200 95+.05 16+.04 16+£.04 1.7+£.04 18+.04 124+.06 1.8+.04
500 914+.03 16+.02 16+£.02 1.7+.02 19+.02 .96+.05 1.84.03
1000 91+.02 16+.02 16+.01 1.7+.01 194+.01 .924+.03 1.9+ .02
2000 924+.02 16+.02 16+.01 17+.01 19+£.01 .924+.02 19+.02

Table 66: Convergence of RMSE for benchmark methods, with step link and o, = 10.0

n OptZ, o,  OptZ,, OptZ, , OptZ; ,
200 01+.60 .23+.29 484+ .23 .954+.18
500 01+.42 19+.26 .34+.20 .68+.14
1000 .06 +.27 .13+.24 .25+.21 .50+.15
2000 .03+.20 .10+.15 .19+.14 .38+.13

Table 67: Convergence of bias for weighted estimator using our weights, with step link and o, = 10.0

n IPS OptX;, 001 OptX,, OptX;, OptX;, DirX DirZ
200 924+.26 15+.23 16+.22 1.7+.22 1.8+£.21 11+£.35 1.8+.24
500 894+.19 16+.13 16+.13 1.7+.12 19+.12 924+.26 18+.19
1000 91+.12 16+.08 16+.08 1.74+.08 194+.08 .91+.18 1.9+ .12
2000 92+.11 16+£.08 16+.08 1.7£.08 1.9+£.08 .91+.11 19+.11

Table 68: Convergence of bias for benchmark methods, with step link and o,, = 10.0
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