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Abstract

The organization of the supplementary material is as follows: In Section[A] more
substantial discussions on the failure of inertia are provided. Variants of ADMM,
including relaxed ADMM and symmetric ADMM, are discussed in Section [B] In
Section|C] we provide more numerical experiments to demonstrate the performance
of A’\DMM. The proofs of the main results of the paper are contained in Sections @
[E]and[F} where in Section[D]some preliminary results on angles between subspaces
and Riemannian geometry are provide, in Section [E|the proofs for the trajectory of
ADMM are provided, and lastly in in Section[ﬂ we provide proofs for AADMM.

A The failure of inertial acceleration continue

In this part, to support the discussion of Section (3| we provide extra discussion on why inertial
acceleration, in particular Nesterov/FISTA, will fail when the (leading) eigenvalue of M is complex.

Let M € R™ " be a square matrix and consider the following linear equation
Zk+1 ZMZk. (A~1)

According to [31]], (A.T)) is linearly convergent when the spectral radius of M is strictly smaller than
1, i.e. p(M) < 1. For simplicity, consider the inertial version of (A.T]) with fixed inertial parameter
ar = a € [0,1], we get
Yk = 2k + a(zk — 2k-1)
21 = Myy.
The above scheme corresponds to the local linearization of the inertial ADMM (3) without the small

o-term. Define the augmented variable wy = (zjk 1) and block matrix M & (1 —’_IS)M _%M s

(A2)

then (A.Z) can be written as -
Wg+1 = ka. (A3)

To guarantee the convergence of (A.3)), we require the spectral radius satisfying p(M) < 1. Therefore,

in the following, motivated by [31}, 24} [26], we discuss the property of the spectral radius p(M) and
the conditions such that p(M) < 1.

Let n, p be the leading eigenvalues of M and M , respectively. According to [26, Proposition 4.6], we
have the following lemma regarding the relation between 7 and p.

Lemma A.1 ([26, Proposition 4.6]). Suppose <2> is the eigenvector of M corresponding to

eigenvalue p, then it must satisfy r1 = pro. Moreover, vy is an eigenvector of M associated to
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eigenvalue n, where 1 and p satisfy the relation
0> — (1 +a)np+an=0. (A4)

The relation (A:4) is a simple quadratic equation of p, we have

212
P (1+a)n+ (12+a) n® — dan (A.5)

The value of |p| depends on a and 7), and the discussion splits into two scenarios: 7 is real and 7 is
complex.

A.1 Realn

When 7 is real valued, the property of p is well studied, we refer to [26]] and references therein for
detailed discussions. Basically, we have that

B (1+a)?n* > 4an : pisreal, |p| < 1 holds for any a € [0, 1],

P= (1+ a)*n* < 4an : pis complex, |p| = /an < 1 holds for any a € [0, 1].
The above result can be summarized below.
Lemma A.2 ([26, Proposition 4.6]). Given any a € [0, 1], we have |p| < 1 aslongas0 <n < 1.
To demonstrate the above result, we consider fixing 1 and varying a € [0, 1]. Two choices of ) are
considered n = 0.9, 0.98, the value of |p| is plotted in Figurein black line. It can be observed

that | p| is strictly smaller than one for both choices of 7. Note that |p| reaches a minimal value for
some a, we refer to [26] for detailed discussion on this.
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Figure A.1: The value of |p| under fixed || and a € [0, 1].

A.2 Complex n

When 7 is complex, it can be written as 7 = |n|e'® where « is the argument of 7. The dependence

of |p| on a and 7 becomes much more complicated, below we briefly demonstrate numerically the
properties of |p|.

General form 7 = |n|e'® For this case, we have

p= (L+a)n++/(L+a)?p® —dan _ (1+a)|nle'* + V(1 + a)’[n]e”* — 4a|p|e™
2 2 '

Suppose (z + iy)% = (1 4 a)2|n|*e2* — 4aln|e'®, we get
2? — y? = (1+ a)?|n|* cos(2a) — 4aln]| cos(a)

(14 a)?|n|* sin(2a) — 4a|n| sin(a)
Ty = 2 )




which can be simplified to a equation of x

a* — (14 a)?n|? cos(2a) — 4aln| cos(a))z? — (L +a)’ln” Sin(2z) —daln]sin(a))* _

Solving the above equation, we get

( ((1+a)?[n|? cos(2a) —4a|n| cos(@))++/((14a)2[n]? cos(2a) —4aln] cos(a))*+((1+a)?|n|” sin(2a) —4aln] sin(a))? )2
2

xr =

)

1+ a)2|n|2 sin(2ar) — 4a|n| sin(«)
- 2T

)

here we only take the positive root z. Back to the expression of p, we get

p= 0t a)nle™ + (z +iy) _ (L +a)ln|cos(a) +a) +i((1+ a)|n|sin(a) +y)

B 2 B 2 ’

Given the complicated form of z, the analysis of |p| becomes rather difficult. Therefore, below we
discuss the properties of |p| through numerical verification.

Similar to the real 7 case, || = 0.9,0.98 are considered. Let « be the argument of 7, then we have
n = |nle'®. In total, six choices of « are considered: a € {¥, %, & I T T} The value of [p|
are shown in Figure[AT] Taking Figure[A](a) for example, we have the following observations: let

a,, be the largest a allowed such that |p| < 1,

e For all choices of a except a = 1”78, we have a, < 1.
e The larger the value of «, the smaller the value of a,, see the green line in both figures.

From the above discussion, we can conclude that

e The inertial scheme is robust when all the eigenvalues of M are real, and we can afford the
inertial parameter up to 1 which includes the FISTA [3] schemes as a;, — 1, same for the
Nesterov’s accelerated gradient descent.

e When M has complex eigenvalue(s), which is not necessary to the leading eigenvalue, the
largest value of a such that |p| < 1 is smaller than 1 and FISTA/Nesterov’s scheme will fail.

To complete the discussion, we consider the values of |p| under « € [0,7/2] and a € [0,1]. The
results are shown below in Figure Again |n| = 0.9, 0.98 are considered. The horizontal axis is
for o while the vertical is for a, each point inside the square stands for the value of |p| with colorbar
provided. In each figure:

e The red line stands for |p| = 1. Therefore, only for the area below the red line we have |p| < 1.
Given any « € [0, w/2], the larger the value of «, the smaller range of choice of a such that
|p| < 1. This coincides with the observations from Figure[A.1]

e The magenta line stands for |p| = |n|. Only the small area below the magenta line has |p| < |7,
meaning that acceleration can be obtained. As a result, given 7 = |n]e!®, when « is large enough,
such as about /8 for || = 0.9, inertial will fail to provide acceleration.
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Figure A.2: The value of |p| under fixed ) and a € [0, 1].

It should be noted that, for the above discussion, we consider the case that the leading eigenvalue
is complex, while the rest of the eigenvalues are real. For the case leading eigenvalue is real while



the rest are complex, then the spectral radius of M will be determined by the non-leading complex
eigenvalues when the inertial parameter a is large enough. Consequently, the FISTA inertial parameter
rule still can not be applied, unless the magnitude of the leading eigenvalue is small enough; See

Figure (a).
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Figure A.3: The value of |p| when n = cos(a)e'® and a € [0, 1].

Special case 7 = cos ae'® Now we consider a special case where 77 = cos(a)e'®, a € [0,7/2]
which corresponds to the case R, J in are locally polyhedral around z*, y*. Similar to
above, six choices of « are considered: « € {7, §, 75, 35> 64 105 - Lhe value of |p| is shown below
in Figure (a). It can be observed that, for each «, the value of |p| is monotonically increasing as
the value of a increases, which means inertial slows down the speed of convergence. In Figure[A.3]

(b), we consider the value of |p| under « € [0, 7/2] and a € [0, 1]. We have

e Similar to Figure[A.2] the red line stands for |p| = 1. For each a, |p| < 1 for all the choices of a
under the red line.

e The magenta line stands for |p| = |n|. It can be observed that, except for « = 0 where |p| =1
holds for all a € [0, 1], |p| = 1 holds only for a = 0 when « €]0, 7/2].

Therefore, we can conclude that when R, .J are locally polyhedral around the solution z*, y*, inertial
scheme will not provide any acceleration.

B Discussions

In this section, we discuss two variants of ADMM: relaxed ADMM and symmetric ADMM are
discussed, and then build connections between ADMM and Douglas—Rachford [14] and Peaceman—
Rachford splitting [30] methods.

B.1 Variants of ADMM

Relaxed ADMM In the literature, a popular variant of ADMM is the relaxed ADMM which takes
the following iteration procedure:

r), = argmin, cg. R(z) + 3||Az + Byp_1 — b+ %Qﬁkﬂﬂz,
Tk = pAxy — (1 - ¢)(Byr—1 —b),

Y, = argming cgm J(y) + 5|7k + By — b+ %djk_l”Z,

U = Yr—1 + (@ + Byx — b),

where ¢ € [0, 2] is the relaxation parameter.

(B.1)

In its dual form, the relaxed ADMM is equivalent to the relaxed Douglas—Rachford splitting applied
to solve (Dapnn). see Section[B.2.1] The convergence of (B-I]) can be guaranteed for ¢ €]0, 2[ [2].
Similar to (2), define zj, S r1 + 7Tk = Yp_1 +y(dAz), — (1 — ) (Byj_1 — b)), we can rewrite



the relaxed ADMM into the following form
x) = argming cpn R(x) + %HAac - %(zk,l — ka,l)Hz,
2k = Y1 + Y(pAz — (1 — ¢)(Byr—1 — b)),
yr, = argmingepa J(y) + 3By + 2 (zx — D)
Y =z +7(Byk — b).

Symmetric ADMM  As aforementioned, see also Section [B.2.1] the ADMM iteration (T)) is equiva-
lent to applying Douglas—Rachford splitting to the dual problem [17]. Tt is also pointed
out in [17] that, if the Peaceman—Rachford splitting method [30] is applied to solve (Dapmm), then
it leads to the following iteration in the primal form

x), = argming g, R(z) + 3| Az + Bye1 — b+ b 4|7,
Y1 =Yp-1+ Y(Azy, + Byg—1 —b),

Yk = argming g J(y) + 3 Azg + By — b+ 241 |,

Yk = p_1 +7(Azi + Byx — b),

which is also called the symmetric ADMM. A brief derivation is provided below in Section[B.2.2] and
we refer to [17,122] and the references therein for more detailed discussions.

e (B.2)

(B.3)

In general, the conditions needed for the convergence of (B.3) is stronger than the standard ADMM
(T), which is due to the fact that stronger conditions are needed to guarantee the convergence of
Peaceman—Rachford splitting method [[17]. However, when (B.3) converges, it tends to provide faster
performance than () [17]]. Similar to ), if we define z), = ¥ — yBy +vb = L/J;ﬁ% + vAxy, then

(B-3) is equivalent to
k= argmin, ege R(x) + 3|4z + 12051 — 261)],
zp = Yr—1 + v(2Azk + Byk—1 — b),
yr = argmin, cpm J(y) + 3| By + %(Zk — )%,

b = 21 +7(Byx, = b),
which can be written as the fixed-point iteration in terms of zj, see Section[B.2.2]

(B.4)

Extension of A’DMM to the variants We can summarize the standard (2), relaxed (B.T) and
symmetric (B.4) ADMM into the following form

T}, = argmin, cg. R(x) + 3| Az + %(21/%—1 —z-1)]%,
2l = Z('Ya ¢7 ThyYk—1, ,(/)k—l)a
yr = argming cpn J(y) + 3| By + %(Zk el

Vi = 2k +v(Byx — b),
where Z represent the way of updating zy; See (Z), (B.I) and (B-4). Accordingly, we can easily adapt
Algorithm T]to the relaxed and symmetric ADMM, that is changing the update of zj.

(B.5)

2
’

In Algorithm [T} we change the order of updates so that the extrapolation step only needs to be carried
out on zj. This is due to the fact, the update of y;, only depends on z;, and such an arrangement
requires the minimal computational overhead.

B.2 Fixed-point characterization and convergence of ADMM

We discuss the relation between ADMM and Douglas—Rachford splitting [[14] and Peaceman—
Rachford splitting [30].

B.2.1 Relaxed ADMM and Douglas—Rachford splitting
It is well-known that ADMM is equivalent to applying Douglas—Rachford splitting [[14] to solve the
dual problem of which reads

max —(R*(—AT) + J*(=B"y) + (¥, b)), (Dapmm)



where R*(v) £ sup,ern ({(x, v) — R(z)) is called the Fenchel conjugate, or simply conjugate,

of R. Below we first recall the equivalence between ADMM and Douglas—Rachford which was
first established in [[17], and then use the convergence of Douglas—Rachford splitting which is well
established in the literature [2] to conclude the convergence of ADMM.

Consider the relaxed ADMM (BZI)) , when ¢ = 1, the relaxed ADMM recovers the standard ADMM
(2). Below show demonstrate that the relaxed ADMM is equivalent to the relaxed Douglas—Rachford
applying to solve (Dapmm)-

e Define z;, = ¢y, — v(Byi — b), we have
2 = Yp — YByr +7b = 1 + 7T
= ¢p-1+ ¢yAzp + (1 — @)vp—1 — (1 — ¢)y(Byk—1 — b)
= (1= ¢)zk—1 + o(r—1 + yAzy)
=1 = @)zp—1+ d(z—1 + up — Yp-1).
When ¢ = 1, we have 2, = ¢, _1 + YAz
e For the update of xy, denote uy, = ¥x—1 + v(Axg + Byr—1 — b). Since A has full column rank,
we have xy, is the unique minimiser of R(x) + 3|4z + Byx—1 — b+ %1%—1 |%. Let R* be the
conjugate of R, then owing to duality, we get
x) = argmingcpn R(z) + %HAx + Byp—1— b+ %wk_lHQ
0 € OR(xzk) + ’yAT(Axk + Byp_1 — b+ %¢k—l)
— ATy € OR(xy)
T € ﬁR*(fATuk)
ug — YAz € up + yO(R* o —AT)(uk)
up = (Id + yO(R* o —AT))il(uk — yAzy)
. ~1
up = (Id +9(R* 0 =AT)) (201 — 2-1).

e For the update of y, the full column rank of B also ensures that gy, is the unique minimiser of
T(y) + Jl|@x + By — b+ Lb_a|”. Since v = -1 +7(Zx + Byx — b), then

[ A A

Y = argming cgm J(y) + %||9Ek +By—b+ %1%71“2
< 0€dJ(yr) +vB" (zx + Byr, — b+ %1#1@71)
— — BTy € 0J ()
>y € 0T (=B yx)
&= P —yByk € Pr +70(J* 0 —BT)(¢)
— Pp = (Id+~0(J* o —BT))_l(wk —Byy)
= = (1d+19(J* o —=BT)) " (21, — 7b).
e Combining all the relations we get
uy, = (Id +v9(R* o —AT))_1(2¢k—1 — Zk-1),
2k = (1= @)zr—1 + ¢(zk-1 + up — Y1), (B.6)
v = (Id+90(J" 0 =BT)) ™" (2 — 1),
which is exactly the iteration of Douglas—Rachford splitting applied to solve the dual (Dapym)-
Define the operators
Fon & 314+ 2 (21d +90(R* 0 —AT)) ™ —1d) (2(1d +70(J* 0 ~BT)) " ~1d)
and F¢ = (1 — ¢)Id + ¢.F,, then (B:6) can be written as the fixed-point iteration in terms of z,

k= f]fR (Zk,—l)-



It should be noted that for z;, we have z = ¢ — YByr + 7b = ¥ _1 + yYAx, which is the same as
in (). Owing to [2], that ]—"]fR is averaged non-expansive with the set of fixed-points fix(F,, ) being

non-empty, and there exists a fixed-point z* € fix(F,) such that z;, — z* which concludes the

convergence of {2, }r.en. Then we have uy,, 1, converging to 0* = (Id+~9(J*o—BT))~1(z* —+b)
which is a dual solution of the problem (Dapmm). The convergence of the primal ADMM sequences
{z} }ren and {yi }en follows immediately.

Owing to the above equivalence between ADMM and Douglas—Rachford splitting, we get the
following relations

2k — zi—1] < ll2h—1 — 2r—2l|,

¥k — V-1l < 2w — 26-1] < [l2o—1 — 20—2],

ur — uk—1]| <129%k-1 — 26—1 — 202 + zp—2| < 3||lzx—1 — 22|, (B.7)
YAz, — Az q|| < 2k — 2i—1 ]| + [[Ye—1 — Yr—2| < 2[2k-1 — 2x—2],
YByr — Byk—1ll < |26 — zk—1] + |6 — Yr—1] < 2|26-1 — 2k—2|,

which are needed in the proofs below.

B.2.2 Symmetric ADMM and Peaceman—Rachford splitting

Below we present a short discussion on the relation between the symmetric ADMM and Peaceman—
Rachford splitting method [30], which was first established in [[17].

e For the update of xy, let u, = wk,% = Yr—1+v(Azr+ Byr_1—b) and 2, = ¢, —yByr +b.

As A has full column rank, x, is the unique minimiser of R(x)+ || Az + Byg_1—b+ %wk,l I1%.
Then owing to duality,

r) = argming g R(x) + Z[|Az 4+ Byp—1 — b+ %¢k—1||2
— — ATy, € OR(zy)
= 1 € OR*(—ATuy)
= up, = (Id+79(R* 0 —AT)) ™" (uy, — yAzy,)
= up = ([d+10(R* 0 —AT)) " (21 — 251).

e For yj,, the full column rank of B ensures the uniqueness of yy. Since ¢, = 1,1 + y(Axy +
By, — b), then

3
Yr = argmin, cpm J(y) + %”Aﬂﬁk + By —b+ 211 I
— — BTy € 0J(yr)
= y, € 0 (=BTyy)
= = (1d+70(J" 0 —BT)) " (Yx — vByr)
e Py, = (Id +79(J* 0 =BT)) "' (21, — 7b).
e For z;, since uy, = wk_%,
2k = Y — vYByk + b = up + yATp = 2up — Y1 — Y(Byk—1 — b) = zp—1 + 2(uk — Yr—1).
Combining the above relations we get
up = (Id +~9(R* o —AT))71(2¢k—1 — 2k—1),
2k = 2k—1 + 2(uk — Y1), (B.8)
Y = (Id +79(J* 0 =BT)) ™ (21, — yb),
which is the iteration of Peaceman—Rachford splitting when applied to solve (Dapym)-

Define the following operator

For = (2(1d +70(R* 0 —AT)) ™" —1d) (2(1d + 70(J* 0 —=BT)) " ~1d),



then (B-8)) can be written as the fixed-point iteration in terms of zy, that is
2k = fPR (Zk—1)~

It should be noted that for z;, we have z, = 1, —vByy +vb = k1 +vAxy, which is the same as in
(B-4). Different to the case of Douglas—Rachford, the operator F, is only non-expansive [2]], hence
the conditions for 2 to be convergent is stronger than that of /.. However, when it converges, it
tends to be faster than Douglas—Rachford splitting [17].

C More numerical experiments

We present extra numerical experiments to demonstrate the performance of the proposed scheme.
Same as Section |5, ADMM, inertial ADMM and two settings of A’'DMM are considered.

C.1 Quadratic programming
Consider the following quadratic optimisation problem
. 1. T
min 527 Qz + (¢, z),

suchthat x; € [;,r4], i=1,..,n.

(C.1)

Define the constraint set Q = {z € R" : x; € [{;,7;], i =1,...,n}, then (C.I) can be written as

min %xTQx + (¢, ) + ta(y) suchthat z —y =0,
x,yeR”

which is special case of with A =1d, B = —Idand b = 0.

The angle 65, of ADMM and the performances of the four schemes are provided in Figure (C.I), from
which we observed that

e The angle 6, is decreasing to 0 at the beginning and then starts to increasing for k > 2 x 104,
This is mainly due to the fact that for £ > 2 x 104, the effects of machine error is becoming
increasingly larger.

e Consistent with the observations in Section |5} the proposed A>’DMM schemes provides the best

performance.
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Figure C.1: Performance comparisons and {6y, } .cy of ADMM for quadratic programming.

C.2 Total variation based image inpainting

Now we consider a total variation (TV) based image inpainting problem. Let u € R™*"™ be an image
and S € R™*™ be a Bernoulli matrix, the observation of v under S is f = Ps(u). The TV based
image inpainting can be formulated as

min [Vz|; suchthat Ps(z)=f. (C2)

ajeRan



Define Q £ {z € R"*" : Pg(z) = f}, then (C2) becomes

xeRn’X{lniyréRan lyl, + to(xz) suchthat Vi —y =0, (C.3)

which is special case of with A = V, B = —Id and b = 0. For the update of x, we have
from (2) that

T} = argming cgpnxn Lo () + %HV:U - %(Zk,l — 21|,
which does not admit closed form solution. In the implementation, finite-step FISTA is applied to
roughly solve the above problem.

In the experiment, the cameraman image is used, and 50% of the pixels is removed randomly. The
angle 6;, of ADMM and the comparisons of the four schemes are provided in Figure [C.2

e Though both functions in (C.3) are polyhedral, since the subproblem of xy, is solved approxi-
mately, the eventual angle actually is oscillating instead of being a constant.

e Inertial ADMM again is slower than the original ADMM as the trajectory of ADMM is a spiral.

e For the two A’DMM schemes, their performances are close as previous examples.

e For PSNR the image quality assessment, Figure c) implies that A’'DMM is also the best.
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Figure C.2: Property of {0 }rcn, performance comparison and image quality of ADMM for TV
based image inpainting.

We also compare the visual quality of the images obtained by the four schemes for the 30’th iteration,
which is shown below in Figure[C.3] It can be observed that the image quality (2nd row of Figure
[C3) is much better than the 1st row of ADMM and inertial ADMM.

D Preparatory materials

D.1 Polynomial extrapolation

Minimal polynomial extrapolation (MPE) [8]: Given {zj_; j-ié, let {vy,—;}j_ be the difference
def
vectors, where v; = z; — z;_1. Define Vi, = [up -+ wrp—g].
1. Let{c;}7_, € argmin, cgq|[Vi—1c — vk, define c “landy; = ¢/ Sl geifori=0,...,q.

2. The extrapolated point is then defined to be zj, o Z?ZO ViZk—i—1-
Reduced rank extrapolation (RRE) [[15} 28] is obtained by replacing the first step by

{7 }i=0 € argmin, cgo+1 [[Viy| subjectto 3, v = 1.

The motivation for the use of such methods for the acceleration of fixed point sequences 11 =
F(zx) come from considering the spectral properties of the linearization around the limit point. In
particular, if z* is the limit point and 23,41 — 2* = T'(z, — 2*) where T € R%*? and ¢ is the order of
the minimal polynomial of T" with respect to z;_4_1 — 2* (i.e. ¢ is the monic polynomial of least
degree such that P(T)(z—q—1 — 2*) = 0), then one can show that Z;, = 2*. We refer to [33] 34} [32]
for details on these methods and their acceleration guarantees.



(e) ADMM s = 100, PSNR = 27.0402 (f) A’DMM s = +oo, PSNR = 27.0402

Figure C.3: Comparison of image quality at the 30’th iteration of ADMM, inertial ADMM and
A’DMM with two different prediction steps.

D.2 Angle between subspaces

Let T1, T5 be two subspaces, and without the loss of generality, assume

1<p¥dim(Ty) < ¢ € dim(T3) <n — 1.

10



Definition D.1 (Principal angles). The principal angles 6 € [0, 3], k = 1,...,p between sub-

spaces 1 and 75 are defined by, with uy = vg o 0, and

cos(Or) £ (up, v) = max(u, v) st. uweTy,ve Ty, |u] =1, || =1,
(u, w;) = (v, v;) =0,4=0,---  k—1.
The principal angles 6}, are unique and satisfy 0 < 6; < 6y <--- <6, < 7/2.
Definition D.2 (Friedrichs angle). The Friedrichs angle 6 €]0, 7] between T} and Ty is

cos (0p(T1,T»)) S max(u, v) st we TN (TLNT), ul =1, v € ToN(TyNTR):, o] = 1.

The following lemma shows the relation between the Friedrichs and principal angles, whose proof
can be found in [3, Proposition 3.3].

Lemma D.3 (Principal angles and Friedrichs angle). The Friedrichs angle is exactly 6441 where
def

d = dim(Ty N T3). Moreover, 05 (Ty,Ts) > 0.

D.3 Riemannian Geometry

Let M be a C?-smooth embedded submanifold of R™ around a point . With some abuse of
terminology, we shall state C>-manifold instead of C>-smooth embedded submanifold of R™. The
natural embedding of a submanifold M into R™ permits to define a Riemannian structure and to
introduce geodesics on M, and we simply say M is a Riemannian manifold. We denote respectively
Ti(z) and Mg (x) the tangent and normal space of M at point near = in M.

Exponential map Geodesics generalize the concept of straight lines in R”, preserving the zero
acceleration characteristic, to manifolds. Roughly speaking, a geodesic is locally the shortest
path between two points on M. We denote by g(¢; 2, h) the value at ¢ € R of the geodesic
starting at g(0;z,h) = = € M with velocity g(¢;z, h) = %(t;x,h) = h € Tpm(z) (which is
uniquely defined). For every h € Tr(z), there exists an interval I around 0 and a unique geodesic

g(t;x,h) : I — M such that g(0; z, h) = x and g(0; 2, h) = h. The mapping
Exp, : Tm(x) = M, h— Exp,(h) = g(1;z,h),
is called Exponential map. Given x,x’ € M, the direction h € Trq(x) we are interested in is such

that
Exp,(h) =2’ = g(1;2,h).

Parallel translation Given two points z,2’ € M, let Tyq(z), Tas(2z") be their corresponding
tangent spaces. Define

7 Tam(z) = Tm(a'),
the parallel translation along the unique geodesic joining x to =/, which is isomorphism and isometry
w.r.t. the Riemannian metric.

Riemannian gradient and Hessian For a vector v € N)y((z), the Weingarten map of M at z is
the operator 20, (-,v) : Tap(x) — Ta(z) defined by

QUI(~, ’U) = 7fPTM(w)dV[h],

where V' is any local extension of v to a normal vector field on M. The definition is independent of
the choice of the extension V, and 20,.(+, v) is a symmetric linear operator which is closely tied to
the second fundamental form of M, see [[L1} Proposition I1.2.1].

Let G be a real-valued function which is C2 along the M around z. The covariant gradient of G at
x’ € M is the vector VG (2') € Ta(2') defined by

(VMG(a'), h) = LG (Pa(a’ + th))

where P 4 is the projection operator onto M. The covariant Hessian of G at 2’ is the symmetric
linear mapping V3,G(z') from Tpq(2') to itself which is defined as

|t=0’ Vh € TM(xl),

Vh € TM(I’/) (D.1)

2
(VAG@)h, ) = G2 G @ale + )],
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This definition agrees with the usual definition using geodesics or connections [29]. Now assume that
M is a Riemannian embedded submanifold of R”, and that a function G has a C?>-smooth restriction
on M. This can be characterized by the existence of a C2-smooth extension (representative) of G,

i.e. a C2-smooth function G on R™ such that G agrees with G on M. Thus, the Riemannian gradient
V mG(2') is also given by
VMG(J?/) = ?TM (I/)VG(l‘I), (D.2)

and Vh € Tp(z'), the Riemannian Hessian reads

VG @b = P1,, o d(VMmG) (@) [h] = Pry,ond (2’ = Pry, o VMG (B

= Pr @) V2G(@ )b+ Wo (b, Prry, (o VG(2)),
where the last equality comes from [} Theorem 1]. When M is an affine or linear subspace of R",
then obviously M = x 4 T (), and W/ (h, Ppr, (o) VG (2')) = 0, hence (D.3) reduces to
VLG(Q?/) = TTM(I/)VZé(wl)?TM(x/).

See [23, [11]] for more materials on differential and Riemannian manifolds.

(D.3)

D.4 Preparatory lemmas

The following lemmas characterize the parallel translation and the Riemannian Hessian of nearby
points in M.
Lemma D.4 ([25, Lemma 5.1]). Let M be a C?-smooth manifold around x. Then for any x' €
M NN, where N is a neighborhood of x, the projection operator P p(z') is uniquely valued and
C*! around x, and thus

o' — 2 =Py @ (@ —z) + o2 — =)
If moreover M = x + Tr(x) is an affine subspace, then ' — v = Py, (o) (2 — ).
Lemma D.5 (|26, Lemma B.1]). Let x € M, and xj, a sequence converging to x in M. Denote
Tr : Tm(zk) = Ta(x) be the parallel translation along the unique geodesic joining x to xy. Then,
for any bounded vector u € R™, we have

(TP T () — Py = olllul)).

The Riemannian gradient and Hessian of partly smooth functions are covered by the lemma below.

Lemma D.6 ([26, Lemma B.2]). Let 2, x’ be two close points in M, denote 7 : Ty (z') = T (z)
the parallel translation along the unique geodesic joining  to x'. The Riemannian Taylor expansion
of R € C*(M) around x reads,

TVMR() = VMR(@) + Vi R(@) P10 (2 — ) + o2 — z). (D.4)

Lemma D.7 (Riemannian gradient and Hessian). If R € PSF,.(M,,), then for any point ' € M,
near T

Vo, R(z') = Pr,, (OR(2")),

and this does not depend on the smooth representation of R on M. In turn, for all h € T, let R be
a smooth representative of R on M,

Ve, R@)h = Pr, V2R(@)h + Wy (h, Pp VR()),

where 0, (-, ) : Ty x T+ — T, is the Weingarten map of M, at z.

D.5 Linearization of proximal mapping

In this part, we present one fundamental result led by partial smoothness, the linearization of proximal
mapping. We first discuss the property of the Riemannian Hessian of a partly smooth function. Let
R € T'x(R™) be partly smooth at Z relative to Mz and @ € OR(Z), define the following smooth

perturbation of R
def

R(z) = R(x) — (x, u),

. . . _ def B/ =
whose Riemannian Hessian at Z reads Hy = Pp, V3, R(Z)Pr, .
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Lemma D.8 ([26, Lemma 4.2]). Let R € I'q(R") be partly smooth at T relative to Mz, then H, is
symmetric positive semi-definite if either of the following is true:

e € ri(OR(Z)) is non-degenerate.
o My is an affine subspace.

In turn, 1d + Hy, is invertible and (1d + H R)_l is symmetric positive definite with all eigenvalues
in]0,1].

One consequence of Lemma[D.8]is that, we can linearize the generalized proximal mapping. For the
sake of generality, let ¥ > 0, R € T'o(R™) and A € RP*", define the following generalized proximal

mapping
ef . 1
prox,‘;‘R(~) & argming cpnyR(z) + §HAx - ||2
Clearly, proxi;‘R is a single-valued mapping when A has full column rank. Denote Az, Ao Pr.,

it is immediate that Ai Ar, is positive semidefinite and invertible along 7%. In the following we
denote (A7, Ap,)~" the inverse along T Denote

Mg = Ar,(1d + (AT, Ar,) ' Hg) '(AT, Ar,) ' AT,

Lemma D.9. Let function R € T'q(R™) be partly smooth at the point T relative to the manifold M
and u € ri(@R&f)). Suppose that there exists vy > 0, full column rank A € RP*™ and w € RP such
(

that T = proxp(w) and u = —AT(AZ — w) /. Let {wy}ren be a sequence such that wy, — W

and xy, = prox‘éR(wk) — T, then for all k large enough, there hold x), € Mz and
Ar () — 1) = Mp(wy — wi—1) + o(|wr, — wr—1])- (D.5)
Remark D.10. When A = Id, then proxﬁ?R reduces to the standard proximal mapping, and (D-3)
simplifies to
o —xp_1 = P, (Id + Hyg) ™ Py (wg — wi_1) + o Jwp — wi_1])-

In [24] and references therein, to study the local linear convergence of first-order methods, lineariza-
tion with respect to the limiting points is provided, that is

rr — 2 = Pr, (Id + Hﬁ)_lfPT,E (wk - ’ID) + 0(||wk — ’lI)H)

Proof. Since R is proper convex and lower semi-continuous, we have R(x)) — R(Z) and OR(x)) >
up, = —AT(Azy, — wi) /v — @ € 1i(OR(Z)), hence dist(uy, OR(Z)) — 0. As a result, we have
xp € Mz owing to [21] Theorem 5.3] and uy, € ri(OR(zy)) owing to [33] for all k large enough.

Denote T}, , T, , the tangent spaces of M at xj and x;_;. Denote 73, : T,;, — T}, , the parallel
translation along the unique geodesic on M joining xj, to xx_1. From the definition of xj, let
hi = yug, we get

def def

hy = —AT(Axk —wg) € YOR(xg) and hp_q = —AT(Axk,l — Wg—1) € YOR(xg—1).

Projecting onto corresponding tangent spaces, applying Lemma[D.7)and the parallel translation 7,
leads to

V1V i R(ak) = P, (he) = Pr,, (i) + (6P, — Py, ) (hae),
YV, R(zg-1) = Pr,, (hi—1).
The difference of the above two equalities yields
VeV, R(xk) = vV m, R(zr—1) = (P, — Pz, ) (hi1)
=Pr, (e —he1) + (P, — P, ) (hi — hi1).

Th—1 Th—1
Owing to the monotonicity of sub-differential, i.e. (hy — hgp_1, xx — 1) > 0, we get

(D.6)

(AT Ay, —xp-1), wp —2p-1) < (AT (wy —wp—1), 2 —xp-1) < [ Allwy — w1 |[|ax, — 2.
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Since A has full column rank, AT A is symmetric positive definite, and there exists x > 0 such
that x|z, — xk_lﬂg < (AT A(zy, — z3_1), T, — Tx_1). Back to the above inequality, we get
|z — zp—1| < H—Z‘“Hu% — wg—1||. Therefore for ||hy — hi—1]|, we get

[k = b = AT (Azy — wp) = AT (Azg—y = w—2)|| < AP |l2r = 2] + [ Allllwg — wg]
LA

< (55 AN ok — wye—a -

As a result, owing to Lemma we have for the term (7, Pz, — Pz,  )(hi — hi—1) in (D.6) that

(1, = Pr,, ) (A = hi—1) = o([| bk — hi—1])) = o([[wr, — wi—1])-

def

Define Ry,_1(x) < yR(x) — (z, hx—1) and Hg , | = P, Vi Rp_1(xx—1)Pr,, . then with

Lemma [D.6|the Riemannian Taylor expansion, we have for the first line of (D.6)
VeV, R(xr) =YV, Raee—1) — (mPr,, —Pr,, ) (1)
=7, (VW R(zy) — Pr,, (h—1)) = (WVnr Rzp—1) — Pr,, (hi—1))
=7V arty Ri—1(@k) — Vo Rieo1(z-1) (D.7)
= Hp (2 — 1) + o(|vk — zp—1]])

= Hﬁ,k—l(xk —xp-1) +o(|Jwr, — wr_1])-

Back to (D.6), we get

Hﬁ’k_l(xk — xk,l) = fPT

Trk—1

(hte = hi—1) + o(wr — wi—1])- (D.8)
Define R(z) & vR(x) — (x, h) and Hy = Pr, V3, R(z)Pr,, then from (D.8) that

Hé(xk —Tp—1) + (Hﬁ,kfl — Hﬁ) (g — Tp—1)

(D.9)
=Pr. (hyy — hg—1) + (?kafl = Pr,) (hie — h—1) + o(|wi — wi—1]]).-

Owing to continuity, we have HR x—1 — Hgand :Pka,,l — Pr,,

. Hp o —Hp)(zy—ap . Hp o —Hglllzn -2k .
lim II( R,k7H1 73)(7%” Tp—1)|| S lim I R,k7|1| ,R””IkH Tp—1 — lim HHR ol — HR” _ O7
k——+o00 Tk —Th-1 k—+o00 Tk —Tk—1 k—+o00 ’
. (Pry, |, —Prz ) (we—wk—1)] . 1Pry, =Pz llwk—wik—1] .
lim B < lim b = lim [P, —Pr|=0,
GHm e < JHm T  —w Jm P, =P

. 1(Pry, | —Prs)(@e—zr—1)ll .. . ..
and limg_, | oo ez ] = (. Combining this with the definition of uy, the fact that

zy — xk—1 = Pr, (xx — 25—1) + o(||zx — 2x—1]) from Lemma[D.4] and denoting A7, = A o Py,
equation (D.9) can be written as

Hg(z — 2x-1) = Pr, (up — ug—1) + o(Jwg — wr—1]|)
= —Pr, (AT (Azp — wi) — AT (Azg—1 — wi—1)) + o(|wr — wy—1))

(D.10)
= —TTEATA(xk —Tp_1)+ CPTEAT(wk. — wg—1) + o(JJwr — wi—1]|)

= — AL Ar, (x — 1) + AT, (0 — we—1) + o(Jwy, — we—1]).
Since A has full rank, so is A7, . Hence AC,TE A, is invertible along T3 and from above we have
(1d + (AT, Ar,) "' Hg) (2x — ax-1) = (A, Ar,) M AT, (wg — wi—1) + owi — wy—a)-
Denote My = Ar, (Id 4 (A], Ar,)"*Hy) '(AT, Ap,) ' AT | then

Ar, (21, — wp—1) = My(wi — w—1) + o(|wy, — wr—-1]), (D.11)

which concludes the proof. O
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E Trajectory of ADMM

E.1 Trajectory of ADMM: both R, J are non-smooth

Given a saddle point (2, y*, 1*) of L(x, y; 1)), the first-order optimality condition entails — A7 ¢* €
OR(x*) and —BTy* € 0.J(y*). Below we impose a stronger condition

— ATy* €1i(0R(2z*)) and — BTy* €1i(aJ(yY)). (ND)

Suppose R € PSF,+ (ML), J € PSFy+(M..) are partly smooth, denote T2, T the tangent

x*r Ty

spaces of ME, Mi* at x*, y*, respectively. Define the following smooth perturbation of R, J,
R(2) = L(R() - (e, ~ATv)), T(y) = 2(I) - (w, ~BT¥Y)), (E.1)

o . . def 5 def =
their Riemannian Hessian H o Prr vile* R(x*)(PTﬁ*, H5 o P, V%J* J(y*):PT;I* and

def 1

Mg = Ap(Id+ (ARAR) 'Hg)  (ARAR) AL,

_ (E.2)
e _ —1 —
M; < B,;(1d+ (ByB,;)"'H;) ™ (B]B,)"'BJ,
where Ap & Ao Prr, By “Bo P . Finally, define
x Y
M = 11d + £(2M7, — 1d)(2M5 — 1d). (E.3)

Proof of Theorem[2.2} The proof of Theorem [2.2]is split into several steps: finite manifold identifi-
cation of ADMM, local linearization based on partial smoothness, spectral properties of the linearised
matrix, and the trajectory of {zj }ren. Let (2*, y*, ¢*) be a saddle-point of L(z, y; ).

1. Finite manifold identification of ADMM The finite manifold identification of ADMM is
already discussed in [27], below we present a short discussion for the sake of self-consistency. At
convergence of ADMM, owing to (2) we have

ATy =~ AT (Ax* - %(z* — 21/}*)) and BTy* =~BT (By* - %(z* - ’yb)).
From the update of x, yi in (Z), we have the following monotone inclusions
—~ AT (Axk — %(zk,l — 21/);@,1)) € OR(zxy) and —yBT (Byk — %(zk — vb)) € 0J (yk),
—y AT (Az* — %(z* —2¢*)) € OR(2*) and —yBT (By* — %(z* — b)) € 0J(y*).
Since A is bounded, it then follows that
dist(—ATw*, OR(zy)) < 4| AT (Azy, — %(zk_l — 2pp_1)) — AT(A:C* — %(z* —29M))||
<A ANAGr = 2*) = 3 (zk-1 = 27) + 3 (s — v
< ANAN(IANzr = 2* [+ S lzk—1 = 2% + 2llk—1 — *[) = 0.
and similarly

dist(—=BT¢*,0J (y)) < I BI(IBllly. =yl + 3z — 2*[) — 0.

Since R € T'o(R™) and J € T'x(R™), then by the sub-differentially continuous property of them we
have R(zy) — R(z*) and J(yx) — J(y*). Hence the conditions of [21 Theorem 5.3] are fulfilled
for R and J, and there exists K large enough such that for all kK > K, there holds

(xk,yk) € Mf; X M;*,

which is the finite manifold identification.
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2. linearization of ADMM For convenience, denote § = 1/-. For the update of y;, define
wg = —fB(zx — vb), we have from (2) that

ye = argmin,egn 87(4) + 1By — wil®

Owing to the optimality condition of a saddle point, define J(y) £ BJ(y) — (y, —BBT*) and

its Riemannian Hessian Hy; = TPTL;;* vi\/l;* j(y*)fPTj*. For B, define By = B o :PTZ}]* ,and M5 =

B;(Id + (BTB,)"*H5)"(B¥B;)~'BT. Then owing to Lemma we get
By(yk — yp—1) = M5 (wi, — wi—1) + o(|wr — wi—1]|)

(E.4)

= —BM;(zk — 2e-1) + o2k — 2x-1])-

Now consider 2, and let wy, = 8(zx—1 — 2¢k—1), we get from (2)) that
x) = argmingcpn SR(x) + %HAw — wy|%.

def

Define R(z) = BR(z) — (v, —BAT+*) and its Riemannian Hessian Hy; = Prr e R(m*)fPT;e*.
Denote Ap = AoPrr,and My = Ag(Id+ (AL AR) " 'Hy) ' (AR AR) 1AL Note from @) that
k1 — Y2 = 261 — 2h—2 + YB(Yk_1 — Yr_2), then
wy, — w1 = B(zp—1 — 21—2) — 2B(VYr—1 — Yr_2)
= —B(zk—1— 2p—2) — 267B(yr—1 — Yr—2)
= —B(2k-1 — 2k—2) = 2By (Yk—1 — yr—2) + o(|yr—1 — yr—2|),

where yp—1 — yr—2 = Prr (Yi—1 — Yr—2) + o(|y—1 — yr—2|) from Lemmais applied. From

B, we have of[ge—1 — ) = o4 1 — 243} and o([wp1 — we_sl)) = o(1 — 212l
then applying Lemma[D.9] yields,

Ar(zg — xp—1) = Mp(wi, — wi-1) + o(|wr — wi—1]])

= —BMg(2k—1 — 2k—2) + 2M5Bs(yk—1 — Yr—2) + o([2k—1 — 21—2|)
= —BMz(2p—1 — 2k—2) + 2BMzM75(2—1 — 2k—2) + o(||2k—1 — 2k—2]|)-

(E.5)
Finally, from (@), (E4) and (E-3), we have that

2k — 2p—1 = (2h—1 + V(Azk + Byr—1 — b)) — (2p—2 + V(Azp—1 4+ Byr—2 — b))
= (k-1 — 2p—2) + YA(@r — Tp—1) + YB(Yr-1 — Yr—2)
= (2r—1 — 2p—2) + YAR(xr — Tr—1) + YBs(yr—1 — Yr—2) + o(||zk—1 — zr—2||)
= (2h—1 — 2h—2) — Mp(21—1 — 2k—2) + 2M7z M7 (211 — 2x—2)
+ M5 (zp—1 — 2zp—2) + o([|zk—1 — zx—2])
= (Id + 2MzM75 — Mg — M73)(25—1 — 2k—2) + o(||zk—1 — zr—2]]),

which is the desired linearization of ADMM.

3. Spectral properties of M/ Consider first the case where both R, J are general partly smooth
functions, under which we can shown the non-expansiveness of M. For M=, since A is injective, so

is AR, then ATRA R 1s symmetric positive definite. Therefore, we have the following similarity result
for M+
Rs

1

My = A ((AGAR) "% (1d + (AL Ag) ~* Hp(ARAR) %) (AR AR)?) )~tAR
= Ap(ALAR) ™% (1d + (ARAR) 3 Hp(ALAR) %)~ (ATARﬁ(ATAR) 1AT (E.6)
= AR(ARAR) "% (ld + (AR AR) "3 Hp(ARAR)™3) ™ (AR AR) "% A,

[N

Since (AL AR)~ 2 Hp(AL AR)~% is symmetric positive definite, hence maximal monotone, then the
matrix ) )
(Id + (AR AR) "= Hp(ARAR)"2)™"
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is firmly non-expansive. Let Az = USV7 be the SVD of Ag, then we have

IAR(ARAR) 2| = [USVT (VSUTUSVT) 5| = [USVT(VS*VT)~5|| = [USVIVS~IVT| = 1.
Then owing to [2, Example 4.14], M is firmly non-expansive. Similarly, M7 is firmly non-expansive,

and so is M [2] Proposition 4.31]. Therefore, the power M* is convergent.

Now suppose that both R, J are locally polyhedral around (z*, y*), then M and M5 become
Mg = Ar(ARAR)'AL and M5 = B,(BYB,)'B},
which are projection operators onto the ranges of Ar and B, respectively. Denote these two
subspaces by T, and Tp,, and correspondingly Pr, « Ar(ALAR)"1AL and Pry, e
BJ(B?B])_lBT; Then
M = :})TAR(PTBJ + (Id — ?TAR)(Id — ?TBJ)'

Denote the dimension of T,,, T, by dim(T4,,) = p,dim(Ts,) = ¢, and the dimension of the
intersection dim (74, N T,) = d. Without the loss of generality, we assume that 1 < p < g < n.
Consequently, there are » = p — d principal angles (¢;)i=1,... » between T4, and Tz, that are strictly

greater than 0 and smaller than 7 /2. Suppose that (; < - - - < (,. Define the following two diagonal
matrices

C = diag(cos(¢1), -+ ,cos(¢r)) and S = diag(sin(¢r), -+ ,sin(¢)).

Owing to [4}[13]], there exists a real orthogonal matrix U such that

c? cCs 0 0
-CS C? 0 0 T
M=U v+,
0 0 | Og—pt2d 0
0 0 0 Idy—p—q
which indicates M is normal and all its eigenvalues are inside unit disc.
Let M = limy,_, 4o M* and M = M — M®°, then we have
. c? CS 0
M=U| -CS C? 0 ut. (E.7)

0 0 |0y

4. Trajectory of ADMM Owing to the polyhedrality of R and .J, all the small o-terms in the
linearization proof vanish and we get directly

2l — Rk—1 = M(Zk,1 — Zk‘,g) = Mk(ZO — 271). (ES)
As vy & 2k — 2p—1 — 0, passing to the limit we get from above

0= lim M"ug= M>¥uv,,

k—+oo

which means v € ker(M) where ker(M) denotes the kernel of M. Since M>®M* = M, we
have vy, € ker(M) holds for any £ € N. Then from (E.8) we have

Vi = (M* MOO)’Uk = ka_l.

The block diagonal property of (E.7) indicates that there exists an elementary transformation matrix

FE such that
By

M =UE EUT,
B,
0n—2r
where for each ¢ = 1, ..., r, we have

B [ cos(¢)  sin(G)
B; = COS(CZ) —Sln(Cz) COS(Q)
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which is rotation matrix scaled by cos(¢;). It is easy to show that, for each i = 1, ..., d, there holds

lim BF =0,

k— o0

since the spectral radius of B; is p(B;) = cos((;) < 1

Suppose for some 1 < e < r, we have

C=C="=0C <Cet1 < <G
Consider the following decompositions
By By
T, = and Ty = ~T,.
B. B,
Onfge 0n727’
Denote n = Cocscgg(eg)l) , it is immediate to see that _ k(c)r’g = O(n*) — 0,and foreachi = 1,....e

Bo= [ 30 )

I’y is a rotation with respect to the first 2e elements.

1
cos(C)

which is a circular rotation. Therefore,
CO@(C )

Denote u,, = EUT vy, then from vy, = ka 1 =UE('; +T5)EU v, we get
U = (Fl + Fg)uk = (Fl + Fg)kuo = FIfUQ + FSUO,
which is an orthogonal decomposition of u. Define

Sk = erqlq and tk FIQCUl,

cosk ©)

then we have that |[s;|| = |sx_1] and (s, sp_1) = cos(¢)||sx]|, and ¢ = O(n¥). As a result, for
cos(f) we have

cos(fy) = (Vk, VE—1) (uk, uk—1) _ (Sk +tk, Sk—1 +tp—1)

 velllloe—a I Tuwlllue—ll — sk + tellllse—1 + te—1ll
(8%, Sk—1) (tr, tr—1) (E.9)
”Sk + tr|lllsk—1 + ta— 1|| sk + tlllsk—1 + te—1]] )
Sk||~ cos Sk + tk 2k—1
s feos(Q) | st tul o2

I R Y ET |
Using the fact that

lsi* cos(¢) _ 2 4y _ 2% sk + tl
H5k||2 + ”tkH2 - COS(C)(l - ||tk3H + O(Htk?” )) - COS(C) + 0(77 ) and ||Sk—l +tk—1” — 1

we conclude that cos(f) — cos(¢). As a matter of fact, we have cos(6},) — cos(¢) = O(n**) which
shows how fast cos(6},) converges to cos(¢).

E.2 Trajectory of ADMM: R or/and J is smooth

Now we consider the case that at least one function out of R, J is smooth. For simplicity, consider
that R is smooth and J remains non-smooth. Assume that R is locally C' 2_smooth around z*, the
Hessian of R at * reads V?R(z*) which is positive semi-definite owing to convexity. Define
My £ A(Id+ L(ATA)"'V2R(*)) ' (AT A) ' A7, and redefine

M £ 21d + 3(2Mp — 1d)(2M5 — 1d). (E.10)

Proof of Proposition 2.4, We prove the corollary in two steps.
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1. Linearization of ADMM Following the above proof, we have for y;, that
Bi(yx — yk—1) = BM75(2r — 21—1) + o(||2k — zk—1]))-
From (]ZI), for x4 1 and xy, since R is globally smooth differentiable
— A" (Azy, — B(zi—1 — 2¢k—1)) € BVR(zy;) and —AT (Azp_1 — B(zp—2 — 2¢p—2)) € BVR(zp-1),
which leads to, applying the local C2-smoothness of R around z*
— A" (Azy, — Bzi1 — 20k-1)) + AT (Azp—1 — Blzr—2 — 2¢5_2))
= BV R(zy) — BVR(xk-1)
= BVZR(wp—1)(xx — xp—1) + 0|2y, — 1)
= BVZR(z*)(zk, — x—1) + B(V2R(z—1) — VER(2)) (21, — 2-1) + 0|2k — zp-1]))
= BV2R(z*)(xx — 1) + o[ zk-1 — 28—2])-
Using the fact that A” A is invertible and rearranging terms, we arrive at
(1d + B(AT A) I V2R(2%)) (k- 2x1) + ol 251 — 5]
= BATA) T AT (21 — 2-2) — 2B(ATA) T AT (Y1 — Yr2) + olfl2k—1 — 262
= —B(ATA) T AT (2p-1 — 2—2) + 2(ATA) T AT By (Yr—1 — yr—2) + oll|ze—1 — 2x—2)),
which further leads to, denote Mp = A(Id + (AT A)"1Hz) (AT A)~1AT
Axg — 2p-1) = —BMR(21-1 — 2x—2) + 2MRrB(yr—1 — Yr—2) + o([zx—1 — z1—2|)
= —BMp(zk—1 — 2k—2) + 2BMpM75(2x—1 — 2r—2) + o(||2r—1 — 2k—2]|)-
Finally, from (2), we have that
2k — Bl = (Id +2MpM5 — Mp — Mj)(zk,l — zk—2) + o(|lzk—1 — zK—2])-

2. Trajectory of ADMM Since A is full rank square matrix and hence invertible, from (E.6) we
have My = A(ld + %(ATA)_1V2R(.%'*))_1(ATA)_lAT

= A(ATA) 3 (1d + L(ATA) EVER(a*)(ATA)3) (AT A) 3 AT

~ (Id+ L(ATA) EV2R(*)(ATA)3)
where (Id + %(ATA)_%VZR(x*)(ATA)_%) ! is symmetric positive definite. If we choose 7 such
" L)(ATA)"2V2R(z*) (AT A) 2| < 1,

then all the eigenvalues of M, are in ]1/2, 1], hence W & 2Mp — Id is symmetric positive definite.
Therefore, we get

1 1 _ arl/2(1 1yr,1/2 1/2 —1/2
S1d + SWr(2M5 — 1d) = W/ (31d + 3w/ (2M5 — 1) W/ *) W,
~ A1+ T (2m5 — 1) w2,
and M & %Id + %Wll%/ 2 (2M5 — Id)Wé/ %is symmetric positive semi-definite with all eigenvalues

in [0, 1]. Hence, by similarity, the eigenvalues of M are all real and contained in [0, 1]. O

F Adaptive acceleration for ADMM

F.1 Convergence of A’ DMM

Proof of Proposition@ From the perturbation formulation 2z, = F(zx_1 + €x—1), we have that
2 = Flzp-1 4 k1) = F(zi-1) + (F(zr-1 + ex-1) — F(26-1))-
Given any z* € fix(F), since F is firmly non-expansive, hence non-expansive, we have
Iz = 2*|| < INF(ze—1) = F() | + [ F(zr1 4+ ex) = Flz)ll < lze—1 — 2*[ + llen—all;

which means that {2, } xen is quasi-Fejér monotone with respect to fix(F). Then invoke [2, Proposi-
tion 5.34] we obtain the convergence of the sequence {zx } ken.
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F.2 Acceleration guarantee of A°"’DMM

Recall the definition of V},_1, ¢, C and Zj s in the beginning of the section. By definition,
Vie=MV;_1. (F.1)
Define Ey, ; « VkC — Vgqq for j > 1 and
Epo = Vie1C — Vi = [(Vicack —vk) 0 -+ 0]. (F2)
We obtain the relation between the extrapolated point Zx, s and the (k + s)’th point of {2 } ken
Zk,s = 2k + Zj:l(Uch + (Er,j) (1)) = Zhts + ijl(Ek,j)(:,l)

In the following, given a matrix M, we let p(M) denote the spectral radius of M and A(M) denote
its spectrum.

Proof of Proposition[d.3} We first prove (¢) that the extrapolation error is controlled by the coeffi-
cients fitting error. Since k£ € N is fixed, for ease of notation, we also write Fly = E}, o and C' = Cj,.
We first show that for £ € N, we have

¢ . .
E, = ZJ.ZIMJEOC‘ 7, (E3)
We prove this by induction. Note that
vie & v e B vy + ME, B vy, + ME,.
Therefore, £; = M Ej as required. Assume that (]FEI) is true up to £ = m. Then,
Vet 8 gy et B yryom L MEC™ = M(Viay, + En) + MEoC™
By o+ ME, + ME,C™
So, plugging in our assumption on F,,, we have
m m m j m—j m+1 j m+1—j
Emi1 = MEqy + MEC™ = MEC™ + M (Y, \M/E,C™ ) =3 7 MIEyC™ 1.
To bound the extrapolation error,
s m— . 0 s ¢ s—4
Zm:1Em = Zm 1 ZJ 1M]EOC ] (Z M])E()C = 25:1M EO(Zi:OC
Therefore,

_ s s—/ .
12,5 = 2*1 < Nlznrs = 2%+ D2,y IMAIEo N 322, Cluyyl

In the case of s = +00, we have

* | E
k00 = 21 < S I Bo(1d — Okl = TR 37 .

The fact that B; is uniformly bounded in s if p(M) < 1 and p(C') < 1 follows because this implies
that 3,2, | M*¥|| < oo thanks to the Gelfand formula, and > ;2 C?* = (Id — C)~! and its (1,1)""
entry is precisely ﬁ Since k € N is fixed, for ease of notation, we also write Iy = F}, ¢ and
C = (C},. We first show that for £ € N, we have

¢ . .
E, = EjleJ E,Ct . (E4)
We prove this by induction. Note that

Vi B v e B v+ ME, B vy + ME.
Therefore, E; = M Ej as required. Assume that (F4) is true up to £ = m. Then,

v.omt B oy yom
B yrv.om 4 MEC™ = MV, + En) + ME,C™
53] Vinaa + ME,, + ME,C™.
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So, plugging in our assumption on E,,, we have
Ep1 = MEy, + MEC™ = MEC™ + M (3. M7 E,C™7) = Z;’:leEOCmH—J’ .

To bound the extrapolation error,

—

Z E., Z Z;n:leEoCm_j) — ( MJ EOCK Z MZEO Z )
m=1 =0
Therefore,

2 = 21 < Nz — 271+ 2o I B Yo Clipl-

In the case of s = +00, we have

_ A~ - E
200 = 271 < D 1M1 = Oy | = LR 5722, gar).
=1
The fact that Bj is uniformly bounded in s if p(M) < 1 and p(C') < 1 follows because this implies
that ", [[M*|| < co thanks to the Gelfand formula, and > ;- C* = (Id — C)~! and its (1, 1)

entry is precisely ﬁ

To control the coefficients fitting error €, we follow closely the arguments of [32, Section 6.7],
since this amounts to understanding the behaviour of the coefficients cj, which are precisely the
MPE coefficients. Recall our assumption that M is diagonalisable, so M = U T XU where U is an

orthogonal matrix and ¥ is a diagonal matrix with the eigenvalues of M as its diagonal. Then, letting

def
U = U'Uk,

€ = min 1D cvi—i — vkl

yk—i _ vk —ms k—q : k—q
= min || 357, &5 ug Zruoll = min [2g(Z)uol| < fluofl min max |2["g(2)]

where P, is the set of monic polynomials of degree g and A\(M) is the spectrum of M. Choosing
9=1I[]-1(z— X)), we have g(\;) = O0forj =1,...,¢,50

q
ex < [luoll|Ag|" ™ max IT 1 =Xl (F.5)
j=1

The claim that p(C}) < 1 holds since the eigenvalues of C' are precisely the roots of the polynomial
Q(z) = 21 — ¥l ¢ 2517 and from [32], if [\, > [Ag+1], then @ has precisely ¢ roots
T1,...,7q satisfying r; = A; + O(|)\q+1/)\j|k). So,
prove the non-asymptotic bounds on ¢, first observe that zx11 — 2z = M (2 — 2zx—1) implies
21 — 25 = M (2, — 2z4) and 241 — 2 = (M —1d) (2 — 2*). So, letting v; = —cxi /(1 =D, Cki)
fori=1,...,qandyo =1/(1 — )", c,i), we have

1— le_ck i (Uk - Zj:lckvikai) = Zj:o’yivk*i = (M - Id) Z =0 72(216 i—1 — % ) (F6)

Now, y « Z;I:O vi2k—i—1 18 precisely the MPE update and norm bounds on this are presented in

[32]. For completeness, we reproduce their arguments here: Let A 14— M, by our assumption of
A(M) C (—1,1), we have that A is positive definite. Then,

1AM 2(y — =) > = (A(y — %), (y — 2*))
= (X ovivk—i, (y — 2%) +w)

where w = 23:1 ajvi—; with a € RY being arbitrary, since by definition of v, (3°7_ vyivk—s, ve) =
Oforall{ =k —gq,...,k— 1. We can write

q
w—ZaJ —1Id)(zg—j_1 — 2" :Z M —Id)M* 7 (zg — 2*) = f(M)(z0 — 2¥)
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where f(z) = 25797 (z = 1) 329_, a;297/, and we can write

q
y—z2"= Z%Mkﬂfl(zo —2*)=g(M)(z0 — 2¥)
=0

where g(z) = 2"79713°% ~;297% Therefore, f(z)+g(z) = z2¥7179h(z), where h is a polynomial
of degree ¢ such that h(1) = 1. Moreover, since the coefficients a; are arbitrary, h can be considered
as an arbitrary element of P, the set of all polynomials of degree ¢ such that 4(1) = 1. Therefore

A7y = ) < A3y = =)l min M) 0 — )]
< 1A™Y2(y — 2*)| min max [t"A(®)||lzo — 2*
<1472 = ) min a1 h(D)l 10 — =]

In particular, combining this with (F.6)), we have

%k <z — 2| (1d = M)V p(M)™ mi h(t
|1_Zick’i|_||20 2*[I( )= lo( )ffré%it?}?ﬁ)l ()]

Finally, in our case where A(M) = [a, 8] with 1 > 8 > «a > —1, it is well known that
minheﬁq maxyex(ar) |A(t)| has an explicit expression (see, for example, [6] or [32} Section 7.3.1]):

min max |h( )| < max |h (2)],

hePy zENM ZEA(M
a—p
where h, (z) £ % where T, () is the ¢** Chebyshev polynomial and it is well known that
B
—1\¢

min max |h < 2(\/77 ) (E.7)

heP, zE[aB]‘ ) vn+1
where n = t—g O
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