Appendix
A  Proof of Lemma 1

Proof of Lemma 1. The dynamical system is given by
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Since Q) = ai@(l_l) + o2, convergence of QW to a fixed point is equivalent to convergence of
QW. If we assume Q) has converged to Q*, the system in eq. 20 reduces to
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Linearizing the above equation gives
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M- (C) = Mg-(C*) + (C—C*)+0((C—C*)?)

and using a Cholesky decomposition and denoting by Dz a standard Gaussian measure, we have
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and using f Dzg(z)z = f Dzg’(z) which holds for any g(z)
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The time scale of convergence dictated by the rate y is obtained by solving the linear equation for
e = CcW® — C*, which gives e(!) = gge~!/¢ and thus in the linear regime we have
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Since a smooth convex function can intersect a linear function at no more than two points unless the
two are equal (since otherwise the gradient must change sign twice implying negative curvature at
some point), in order to show that Mg+ (C') can have at most two fixed points in [0, 1] it suffices to
show that it is convex in this range. A calculation similar to the one above gives:
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If ¢ is 0odd, so is ¢’ and then the expression above is non-negative for C' € [0, 1] according to Lemma
2 in [8]. It is obviously also non-negative simply if ¢ is uniformly non-negative. The result applies to
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quantized activation as well since we can replace the Heaviside function with a smooth approximation
that is identical to within machine precision, and apply the above argument.

Since a fixed point is only stable if the slope x is smaller than 1 and there are at most two fixed points
in [0, 1], there can be at most one stable fixed point. It follows that the fixed point of the dynamics
does not depend on initialization as long as C'(®) > 0. While there may be another stable fixed
point in [—1, 0), the network will still be unable to distinguish between any two inputs that are either
completely uncorrelated or positively correlated, which will generally prevent learning aside from
trivial tasks where data points in different classes are always negatively correlated, and thus the data
is linearly separable. O

B Covariances of post-activations

In the main text we review results on asymptotic normality of pre-activations () (z) of deep feed-
forward networks at the infinite width limit. The analysis of signal propagation in such networks is
based on studying convergence of the covariances of these pre-activations to their fixed points. The
convergence rate in eq. 6 and the corresponding time scale in eq. 7 that gives the typical maximal
trainable depth are thus the main objects of interest.

It will be convenient at times to consider instead the evolution of the covariances of the post-activations
a®(x) = ¢(aV(x)). We do this by defining, analogously to eq. 3,
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For a given z, 2’ the quantities Q(, C() are trivially related to 70~1, QU=1, CU-1) via eq. 2,
which gives
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The covariance map for the hidden states analogous to eq. 5 is simply
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C Calculation of the fixed point slope for sign-activation

For convinience, we use the hidden states covariances and mapping C , @ , M as defined in appendix
B, as they have a linear relationship to the pre-activation at the fixed point. Using a Cholesky

decomposition on the equation 10: y = 4‘7120 E S o, we gor
’ ! X (ta,up)~N(0,3(Q*,C*)) (ua)d(up) g

403//% exp (u% ;Lé) (v Q*up)d (\/@ (C*Ul + mw)) duydus.

U1 U2

The delta functions enforces: u; = 0, o = 0, giving us
2 afu
oV ©r
Then, using Q* = 0120@* + o, and since Q* =1 for sign activation:

2 o2
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While this equation is written for the fixed point C*, this equation can describe the slope of M (C)
for every value of C'. Rather than directly calculating M (C') using equation 4, it is surprisingly time

saving to calculate it by using our expression for x(C) = d/\;éc) :
= , , 2 o2
M(C) — t= CdC' = ———"—< in(C).
(C) — cons /0 x(C") 7 (02 + 0% arcsin(C)
We know that M(C = 1) = 1, from which we can compute the constant
2 o2 o}
t=M(1) - = arcsin(l) = 2.
cons (1) 7 (02 + oF) arcsin(1) 7 4 o
In conclusion:
202 . 2
= aresin (C) + o
M(C) = —= )+ o,

2 2
oy + 0}

It’s also worth noting that for the hidden-states, the mapping for sign activation is:

N 9 Co2 2
M(C) = — arcsin <02w + 0217
m o5 +op
In addition to the fixed point M (6 = 1) = 1, the covariance mapping function suggests an additional
fixed point within the range [0, 1). In the case of o7 = 0, The entire network becomes anti-symmetric
upon initialization and C' = —1 becomes an infinitely unstable fixed point as well.

D Stochastic Rounding

One possible way to counter the negative effects of quantization which has proven itself in the past,
is by adding noise to the rounding process. Being a commonplace method in machine learning, we
would like to explore the effects of stochastic rounding on the dynamics of the neural network. When
using this method the sign activation becomes probabilistic and can be modeled as:

¢(x) = sign(z + n) (24)
when n ~ Uniform[—1, 1] is randomized for every neuron. Rather than working with a uniformly

distributed noise, we replace it with a normal-distributed noise. Therefore, ¢(u) = sign(u + n), for
n ~ N(0,a?). We justify this using a numeric simulation presented in figure 4, and in Appendix D.1
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we find that the expression for stochastic rounding mapping (for hidden states) M\ST(C ) is

~ o~ 2 1 Co2 + o0}
— —r 2
M, (C) = = arcsin (B 2 b ) (25)

Q*
slope at any point (since C' < 1, B > 1), the noise also eliminates C =1asafixed point. This result
is consistent with the findings of [26] who have shown a similar phenomena when using dropout.
Due to the arcsin function being a convex, monotonically increasing function in the area 0 < C' < 1,
We can also conclude that adding noise (and therefore, increasing B) can only decrease the fixed
point slope. See L.2 for proof, and figure 4 for illustration.

2 N
where B = \/ 1+ ( < ) (2Q* + a?). While the new mapping function for C' does not reach infinite
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Figure 4: A simulation comparing M (é ) for deterministic and stochastic sign activations. For the
Gaussian noise, we used the distribution A (0, 3) so both Gauss and Uniform stochastic activations
have the same first and second moments. In all cases, the stochastic activation with the Gauss noise
was indistinguishable from the one with the uniform noise.

D.1 Development of the mean field equations for stochastic rounding

We now want to use the stochastic sign activation function to evaluate how it effects the M(C).
Using equation 6, and we get:

n2 n2
_ / dnl/ dn2/ dul/ du2 p(2;2> exp (2;2>

no—C(ny)

\/@’U’Q \/7*\/,7)2

_ g
X= TQ*a2 Zom / / P ( 2a 2) <_ 2a2> (26)

(n1)?* (n2 — C(m1))
" (‘ z@*)exp< 2@(1—<>>> e

Which can otherwise be written as:

We use the delta functions to enforce: u; = and get:

15



WQ*G23_2W / / exp[ }dnldng

03 (1= (0)?) (a2 +(@)) +1n3Q" (1 - (C)2) + a®n3 — 2a2ninaC + a®n} (C)?

b= O (1-(0F)a
So:
202 R e 1 n o Yot [ e dn
XS o 1—(0)2%/00/00“’[ 20 (- (Opa ™ )Y (n )]d”“
(27)
L (1)) a2+ (1-(C)?) (Q)* +a?(C)? —a2C
z ( —a2C Q* (17 (C)z) +a? )
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Resulting:
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And we finally get:
202

X= 2
w1 -7 + (&) 2@ + e

2
For the rest of this section, We will use the shortcut B = \/1 + (&) (2Q* + a?) We can now

write the equation as:

2
X = = (30)

— d/\/l( C) A dM(C)dC [ dCdC
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When we again drop the constant so M (5 =1) =1, and get:

™

/\//T(é) _2 arcsin <g) (31)

Based on this equation, we can also use a Taylor expansion, to estimate C*, and we get the solution:

S 4 o2 ™4 Q*\’
R 1+\/1+(2) (B —B)(Ji>) (32)

E Calculations of Q") and y for general quantized activations

We start by evaluating @, the hidden-state covariance (see appendix B) for the general quantization
activation function defined in 13, using equation 22

2
2
A — _ _ m)
@ u~N(0, Q(l))< Z H (u—gi) 1) (H ’

where:

1) — _
K uNN(OQ(l))< ZHU %) l) A+Zh¢< @) (33)

Here, we use ® as the normal cumulatlve distribution function. The constant A cancels out, and we
can expand the multiplication:

1N-1 _ '
l)_;;hh< u—gi)H(u—gj)]—@<— gﬁ(l)>¢<_ i;(l)>>’

And since H (v — g;) H (u — g;) = H (4 — Gmax(i,j))

@(l):N_lNZ_lh,h, o ,M B oY (34)
o a0 )"\ "Ven))

O (—z)P(—y) = ¢ (—max(x,y)) P (—min(z,y)), so we can see that:
® (- max (z,y)) — @ (—2) @ (- y) ® (- max (z,y)) (1 - @ (- min(z, y)))
And by using the CDF property @( z) =1— ®(z), we get

= = QW QW

from which we can easily compute Q1. In Appendix F, we develop an approximation for M (6 ).
However, for our more immediate concerns, we will go straight to evaluating the equation for the
fixed point slope, from eq. 6:

X = o, ZZJ'V:II Z;\;l fful,uzNN(O,E(Q*,C*)) hih;
§ (VQ*ur — gi) & (\/Q* (C*ul +4/1— (C*)2u2> — gj) =

] exp [ 1u%} hih;

o2 N—-1N-1
IO Dlim1 21 fexp{ 30
5 (xﬁQ* (c*jéﬁ 1- (C*)%) - gj> =
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o2 N—1N-1 BN
1 _ C*a.
E exp [—} exp _5(93—91)2 hih;
2rQ*\/1 — (C*)* =1 j=1 Q* (1 —(C%) )_
which can be simplified to:
2 N—-1N-1 2_20* . 2_
O 9; 995 +9
Y = 2§ > " hihjexp |- - ~ |- (36)
2rQ*\/1 — (C*)* i=1 j=1 2Q* (1 - (C%) ) |

F The general quantized activations mapping- Approximation and numeric
evaluation

F.1 The covariance mapping of a general quantized activation

We once again use the hidden states covariances ),C' Using eq. 5 for general quantized activation,
we get the expression:

N-1
2
2101810) - o
cQ uhuQNN(OIE(Q(’) cwy) <Z h; H 'LL1 gz ) <Z h; H u2 gj) A) (u )

where we can use eq. 33 and expand it to:
N—1N-1

A1) A s N —3Gi —9j
¢ Q zz; ; (“1 uQ~N(0 =(QLah) [H (1 gZ)H<U2 gj)] ? <\/ QU)) ? (v Q(l)>> .

When the offsets are different than zero, there is no exact solution for the expectancy when u1, us are

correlated. Article [29] suggests an approximation for finding M (5), when C (é) = %‘i‘;iﬁj;?
w b
/\//\1(6) . arcsin( 8 Z ZN 1 Ry h
27rQ (37)

1
eXp (—EW (gi +9; - gigﬂ‘ﬁ))
We found the approximation to hold well in the area C' ~ 0, and Vi, g; < @*. Therefore, when Q*
is known, this equation can be used to evaluate C* with reduced complexity.

F.2 Quick numeric method to approximate the fixed point slope, for o, > 0

Using eq. 37, we suggest a numeric algorithm to evaluate the fixed point slope for o, > 0, for any
quantized activation function:

1. Evaluate () by iterative usage of eq. 14. Start with arbitrary value @ = 1.0 and repeat T’
times.

2. Use eq. 37 to evaluate M (C = 0) (Reminder: C(C

0) = 5-2—)

Qo’2 +o'b

3. Use eq. 15 to evaluate X(é’ =0)

4. Estimate C* by %(First order approximation), and use equation 15 to find the fixed

point slope.

We found this algorithm to be very efficient and accurate when studying the dynamics in the area of
op > 0. Results of using this estimation are displayed in figure 5.

G Beyond constant-spaced quantized activations

Our main focus in this article, have been the quantized activations with constant spacing. We
now want to study the effects of using more complex activation functions on the dynamics of the
network. We will do so by defining a new family of quantized activation functions, the linear-spacing
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Figure 5: Grid-Approximation of the depth scale £ for constant-spaced activations of different
quantization levels, as a function of the initialization parameters. D = 1 was used as the constant
space between offsets. For this approximation, we used the algorithm described in F.2. It is apparent
that the maximal depth scale for all quantization levels is achievable for o}, ~ 0.

activations- For any given values of 1, c; > 0, c2 € R, the function parameters in accordance with
equation 13, are:

Vie{l,.,N—1},m= (k-4 —2),h; =h,
This family of functions can be thought of a second order generalization of the constant-spaced
functions, which correspond to the special case Dy = 0. This family of functions is important, as it
also includes sigmoid-like quantized activation functions (given for values of D; > 0). To evaluate
the dynamics of the new family, we again use eq. 16 and the depth scale definition eq. 7, and run a
grid search over the normalized values of Dy, Dy, calculating the depth scale for each combination
of parameters. The results of the grid search for several different quantization levels are presented in
Figure 6. In all of the tested activations, the maximal depthscale that we found was identical, within
numeric error range, to the maximal depthscale found for constant-spaced activations, indicating that
the additional degree of freedom does not help improving the dynamical properties of the activation.

H Additional MNIST training-results

When studying the empirical effects of the initialization parameters on trainability when using a 10
states quantization, and seen that the longest trainable network is achieved when using the D,
the optimal normalized distance between offsets, as proposed by our theory. Additional test have
been made to other quantization levels as well and gave similar results. It is unclear from the results,
however, whether the degradation of deep networks is caused by the unoptimized propagation of the
forward pass, or by the unoptimized backward pass. To isolate the effects of the forward pass which
are of more interest to us, we measured the effects of o, on a 10 states quantization once more, but

19



4 States 5 States 6 States

2.0 2.0 2.0
17 717 10 1.7 14
12

13 6 1.3 g 13
10

16‘ 1.0 5 1.0 . 1.0
8

07 4 07 0.7
A 6
) L \ ) 4

2
0.0 0.0 0.0
0 03 07 1.0 13 17 20 00 03 07 1.0 13 17 20

00 03 07 1.0 13 17 20 0 7
Do Do Do
8 States 12 States 16 States
0.5 0.5 0.5
25 50 80
0.4 0.4 0.4 70
20 40
03 0.3 0.3 60
30 50
ZQ'" 0.3 o3 0.3
40
0.2 10 0.2 20 ¢ 30
20
0.1 0.1 10 0.1
5 10
0.0 0.0 0.0
0.0 0.3 0.7 1.0 1.3 1.7 2.0 0.0 0.3 0.7 1.0 1.3 1.7 2.0 0.0 0.3 0.7 1.0 1.3 1.7 2.0
Do Do Do

Figure 6: Evaluation of the depth scale £ for linear-spaced quantized activation, with the initialization
op = 0. The search resolution is 1000 x 1000 for each quantization level. The maximum depth-scale
on each grid for square spacing activations is always achievable for the constant spacing as well,

where Dy = 0.

800 Training Steps 1600 Training Steps

102

Layers

Figure 7: Test accuracy of a 10-states activation in feed-forward network, over the MNIST data-set,
with different initialization values and optimized STE for backward propagation of gradients. When
compared with the 3, we can see that adjusting the networks for better backward propagation of the
gradients does not have a significant effect on the trainability of deep networks.

1
2

optimized the STE to allow clean gradient propagation using p~! = o, /erf ( ), when using

0w and Q* based on each run’s initialization values. Figure 7 shows the results of this experiment,
and confirms that the optimal initialization is dominated by the forward pass.
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Figure 8: Time evolution of the test accuracy. Line 1&2: The evolution of the heat maps presented in
figure 3, at an early stage of training (Training accuracy) . Bottom line: Test accuracy at an advanced

stage of training (16000 steps), for the same deployment. Those results align with the results of [26],
showing that even in a late stage of training, networks with layers exceeding ~ 6¢ are untrainable.

I Simplified Optimization of the initialization parameters

Sections 4 describes an algorithm for computation of the value of the initialization parameter o,
that would allow the best signal propagation in the network for any quantized activation function.
However, when dealing with the constant spaced activation functions of the form:

N-1
i=1

we find that our suggested method of initialization quickly converges to the Xavier initialization
[9], as the quantization levels increases. For simple initialization, we suggest a small modification
for the Xavier method that accounts for quantization: When F;,, and F},,; are the fan-in and fan-
out of the layer, rather than simply computing the standard error for weights initialization using
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Ow =4/ ﬁ as in the case of normal Xavier, we suggest that using a factor of
1.23
T T o2
(N +0.2)
(when N is the number of activation states), so that:

aN =

2
F m + F out
We see that for the continuous case, our activation function becomes hard-tangent and our factor
becomes limy_, o, oy = 1. vy was estimated by computing the value o, that ensures % = Dgpt
for states ranging from 1 to 128, and fitting the results o, (/N) to the function 1 + ﬁ, which

behaved accordingly. For the case where the number of states is larger than 128, the factor ay is
small enough for the error to be irrelevant. Figure 10 shows a comparison between the standard
Xavier and our modified initialization for 3-states activation, where oy is at it’s peak.

Ow = QN -

J Backwards signal propagation for straight through estimator

While we use quantized activations for the forward pass, the backward propagation of quantized neural
networks is, in our case, done by straight through estimators (STE). When using constant-spaced
quantized activations, we choose a STE to imitate the backward pass of the hard-tanh function:

—p !t x<—1
Pp(x) =qap  —1<z<1
p~t x>1

where p > 0 is a parameter that controls the slope of the hard-tanh, so the backward equation is
determined by the derivative:

ol (z) = {" ol <1 (39)

0 else

The moments of a random N x N matrix A are given by m%) = %Etr (Ki). In the case of eq. 9,

and our STE ¢, the equation is reduced to

1
mi), = FEr (6, (u )W (4, (u")W))

where u; ~ N(0,Q*) .i.d and Dy (- is a diagonal matrix with ¢’(u*) on the diagonal. This gives

i =2 [ (6,V/@2) D2

where Dz = \/% exp ( %2) Then obtain:

1/VQ* )
(1) — 2,2 Du = 2 2 £ ) 40
mJJT pr / u Uwp er (m) ( )
-1/VQ*

Assuming we already have the value o,,, Q*, we can set p~1 = 0,4 [ erf (ﬁ) to ensure myyr =

1, and thus avoid vanishing and exploding gradients. In our main results, we avoided modifying the
STE parameter p in order to keep the experiment simple, and used the trivial STE using p = 1.

22



10 Layers 20 Layers

10 25
—— modified init —— modified init
g - — Xxavier init 20 — Xxavier init
— E —
(@) 6 (@]
_ |-
AL 0
= 4] +—
[%2] 2]
() ()]
= oo —
T T T 0 T T T
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Training step Training step
5 30 Layers 35 Layers
5 -
—— modified init 70 A —— modified init
— 20 — Xxavier init —. 60 — Xxavier init
X X
25 2o 50
— —
o © 40
LD 0
- — 301
0 0
2 2 20
10 A
O T T T 0 T T T 1
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Training step Training step
100 40 Layers
modified init Table 1: Results Summary
80 —— xavier init Test Error (Mean)
Layers Xavier Modified

10 3.3+04% | 2.94+0.2%
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Figure 10: Comparison of our suggested initialization with the Xavier Gaussian initialization,
for MNIST training using a 3-states quantized activation for layer numbers near the depth scale
6&mar =~ 37. For each number of layers and initialization, we used a grid search to find best learning
rate from the values [0.25, 0.5, 1,2, 4, 10] x 1073, with all other run parameters as described in the
experimental part of section 5. We ran 25 seeds using that learning rate, and the plot describes the
mean and standard error of the test accuracy, at every step. In all cases, our suggested modification
outperforms Xavier initialization by a small margin. With 40 layers, the network depth exceeds the
theoretical depth scale, and all trainings fail under the 20000 steps limitation.
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K Comparing convergence in C' and () directions

In previous papers studying signal propagation in feed-forward networks [24, 26, 30], it has been
argued that the convergence in () direction is significantly faster than the convergence in the C
direction. Under this assumption, one can derive the approximate depth-scale by analyzing conver-
gence in the C direction only. The claim was established using empirical evidence [24] and using
an approximated Taylor expansion of the activation function [26], by showing that the slope . at
C* = 1is always larger than the slope x, at Q*. In our case, however, it is invalid to assume that
the Taylor expansion of the quantized activation is correctly approximating the function behaviour,
and either way C* = 1 is an infinitely unstable fixed point and the convergence there can not be
used as a baseline for comparison with the convergence in the @) direction. It is therefore necessary
to assert that this assumption holds for quantized activations as well. We will start by comparing
Xe>Xq analytically for general quantized activation function in the limit where the o, is very small
or very large, show that our assumption may fail in the case of some nontrivial activation functions
and provide empirical evidence that the condition x.(C = C*) > x,(Q = Q*) holds for trivial
activation functions.

First, we argue that it is sufficient to show that x.(C' = C*) > x,(Q = Q") for the depthscale in the
C direction (£¢) to be indicative of the full system-convergence. This is true because the mapping
function of () is independent of the value of C'. In the case of where x.(C = C*) = x,(Q = Q*),
we can, at the worst case, consider that C' will only start converging once () has converged, in which
case the system would converge after a K .{c + K&, where K, K, are some constants.

Going back to eq. 15, using g; = %, and picking the minimal value of C' = 0 (M (C) is convex) :

‘“ Z ZN 'k hjs= exp{ LQ;%Z} =
2 NS N by (G:) & (65)

(41)

We do a similar derivation for the mapping of (). From eq. 35, using dq);f) = 5329 (%) and

denoting G, = max(gi, g;), G;; = min(gs, ;) we get that:

i
IM(Q) o2 NIN
Xg = dQ szhh Gi) ®(Giy) = Giyo (Giy) @ (=G)] @)
=1 j=1

Combining those results, we get that:
X 1LY S by [G0 (GF) @ (Gy) — Giyo (Gy) @ (-GY))]
—2 St iy (GF) 6 (G7)

(43)

From this result, we can immediately see that when taking o,, — oo, resulting, G, j/ T 0, we get
that % — 0,80 xqg < Xe-

To analyze the behaviour of o,, — 0, we will consider the continuous activation functions:

b(z) = {3113(1 —alz]) |zl < A 44)

else

where for @ = 0 we get an hard-tanh and for o > 0 we get a sigmoid like function. The derivative of
this function is:

by 1 =2a|z| |z[< A
o @=1{; A s)

We also calculate the derivative 6/\;76(;2) directly from eq. 4 and get:

Xq(Q) = @%E [¢' (z) ¢ (x) 2] (46)
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where X N(0, Q). We will also use the previous result x.(C) > x.(0) = 02 E [gf)/ (x)ﬂ If we look

at values where o, is small, resulting small enough () so values outside the region x < |A| can be
ignored, and we get:

2 0.2

Yo = GEW @6 @a] = FE(1-3ale]+20%7) 7] @7

which sums up to:

Xq =02 (1 — 6ay/ % +20%Q (3!!)) =02 (1 - 6@\/6\/3—1— 6a2Q) (48)

Similarly,

2
Xe(C = 0) = 02E [(1 —2aE \x|)2} =2 (1 +402Q — 404\/@/) . 49)
s
The condition x. > X, therefore translates to:

1+ 40%Q — 4a\/§\/z >1-— Ga@\/er 602Q (50)

or simply a\/g > a?y/Q (3 - %) We can immediately see that in the non-trivial case of o < 0,
the activation functions will not comply with the condition () can be infinitely small), and () may,
indeed, converge slower than C'. For a = 0, we can see that the convergence of ) and C' is identical.

P
For the case of o > 0, we get the new condition a/Q < Ve ~ .462

(3-2)

To see if this is true we need to estimate what is the region where our “small ()" assumption is

valid. First, to keep the function continuous we can calculate A = 1=y1-da VQ};%‘, and we will check the
condition in the case \/(Q) = ? (so the probability of z > A is small), giving us the condition
462 > 1=v/lzda Vé_4a > % which is always true.

To conclude the analytical analysis, we saw that for large values of Q) (when o, is large) x4 > X.
for quantized activation functions, and that for small o,,, () we can expect the convergence rates to
match on trivial continuous activation functions. To check the intermediate range and to verify those

results for quantized activation, we numerically calculate the values of x4, X using equations 41,42.
Results of this experiment are shown in figure 12.
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Figure 12: Empirical comparison of the convergence rate (Fixed point slope) of C' and @ for
different quantized activation function, and varying hyperparameters (o,,). The activation function’s
offsets, for each value of B (6 x « from eq. 44) and for given number of activation states, is

calculated by g; = n—
Xa

limg,, o0

Ow

(i—%) (1 + 5 i-n/ 2|) In accordance with our theoretical derivation,

= 0 and hmgw_m X < 1 if & > 0. Our results also show that the gap between . and
Xq 18 generally wider when the number of activation states is low, and that the condition x. > x4

holds for all hyperparameters for all trivial activation functions (8 > 0)
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L Additional Proofs

L1

Proof that fixed point slope for sign activation can only be optimal for o, = 0. We would like to
prove the the optimal slope at the fixed point for sign activation can only be achieved when we

take opto zero. First, we will use the implicit function theorem to calculate % (6’ is the hidden
states covariance, as described in appendix B), using the fixed point equation:

~ ~ 2
F(C*,0p) = C* — —arcsin (C*) =0

™

Ak 2 2

when C* = 70051‘;? ,Q* =02 +o07:
oF
aC*

When we x can be expressed using 11. Also:

oF 2 1 acr

8701;_ T 1_(0*)2 ooy,

9 1 20,02, (1 - 6*) 20y (1 - 5*)
Ty @t @

and using the implicit function theorem:

0 E 20 (1-0)
- oOF _ *
doy, 25 1—x Q

we can now use it to calculate:

20’{, c* dC

X _ 20, _20  Ct dC
Q*  1—(C*)*doy

0 (02 4+ 02) /1 - (C*)°

while:
ac o dC* 200 C*o2 + of o
do, 02 +0f doy, 0% +0} (0240} b
1 5 dC*
— 20, (1 =C~
Q* <aw dO’b + Ob ( ))
so:

g N

c* dC*
+ (a o + 20 (1 — C’*)) — 20;,] =




d 2 2 * 2 *
di: Ow —+ ¢ 3 <0‘3)i< b (10*)> +20’b71 CC* 20’1,] =
I ICORVIECE o S e
20_2 [ C* X 20’[, (1*6*) 1
w 1_0*0'5}1_ Q* *20’}] =
(@) (1+C*)\/1-(C")* | X |
402 oy, c*Q* b2 X (1 - C*) 1
PN w * - =
T(Q) 1+ 1- () [(1-6)ez "1mx @ |
20X [ xC* ]
-1
(@) (1+C*) [1-x
we learn that sign ( ) depends on = C — 1. if for some value of ab, Ows 1 <> 1, then, = —1
will remain positive when increasing oy, since =% > 0 and >0 results x > O. The

optimal (highest) value of x for the given value of aw will therefore be achieved in the limit op — 00,
and we can use the slope equation to calculate it:

2
w :0

. . 20
lim y = lim
op—00 op—00 2 e 5 2
/(02 +0f)" — (C’*a,?u + ab)

(for this we use the fact that C* > 0 for op > 0)

And this contradicts our assumption that this is the highest value of y, so % must be negative for all
values of oy, 7.

O

L.2

Proof that stochastic rounding results smaller slope at the fixed point. We have shown that the the
covariance mapping function with stochastic rounding is M (C) = f (%), when we denote C, (C) =

A _2 2 ~

(’;Uzw;;?, Cr = C,(C*), and f(z) is a convex function for 0 < z < 1 and the variable B > 1 is
w b

increasing as the variance of the stochastic rounding increase, and B = 1 gives us the mapping for

deterministic function. We will show that dX < 0, when x* is the fixed point slope. Using the

implicit function theorem as we did in proof L 1, for the function:

F(C*,B) = C* — M(C*) =

for 6% we get:

OF
aC*
when we used the definition of x* as the fixed point slop. For 2 5B B, we get

OF —C,
9B - —f( ) B2 >0
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using the implicit function theorem:

A dF
e _ —4dB
dB - dF
dC*
and since d@ - > ( this also means that:
a0 ~ o top )
dc*
1B <0 (51
from eq. 30 we know that:
. 201%)

X:

(- (%))

%, we get % > 0, and from eq. 51 we get that g—g =

we can immediately see that for C' =

BdS” _cx . . dx*
—iE— < 0so0 the chain rule gives us 5 <O0. O

M Neural tangent kernel for quantized activations

We consider the dynamics of training for deep, wide neural networks. We argue that the error at an
average test point will not improve during early stages of training if the signal propagation conditions
are not satisfied, and thus ensuring signal propagation should have a beneficial effect on generalization
error.

M.1 NTK setup

We consider full-batch gradient descent with regression loss in a continuous time setting. Defining a
fitting error (; = f(x;) — y; >, the loss function is given by

1
= 2
SD - 2 Nd ; Cz .
where N, is the number of data points. The weights evolve in time according to

90, _ dp 1 80f()
ot 90,  NeZ 00,

Gi

for all weights 6,,. The evolution of the network function is then given by

Of(zi) _ Zaf(fi) 90, izaf(ffz) 3f($j)<_ _ b 6]
i = N, i

ot 90, ot Ny~ 96, 00,

p

where p indexes all the weights of the neural network and we have defined the Gram matrix © €
RNd X Ng by

01 (w:) 01 (x;)

O(x;, ;) = KA 52
(e e) =) 20, 00, (52)

P

This matrix is referred to as the Neural Tangent Kernel (NTK) in [14]. When considering this object

at the infinite width limit, it is convenient to adopt the following parametrization for a fully connected

network f : R™0 — R™Z+1:

Pl (x)) =z
al(z) = \/%W(l)qb(a(l_l)(x)) +opb®, 1=1,..,L (53)
fla) = a0 (x)

>This can be generalized to other loss functions [16].
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for input z € R™ and weight matrices W) € R™>™-1_ The weights are initialized using

W(l) ~ N(0,1),b l) ~ N(0,1). The output of this NTK network is identical to that of a standard
network yet the gradlents are rescaled such that © remains finite when taking the infinite width limit.
For an appropriately chosen learning rate the dynamics of learning in the NTK network can be made
identical to those of a standard network [16].

In [14], under some technical conditions, © was shown to be essentially constant during training at

the sequential limit lim ... lim lim . At this limit, adapting Theorem 1 of [14] to allowing
NrL—1—>00 MN2—>00MN1—>00

arbitrary variances for the weights and biases, one obtains the following asymptotic form of © at the
sequential infinite width limit:

i 2’@ (2,220 (z, 2") (54)
where
YW (z,2') = :T?ngI/ + o
50 (z,2") = o3, E G(u1)p(uz) + o
(ul,uQ)NN(o,szwL,w,) (55)
50|, < Z((lz)>((;; 5)) EE((zl))((f/’ :sc’)) ) ,
are the covariances of the pre-activations and
¥, a') = o, E ¢/ (un) @' (uz).

(u1,u2)~N (0,50, /)

In [2] it was also shown that for finite width ReLU networks E© = © and concentrates about its
expectation with the fluctuations scaling inversely with layer width. It follows that when taking the
layer widths to infinity in arbitrary order for ReLU networks one recovers ©, and empirically ©
concentrates well around © for other choices of nonlinearities [16]. We note that even when using the
standard scaling 1, for very wide networks where the effect of individual weights will be negligible,
even though the asymptotic for of the NTK at infinite width may be different, it will still change little
in the initial phases of training.

M.2 Continuous activations

We write the NTK for a feed-forward network in the NTK parametrization 53, omitting the dependence
on z of f,a™ to lighten notation

af ow Of
8Wi(j) V-1 gV

ow  Of  9¢(al)
V=1 9g(al’)  dal’

(ol ™) =

Z of 9" (o)

(1-1)
\/ﬁa (14+1) 3¢( (l)) 304?) ¢(Oéj )

Ow - 8f Ow l+1)8¢( ) (1-1)
\/7](.218 (1+1) \/>sz a (l) (b(a )

N Bail)(az)

of(x) _ ow of(x) \" 1
QWS) :\/m [(aa(l+1)(x)> W(l+1)D(l)(1~)‘| ¢(O¢§l )(:C))

restoring the = dependence and defining a diagonal matrix D) (z) = diag( ) we have

%
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we can repeat the process for the elements of ai{l(fz) finally obtaining

af (z) _ Ow
8Wl(7l) - A/MN—1 [

and we similarly obtain

WD DB (yw B wHD DO (z)| ¢(al'™V (x)) Z 39 (2)a? (z)
? -1

of(x) =
p

The NTK thus takes the form

Of(x Of(x Of(x) OFf(x
O(z,2") = ZBW];E)L) amﬁc((’f =+ 2 0);%) gb(ﬁf))
K *

Lyiy i1 ipig_q 1,4

=025 1 (A0, BO) ) (30 (@), 50 @) + oF (BO(). BV ("))
=1

According to [14, 2], this tends to 54 at the infinite width limit.

M.3 Quantized activations

We now consider dynamics in function space with quantized activations. Analyzing a single network
in this fashion is hopeless since the network function is not a continuous function of the weights and
so the dynamics will not be continuous. We can instead consider a stochastic rounding scheme where
the post-activations are defined according to

al) = sign(az(-l) - z-(l))
and zi(l) ~ Unif([—1, 1]). The connection between this setup and the straight-through estimator

(STE) was first observed in [13]. We denote the set of all zi(l) by {z}. Considering the dynamics of
an ensemble average such that the loss function is given by

1 Ny Ng
2
¥ N ;(E{z}f(xz) yz) N ;Q
We have
3Ezfz)f o

l l l l l l
PRURET (p(af? =2 > 0a®) flao_, + (1 = plal” = = > 0lal)) flo0__,)
«, «, ¢ *

ap(agl) —20 > O|a(l)

\ ) ) ( 1
= : : floo_, — floo__ ) =-1 o (f|A(z>_ — flow__ ) .
8(%2[) a; =1 a;’'=-1 2 ‘0‘1: |§1 a;’=1 a;’=-1

If we now consider any smooth extension of vy of &gl) such that [—1, 1] C Im(~) and denote by f a
copy of f where we replace a® by ~. We then have

)

I
et

f‘a£l>:1_f|a§l):71

=0



£ 2 £ 2 F aEz(z)f 27
y=+1 =0 Qi g =11 ~=0 @; ~=0

If we neglect these higher order terms (which should be small since the influence of a single neuron
on the output is generally small, and should vanish at the infinite width limit) and note that the above

approximation holds if we condition on {z}\{zfl) }, we obtain

OE . f OE f

PO ~ ‘aﬁ”|g1 a0 (56)

We can now repeat the calculation of the NTK using eq. 56, obtaining

OE . f 0w OE(,f of (1-1)
ORI G Pl a1 ®(@ )
oW -1 Ja; \/ﬁ 0o(e;”) 1%

ni+1
Ow Of  0ow . (+1) (1-1)
= W, 1 olaz 7).
i R a0 i et 190

Defining DélT)E(x) = diag(\‘;—%]lw,) ) < 1) and applying eq. 56 repeatedly at each layer up until L + 1

gives

of (z) Tw (L+1) (L) (L) 1+ pO) -1y — w30 ~()

0 T [W D (nyw® _w DSTE(x)L(,b(aj (2)) = = 0 (@)a? (@)
6f(l‘) ()

~ 0Op STE,i(x)'

oY
and thus applying 52 gives

OE A f(x
%N ZGSTEl‘x

where

L+1
1 /2a A . . A !
Osre(w.2) = 03— (Bife(w). Bife(e')) (@ (@), 60 ")) + 0F (B (@), B ("))
=1 -

A trivial generalization of the calculation of the asymptotic form of ©(x, ') at the infinite width
limit in [14] shows that at this limit Ogrg(z, 2’) tends to

L+1 L+1

Oste(z,7') = Zj:IZIHZ/S(Tj%(:Lx')EU)(x, z') (57)
=1
where ¥ (z, 2') is defined in eq. 55,
1
ZS(TZE(JU a') = o, E Psre(ur) Pste (uz).

(ul,uz)w./\/(O,E(l) |J__L/)
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and we define the hard-tanh function,

1 1<z
¢STE(5U) =< —l<zx<l. (58)
-1 z< -1

for which ¢grg () = 1}y/<1. The form of Ogrg(z, 2”) is thus obtained by replacing the sign activation
with eq. 58 but only during the backwards pass (and not during the forward pass), in line with the
motivation of the STE in [13]. We note that the dynamics of this ensemble average correspond to
those of the update scheme in eq. 19 with p = 1. Other choices will introduce a dependence on p in
Oste(z, 2') but will not change the fact that it can be expressed as a function of the covariances of
the inputs in eq. 55.

M.4 Asymptotic NTK and generalization

We now consider a very deep network such that the covariance map approaches its fixed point

O (x, 2") for very deep networks will approach a matrix of the form

i L%l@““)(x, ') = 0" (2,2') = ad(x,2') + B(1 — 6(x,2)) (59)

for some constants «, 8 and §(z, z) is a Kronecker delta.

To understand the generalization properties of such a network, we can consider the evolution of the
error at some test point 2 that is not part of the training set. It will be given by

8((2) B I Ny . I Ng
o = N (mle) =~ ()

which at initialization is independent of our choice of z. Since it is also independent of the true label

of z this will mean that the generalization error will typically not decrease °.

We conclude that for networks deep enough that the covariance map converges, in the initial phase
of training before © changes considerably there will be no improvement in the generalization error
at a typical test point. Conversely, this suggests that satisfying the signal propagation condition
x = 1 will facilitate generalization. Presumably, if convergence to the fixed point is slow, instead
of the form in eq. 59, © will exhibit some finite scale of decay from its value on the diagonal as a
function of the distance between the inputs. This will enable points in the training set near z that
share the same label, and where the error has the same sign as ((z), to influence 8%—(:) thus reducing
the error at z. This argument is independent of the value of (3, and provides further motivation for the
study of critical initialization schemes that exhibit slow convergence to the fixed point [26]. Such
initialization schemes have also been motivated in the past by concerns of trainability (i.e. ensuring
stable signal propagation from the inputs to the hidden states of a deep network, and preventing
vanishing/exploding gradients). This phenomenon could perhaps be the basis for the improvements
in generalization observed when using critical initialization schemes, which have hitherto been
unexplained.

To explore whether rapid convergence of the covariance map is correlated with a lack of structure in
the NTK, we define a coarse metric for non-trivial structure in the off-diagonal terms of the NTK that
should facilitate generalization. Given a row of the NTK ©; = O(x;,-) € RVN¢, we define our signal

8 Aside from some trivial cases such as learning a constant function.
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to be the sum of off-diagonal terms in this row that share a label with x;:

Si = Z @(xi,xj)

J#i
Yi = Yi
while the corresponding noise measure is simply
N; = |64, — Si.
The idea behind this metric is that the fitting error at some ((z;) with y; = y; will be closer
on average to ((z;) than ((z;) such that y; # y;. If x; is not part of the training set, % =

Ng

-5, 2. O(zi,x;)((z;). Thus if the elements of © with the same label as z; are large and
J=Lj#i

positive there will be a large magnitude contribution to % that has the opposite sign as {(z;)

and thus ¢(x;) will decrease quickly over time. The noise in this case is the size of the other entries.

Generalization error should thus improve if the signal-to-noise ratio

1 Si
SNR = E;E (60)
is large and
1
S=-—2V3"5; 61
ngj (61)

is large as well. The latter condition is important since in the case of networks with small weight
variance SNR may be large but S itself vanishes and so will any change in the generalization error.
For both networks with tanh and quantized activatsion we observe that the regime where SNR and S
are both large corresponds to the one where the signal propagation time scale in eq. 7 is large as well,
as shown in Figure 13.

In this experiment, the network architecture is given by 1 with L = 30 and all hidden layers of width
300. Note that for a finite width network with constant layer widths the difference between the NTK
and that of a network given by 53 will be a constant factor. The quantities in the plot are averaged
over 450 MNIST data points for the tanh network and 200 images for the quantized network, and
5 different initializations. The NTK for the network with quantized activations is calculated by
replacing the terms in the backwards pass with the STE equivalents, as in 57. We note that a similar
degradation in the generalization ability when the signal propagation conditions are not satisfied has
been described previously in the case of wide networks where only the last layer is trained [15].

M.5 Change of asymptotic NTK during training

We have argued above that based on the structure of the NTK at initialization for networks where the
covariance map has converged, we expect no initial improvement in the generalization error. At later
times, if we assume that the Taylor expansion of ©} exists

X Lk 9k * /
th 0"O)(z, x

07 (=) = Y b T

rd otk

=0

we can see directly that O} (z, ') will be independent of z as well, since the summands in the RHS
are. This argument thus extends to later times asymptotically at the infinite width limit, or for finite
width until such time as deviations from the asymptotic form of the NTK influence the dynamics.
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Figure 13: Off-diagonal structure in the NTK is correlated with signal propagation. The signal
(eq. 61) that is expected to improve generalization, the signal-to-noise ratio (eq. 60) and the signal
propagation time scale (eq. 7) are plotted for different architectures. All quantities are normalized
by the maximal value in the range of parameters shown. Left: For networks with tanh activations
with different weight variance o2, the time scale ¢ behaves non-monotonically. The SNR decreases
monotonically, while the signal S spikes around the same value of o2, where signal propagation
is best achieved. Thus the point that maximizes both SNR and S is close to the one where signal
propagation is also maximal. Right: For networks with quantized activations, as the quantization level
increases so does the SNR and the signal itself. We also observe the same non-monotonic behaviour

based on the parity of the number of states in all three.
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