A A class of examples where assumptions and AQ|are satisfied

First consider a spherically distributed d dimensional random vector .S, i.e., for each d dimensional
orthonormal matrix O the distributions of S and OS' are identical. It is known that a d dimensional
random vector S is spherically distributed iff there exists a positive (one dimensional) random variable
R, called generating random variable, such that S =; RU% where U(% is uniformly distributed on
the d dimensional unit hypersphere [Frahm|(2004). For example, if S is a standard normal random
vector than R? is a chi-squared distributed random variable. Further, it is also known that for each
spherically distributed S there exists a function ¢g(.) such that the MGF of S, namely E[e? ], is
equal to ¢5(||0]|3), where |.||2 represents 2-norm Frahm (2004).

Now, suppose that {X;}; are i.i.d. with a spherical distribution such that the generating random
variable has density with support in [0, 5]. Further suppose that {Z;}, are i.i.d. Uniform[0, 1), and

that © C [0, 1]¢. Thus All|and readily hold.

The following facts are easy to show: (i) F(z) = z(1—2) (i) 2* = 0.5, (iii) (2, 0) = z¢x, (||0]|3) —
22¢x, (1|20 — 00)|2), and (iv) (2*, 0p) is the unique optimizer of 7(z, ). Further, ¢s(.) is a linear
combination of MGFs |[Frahm (2004)) which are convex, and is thus convex itself. Now, let H be the
Hessian of r(z, 0) at (z*, 6). With some calculations one can show that for any non-zero y = (z, 6),
we have that

d
yTHy = —46% (10]3) (42 +4z29”o<”+2zzwel>a<l /+Z( +9l>>>

I=1101'=1 =1

< —4¢'%, (1013) | 22% +2(0700 + 2)? (Zw D|( 1+0‘“>
<0

Thus, the Hessian of 7(z, §) at (z*, f) is negative definite. Thus, as argued in Section2.3] AB|holds.

B Variants of DEEP-C: Formal Definitions

B.1 DEEP-C with Rounds

We partition the support of Z; into intervals of length n =1/, If the boundary sets are smaller, we
enlarge the support slightly (by an amount less than n~'/4) so that each interval is of equal length,
and equal to n~1/4, Let the corresponding intervals be Z1, . .., Z, and their centroids be (3, . .., (
where % is less than or equal to n'/%. Similarly, for I = 1,2, ..., d, we partition the projection of the

support of the ) into the /" dimension into k; intervals of equal length, with sets 6(1”, RPN @,(Cll) and

centroids 951), ey 9,(6?. Again, if the boundary sets are smaller, we enlarge the support so that each
interval is of equal length, and equal to n~1/4.

Our algorithm keeps a set of active (z,6) C Z x © and eliminates those for which we have sufficient
evidence for being far from (2*, 6;).

Our algorithm operates in rounds. We use 7 to index the round. Each round lasts for one or more
time steps. Let A(7) C {1,...,k} where U;c 4(;)Z; represents the set of active z’s. For each [

let By(t) C {1,...,k} where [], Ujegl(ﬂ@y) represents the set of active 6’s in round 7. Then,
(Uica)2i) x I, UjeB,(T)Gy) represents the set of active (z, 0)’s.

During each time ¢ in round 7 we have a set of active prices, which depends on X; and A(7) X
Hl Bl(T). Let

P(r,t) = {p azeuveA(ﬂzz,a@eHUjemm@ st Inp = 1nz+9TXt}
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During round 7, at each time ¢ we pick a price p; from P(7,t) uniformly at random. At time ¢, we say
that cell (¢, j1, ..., ja), i.e. set Z; X @ﬁ) X @;i) X ... X ®§-j), is ‘checked” if p; € P; j, .. ;,(T,1)
where

Piji ga(mt) 2 {p Fzez,We[[e)st mp=mnz+ 9TXt} .
l

Each price selection checks one or more cells (3, j1, . . ., jq). The round lasts until all active cells are
checked.

Let ¢, (%, 1,-..,ja4) be the first time in round 7 when the cell (4, j1, ..., jq) is checked. Recall that
the reward generated ay time ¢ is Y;p;. At the end of each round 7, for each active cell (¢, j1, ..., ja)
we compute the empirical average of the rewards generated at the times ¢,/ (4, j1, . .., jq) for 7/ =
1,...,7,1ie., we compute

s N
NT(Zle ce Jd) = . Z )/—tf/(ivjlv"'vjd)pt'r’(ivjlv"'vjd).

7/=1

Note that for each cell, in each round we only record reward at the first time the cell is checked
and ignore rewards at the rest of the times in that round. We also compute confidence bounds for

2 —2
(i, 41,5 - -, ja), as follows. Let ¥ = max <1Oa§7 42 51 ) For each active (i, j1, ..., ja), let

logn’ logn

. . o . ~ydlogn
uf(z,h,..-,Jd)=u7(2731,-~73d)+\/77 ,
. ‘ o . [~ydlogn
17(17]17-”7](1):,uT(Zajla"'a]d)f - .

These represent the upper and lower confidence bounds, respectively.

and

We eliminate ¢ € A(7) from A(7 + 1) if there exists ¢’ € A(7) such that

sup u‘r(iajlv"'ajd) < 1nf l‘r(ilajlv"'»jd)
(J1,--3a) €L, Bi(r) (415---sda) €T, Bi(7)

Similarly, we eliminate j € B;(7) from B;(7 + 1) if there exists j° € B;(7) such that

sup sup u‘f‘(iajh"'a.jl—laj7.jl+17"'7jd)
1€A(T) (1, di—1:d1415-da) €Ty g By ()
< inf inf lT(iujla"'7jl—17j/ajl+17"'ajd)'

i€A(T) (1, di—1:d1415--da) €Ty g By ()

The time-complexity of this policy is driven by the number of cells, which increases as O(n%/*), and
thus scales poorly with d.

B.2 Decoupled DEEP-C

We assume that there exists an s < d such that at most s entries in 6y are non-zero. The value of s is
known to the platform. Here, s represents sparsity and could be significantly smaller than d. We also
assume that © C {6 : ||0]]2 = 1}.

Attimest =1,2,...,[n] 2/3  select price uniformly at random from [a1, @2]. Then, we estimate 6y
by solving the following convex-optimization problem:

[]?/?
maximize Z (2Y; —1)(07Xy)
o =1 2)
1
subjectto |61 < 7 0]l <1
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‘We denote the estimate at 90.
We partition the support of Z; into intervals of length n—1/4
intervals be Z1, ..., Z; with centroids (1, ..., (k.

as above, and let the corresponding

Fix v > 0. For t > [n] 2/3 we do the following.
We let A(t) C {1,...,k} represent the set of active cells. Then, U;c 4(;)2; represents the set of

active z’s. Here, A([n| 23 4 1) =A1,...,k}
We let
P(t) = {p i3z €UjcayZist. mp=Inz+ égXt} .

At time time ¢ we pick a price p; from P(t) uniformly at random. We say that cell i, i.e. set Z;, is
‘checked’ if p; € P;(t) where

Pi(t) & {p :3dz € Zist. Inp = lnz—i—égXt}.

Each price selection checks one or more cells i. Let 73 (¢) be the number of times cell ¢ is checked till
time ¢ and S;(4) be the total reward obtained at such times. Let

We also compute confidence bounds for /i;(4), as follows. For each active 1, let

i) = fuli) + 4 [ 7,
(i) = fuld) =\ | 725

These represent the upper and lower confidence bounds, respectively.

We eliminate i € A(t) from A(t + 1) if there exists i’ € A(t) such that

Ut (’L) < lt (’L/)

and

The time-complexity of this policy is driven by that of the convex-optimization problem (2)), size of
which scales as O(n?/3d). Note also that the total number of cells in this policy is O(n'/%).

B.3 Sparse DEEP-C

Again, we assume that there exists an s < d such that at most s entries in 6y are non-zero, and that
the value of s is known to the platform. We also assume that © C {6 : ||0]]2 = 1}.

We partition the support of Z; into intervals of length n—!/# as above, and let the corresponding
intervals be Z, ..., Zj with centroids (1, ..., (x. Welet A(t) C {1,...,k} represent a set of active
cells at time ¢. Here, A(1) = {1,...,k}. Fixy > 0.

At each time ¢, estimate 6 by solving the following convex-optimization problem:

t—1
maxiemize Z(QY}/ —1)(0TXy)
o= 3
1
subjectto |01 < 7 19]]2 <1

We denote the estimate as 6 (¢).
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We let

P(t) = {p 132 € UjeayZist. np=Inz + éo(t)TXt} .

At time time ¢ we pick a price p; from P(t) uniformly at random. We say that cell i, i.e. set Z;, is
‘checked’ if p; € P;(t) where

Pi(t) = {p tdze Zyst. Inp=Inz+ éo(t)TXt} .

Each price selection checks one or more cells i. Let T3(¢) be the number of times cell ¢ is checked till
time ¢ and S;(4) be the total reward obtained at such times. Let

S (i)
T,(i)

We also compute confidence bounds for /i;(4), as follows. For each active 1, let

Ut +1/
'Y

L (i

fir (i) =

and

T (i
These represent the upper and lower confidence bounds, respectlvely.

We eliminate ¢ € A(¢t) from A(t + 1) if there exists ¢’ € A(¢) such that

Ut (Z) < lt (Z/)

The time-complexity of this policy is driven by having to solve the convex-optimization problem
at each time ¢, size of which scales as O(td). Its implementation at time ¢ can be sped up by using
solution from time ¢ — 1 for initialization. Note also that the total number of cells in this policy is
O(n'/*).

C Proof of Theorem/[I]

Consider policy DEEP-C with Rounds as defined in Appendix |B} The proof follows from a few
technical results that we state now. We provide the statements of these results and delegate their
proofs to Appendix [D]to not interrupt the logical flow of the proof of the theorem.

First, at the end of round 7, with high probability, the set of active arms corresponds to cells with

guaranteed O (1 / k’f_") expected regret. More precisely, recall the definitions of r(z, ), (;, and
O]
0;". Let

A(i7j17 s 7]d) - T(Z 90) -r (sz( () 01 < l < d))
We have the following result.

Lemma 1 For each round T, let E1(T) be the event that the following holds:

dl
A(r) C i sup A4 J1,---,00) < 16H2n1_1\/m ’
(J15--da) T
and for each l
j i ; ;o . _1 [vdlogn
Bi(t)C qj: sup( sup )A(Z,jl, cs ety iy da) < 16k [0
v (J1di-15d Ja

coJl—15J141 55
Then,

P(E\(r) 21~ .
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Second, not only are the corresponding active cells guaranteed to have small expected regret with
high probability, but the size (Lebesgue measure) of the set of active prices is guaranteed to be small
with high probability. The next result provides explicit bound on such size.

Lemma 2 For each T, the event E1(T) implies that the following holds for each time t in round T:

7d10gn>1/4

2
e 1 1/2
L(P(r,1)) §4oﬁd511@/ ( -

where for each Borel set A, L(A) is its Lebesgue measure.
Third, after verifying that the remaining cells have a suitably controlled expected regret, and that the

size of active arms (prices) is also controlled, we verify that at each time in the current round any
given active cell is checked with substantially high probability.

Lemma 3 Fix round 7. Consider an active cell (i,j1,...,Jq). Then the probability that the cell
. SN . . . —1/4
(4,91, -+, 7a) is checked at time t in round T is at least 5(1;(7 -

Finally, using Lemmas and[3] we are ready to piece together all of the elements (i.e., control on
the performance of active arms, size of the remaining arms, and the speed at which arms are explored)
to obtain the main result, as we do next.

1/4
From Lemma We have w.p. 1 that L(P(7,t)) < ' = 403—§d/€f1/{;/2 (@) for each 7 and
t.

’ . .
alid—é 7z logn times. Since the number of

Let F»(7) be the event that the round 7 runs for at most

cells is at most nd/4, by Lemma and union bound we obtain:

3d—95" logn
1/4 1/4
a1n an — — —
) < nd/4 3dlogn < nd/4 3d <n 2d

P((Er)) </ (1- 0

<n? (4

Also, recall event F1(7) from Lemma By the law of total expectation, the expected regret incurred
during round 7, i.e. the difference between expected reward earned by the oracle and the platform

during round 7, denoted as RT, satisfies the following:

E[R,] < E[R.|E\(7), Eo(7)|P(E1(T)NEa (7)) +E[R, | By (7)°UEy (1) [P(E1 (1) UEy(1)°).

Here, P(F; (1) N Ey(7)) < 1, and E[R,|Fs(7)° U E1(1)°] < agn since the reward by the Oracle at
any time t is z*ef X1 {Vi>pi} < z*ePXt < 2*ay < g, with probability 1. Thus,

E[R,] < [J?T|E2(T)» Ey(7)] + conP((E1 (1) U Ea(7)°)

E
< E[Rr|Ex(7), Ev(7)] + azn (P((E1 (7)) + P((Ea(7)°))

Further, from (@) we have that P((Ex(7)¢) < n~2, and from Lemmaliwe have that P((E; (7)) <
4n~2. Also, conditioned on events E;(7) and Eo(7), we have the following:

(1) each round 7 is of length at most 3d log ”alnéiiuz; (form the definition of E5(7)), and

(2) the regret incurred is at most 16x2k7 ! 7‘“# (from the definition of (7)),

1/4
3) 4§ = 403—%dn1_1/1§/2 (M) (from definition of §").
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Thus, we get

2 1/4
. 10 dny ey ? (2losn) [rdl 5
E[R,] < | 3dlogn—— a (16%32&11 WL) + 222
an—1/4 T n

Upon simplification, we obtain

E[R.] < 19200307 2y 2k3/ 2y 4d! Ant 4 1og™/* nr=3/4 4 22
n

Thus, the total expected regret satisfies:

E[R,] < Z R, < 2000a§af2nf2ﬁg/273/4d11/4711/4 log"4n Z 734 4 5ay

T=1 T=1
< 16000al_2a§/£1_2ﬁ3/273/4d11/4n1/2 log™* n + Ba.

Hence, the theorem holds. ]

D Proof of lemmas used in Theorem

We present the proofs of Lemmas [T} 2} and 3]in order.

Proof of Lemmal|l} For notational convenience and simplification of regret analysis, we pretend that
the following happens at the end of a round: We simulate ‘virtual times’ during which we obtain
virtual covariates and virtual prices so that we obtain a sample for each inactive set as well at round T,
and update u, and [, accordingly. These times do not count as real times, and since inactive sets do
not take part in any decision making, the above procedure at virtual times incur no cost and have no
bearing to the execution of the actual algorithm in practice.

Throughout our development, we shall use that, as stated in AE],

* .o . K %
K1 max {(z —G)?, 1121?301(95[) _ 95,5))2} <A@, 41, 50a) < ﬁ”(z fQ-,@Of(o](,f) (1<1<d)|?

Fix acell (4,1, ..., ja) such that A(i, j1, . .., ja) > 16Kk 1/ 7‘“#. If no such cell exists, then

there is is nothing to prove since in that case P(F1 (7)) = 1. We show that the probability of such a
cell being eliminated is high. Let E’ be the event that cell (¢, j1, . . ., j4) has not been eliminated by
the end of round 7. In addition, let E, be the event that (i*, j7, ..., j}) is eliminated at round m,
where (%, j{,...,77) is the cell that contains (z*, ). Using union bound, we can write

P(E') = P(E' N (UL E)) + P (E N (N7,20(E5,)%)

3~

< D P(EL) +P(E N (=i (Er)))-

‘We have two claims,
Claim 1: P(E},) < 21, and
Claim 2: P (E' N ("], (E7,)%)) < 2.

It follows directly from Claims 1 and 2, since and 7 < n, that

2 1 2

2
P(E) <717— + < —+ —.
(E) < n4d ' plod = p3d ' 10d = p,3d
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Since total number of cells is at most n%/%, we have that
4 4 4
d/a_*
P((E1(7))) <n n3d < nild/a < nil/4’
and hence the lemma would follow. So, we just need to establish Claim 1 and Claim 2.

For Claim 1, note that

P(E:) <P (3, j1,---57a) st ur (2,57, 30) < (71, -+, Jd))
<n¥* sup  P(ur(i% 57, 00) < L(iydis- .y da))

(4,715--5da)
<n¥*  sup P w (¢ 47,...,50) < inf r(z,0)
(4,5150->7d) (2,0)€Z;+ ><®ji< ><...><®j§

P(L(i,51,..., f .0 |,
+ ( (1J1 Jd) (ze)ez*xlg*x x@; (Z )>>

where the last inequality follows from the fact that | < « implies that for each ¢ we have | < c or
u > ¢; we are choosing ¢ = inf(; g)ez,. x0,. x...x0 (2, 6). Further, we have
J1 d

P i) < inf 0
<UT(Z yJ1s 7.]d) = (2,0)€ 2 ><Héjf><m><®j2 T(Z, ))

N ek ek . vdlogn
=P o (%57, ..., f
(M (i) S oo e, O )

7d10gn>

P (/’(‘T( ajla"'?]d) < E[/J/T( a]la""j;)]

Note that

. o
0< ar(i*, 41, Ja) < sup ze” * < as.
T€eX ,2EZ,0€0

Thus, using Hoeffding’s inequality, we obtain

P u (@57, .., 55 < inf r(2,0) Se_mdal:gn
(2,0)€Z;* ><® FRy x@j;
< e—20d10gn
1

= p20d°

Fix (i,41,...,j4). From A3 and the fact that each cell is of size n~'/%, we have r(z*,6;) —

inf(. p)ez,. X© 41 x... X0, 7(2,0) < Ko(n~'/*)2. Also, from the definition of  we have that ko <

vydlogn . —1/4\2 ~dlogn
\/ 727 Since 7 < n we get ko (n / )? </ TR

Thus, we get that

sup r(z,0) <r(z*,00) < inf r(z,0) +

(z,@)GZixeﬁ)x...x@;‘;) (2,0)€Zix X0z X.. X O Ar

Thus,
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P14, 51,. . ,0a) > inf ,0
( (@1 ja) (z,e)ezi*xlg.*x...x@j;T(Z )>

i3

dl
SP lT(i7j1?"'7jd) Z sup 7"(2279)— ’}/4&
(zﬂ)éZ,;x@J(?x...x@EZ) T
P . vdlogn
=P Nl‘r(lvjlv"'vjd)z sup T(ng)—’_ 4
(2.0)€2:x0) x... x0" T
__~dlognm
§ e 2a3
< e—5d10gn
< 1
= W
Thus,
" 1 1

Hence, the Claim 1 follows. We now show Claim 2. Note that

P(E N (M= (BR)) S P (urisfis - da) 2 6005557, 53)) -

Let (2/,0') € argsup (z,0). Using the fact that for any u, [, ¢ we have that

(2,0)€Z:x0{ x...x0(? r
u > [ implies v > cor ¢ > [, and letting ¢ = (r(2*,00) — r(2’,60’)) /2 we obtain

P(u‘l’(iajh B ajd) > lT(Z'*ajika cee 7]2))
<P (ur(igis- oo da) 2 (r(2",00) = (2, 0")) /2 + 7(2,0))
+P (185,57, .., 30) < r(2%,00) — (r(z%,00) —r(2',0") /2). (5)

Now, by Aj3|and using the fact that v > , we obtain that

)@;2
logn

ydlogn

1" = Giro = (65 : 1< U< )P 2 w3 (d A+ DA - Ga) > 1687 H(d + 1)y [+

> 16(d + 1)\/§2 16(d + 1)\/;

Further, by construction of the partition, we have |2’ — (;| < 2n~/* and (¢') — 95-5)) < i~
foreach 1 <[ < d. Thus,

|G- a<i<a)| <~ - 0P| (2 -t — @ 1<t <o)

) n—1/47\ 2
<l = b0 = 0017+ 1) ("5 )
In turn, we have
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(2 = 2,6 — 0)|” > H(z —Ginbo— (01 1< 1< d))H2 —(d+1) (”_21/4)2.

Thus, by again using A3 we get

e ) 2
Mgy |-Gt @) 1<)
(2, 00) = r(2".0) 7 (@4 1)x; max {(Z* — 2)2, max;<1<q (0 — 9(1))2}

(= o0 1 <i<a)|
k|| (2% = 2,00 — 0/)]|?
(d+1) (nij“)2
(z* —Gbo— (0P 1< < d))”2

1/4
16

Kg’

-1

< /ig/-@l_l 1-— H

< ko1 — )7l < drgrit

Thus, we get

A(iujl) e 7jd) S 4K2KI1(T(Z*7 00) - ,r,<Z/’ 9/)) (6)

Consequently,

P (ur(i,j1,-- -, 4a) > (r(z%,00) — r(',0") /2 + (2, 0"))
<P (u‘r(i?jh s >jd) > A(ihjh s 7jd)/(8"£2"<‘:171) + T(Z/, 9/))

[yd]
S]P) ur(ivjlv"'vjd) >2 w—’_ sup 7’(2:,0)
T

d
(z,0)€Z; ><®§1) x "'X®§d)

dlo dlo
v gn_\/v gn

T T

V

sup r(z,0)
(2,0)€Z; ><®§,1) X... x@;‘;)

[yd]
=P ﬂ‘r(iujla"wjd) > g—" sup 7"(2,6)

1 d
(z,0)eZ2; x@i.l) X... x@ﬁd)

o . [ydlogn L .
SP(MT(Z7]17"'7](1)2 T+E[/’[’T<Zajla"'ajd)]>

Again using Hoeffding’s inequality, we get

<P ﬂT(i’jl""’jd)22\/

.. . * —Zndioen — ogn ]‘
P (ur(iyj1y - s da) 2 (r(z%,00) = 1(2',0')) 2+ 7r(2,0)) < e =3 < e ?00losn < n20d’

(7

Now, recall that r(z*,6q) — Inf(; 0)ez,. x0,: x..x0, r(2,0) < kon~ Y2 < ,/W‘”#. Thus, we
1 d
have
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]P’(l "t da) S (" 00) — (r(27,00) — r((2,6"))) /2)
(ZT 7]17"‘7]d)§ (Z 00) A(ivjlv"'vjd)/(&%yilil))

- « dlogn
(l‘r 7]17~--7]d)§7'(2§ 790)—2F>
ydlogn \/’ydlogn
<IED l‘r 5 yeeey f 79 JEVEN yalogn
B ( Jl ]d) (za)ez*xe*x xe*r(z )+\/ T
dl
( Hr ‘ a]la"'a]d) inf W)
(ZB)EZ*X@ *><
. vdlogn
(:uT( a]la-.-,]d)<E[,LL7—( ,]1,...,](1)]\/7)

Using Hoeffding’s inequality yet again, we get

P(l-(i% 57, - da) < 7(z7,00) — (r(2",60) —7((2',6))) /2)
_2ydlogn 1

<e a2 < 6720dlogn < ) 8
< < < ®

IN

P

Claim 2 thus follows from (3)), (7) and (8). This completes proof of Lemma[I] We now proceed with
the proof of Lemma[2]

Proof of Lemma

Note that, by translation invariance, L(P(7,t)) = L (P(T, t) — z*e% ””t>. In addition, for any

measurable set A, we always have the bound L(A) < 23 ., |a|. Therefore, by definition of
P(r,t), we have

L(P(Tv t)) S 2 sup |Z*663xt _ Zeeth‘7
ZEZAﬂEGA

where Z 4 and © 4 be the set of active z and 6 in round 7. Now, fix (z,0) € Z4 x©,. Letz*—z =6,
and 0y — 6 = dg. Then, at time ¢ in round 7, we have
20T = (o* — 52)603“6—5;“
=Mz =6, (1= (1= e %))
= e (2 (1= (=) =6, (1= (1= %))
= efim (z* — 2 (1 —e %) — 5, +6.(1 — eiégzt))
— B3 yx 4 BT (—z*(l — ey 5ze—5gxt)

T T ST 5T
= oy _ efom (z*(l —e %) 1 §e 59“) .

Recall that o; < € < i, foreach z € X and § € ©. Thus,

0Tz, as

75;'93 — €
eggmt o

e

Thus, by triangle inequality, and noting that z* < 1 as Z is a subset of the unit interval, we have
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L(P(r,t)) <2  sup

efowe (2*(1— —% 0Tt) + §e” g“)’

Z2€EZA,0€0 4
_oT _S5T
<2 | sup [2*(1—e%™)|+ sup |5.e 00"
0€O© 2EZ7,0€04
* —6Tx¢ —67 ¢

< 2a9 sup |2°(1 —e %")| +2a9  sup 0,e %

0€O 4 ZEZ 7,060 4

8T 045

< 2ap sup |(1 —e™ %) +2—= sup |0,].

[ISISHN aq 2EZ

From Lemma E, for each 7 and each time ¢ in round 7, with probability at least 1 — 4/n? the only
active cells (4, ji, . . ., ja) are the ones such that A(i, ji, . . ., ja) < 16k2k7 "/ W‘“#. Thus, under

E1(7), we have
dl
sup ki |0, \ < 16Kk “7 081
ZEZ A T

Also, for each 6,

e 5
05w — —5=(G50)
for some 0 < [8] < [67z¢|. Since 0 < |8] < |67 z¢|, we have e~ < sup(1,e %) < ag/ay. Thus,
by triangle inequality and noting that X’ and © are a subset of unit hypercube, we get

b

‘(1 ~ ey =

(1-— e“sg“)

< sup \5933t|+— sup \69mt|
0cO 4 A1 gcO 4

sup
0€O 4
2 2
< sup ||6e||1||xt|\oo+f sup ||doll7 ll2¢l| 5

€0 4 A1 gcO 4

[(6%)
< sup 9] + .+ sup 180117
e 9€@A

4* sup 1911,
a1 g¢

[yd]
< 4—d/£1_1 16k2 Jaoen.
a1 T

Thus, we get

1 2 [yd]1 / dl
2P(T7t)|§a2/<;11\/16[<;2,‘£ yeoen | a2dm Jeosn Ogn
aq
dl
<5 2d/£1_1 1621/ 1228
(651) T

This completes the proof of Lemma[2] We now proceed to the proof of Lemma 3]

Proof of Lemma [3} Since the price at time ¢ is picked uniformly at random from P(7,t), and
since P; j, ... i, (7,t) C P(7,t), we have that the probability that the cell (4, j1,. .., jq) is checked

at time ¢ in round 7 is equal to % Thus, the result would follow if we show that

L(P; ... j,(1,1)) > n~Y%a; w.p. 1. We show that below.

22



Fix 6 from [, Gﬁ). For each x € X let
P(z) {p cdz € Zistp= zemz} .
Since L(Z;) = n~ /%, for each z € X’ we have
L(P(z)) = n~ 4™ > n=4qy.

Thus, L(P(X;)) > n~Y*a; w.p. 1. But, by definition we have P(X;) C P, j, .., (7,t). Thus,
L(P, .. j.(T,t)) > n~"*a; w.p. 1. This completes the proof of Lemma 3}

E Extensions

E.1 Incorporating adversarial covariates

We believe that the i.i.d. assumption on covariates can be significantly relaxed. As a prelude, consider
the following modification to

A4 We assume that {Z;}; are i.i.d. with compact support Z. We assume that the support of X; for
each t is compact, namely X. Given the past, X, can be chosen adversarially from its support. More
formally, we assume that X is 0(X1,...,Xt—1,Z1, ..., Zt—1,D1,- - - , Dt—1)-measurable.

Given Assumption consider the following strengthening of Assumption Recall that F'(z) =
zIP(Z1 > z). Let

r(z,0,7) = e F (e—(eo—e)sz) .
Given covariate x, 7(z, 0, z) can be viewed as the expected revenue at (z, ).

A5 We assume that there exist k1, ko > 0 such that for each z € Z, 0 € ©, and x € X we have
K2
d+1

e { 6 = 27, g (67— 002} < (27 60) = () < 1" 60— D)

1<1<d
where |[(=,0)| = (22 + L, (09)?).

We conjecture that under assumptions A4, AZ, and A5, a suitable modification to policy DEEP-C
with Rounds would achieve a regret scaling similar to (if not the same as) that in Theorem|[I. This
conjecture rests on the following two key observations: (1) The optimal policy for the Oracle with
adversarial covariates is the same as that under the i.i.d. covariates setting; and (2) policy DEEP-C
with Rounds for i.i.d. covariates does not learn or use the distribution of X, (except via the knowledge
of the constants as, k1 and k3).

E.2 Relaxing compactness of support of covariates

We believe that the compactness assumption of X’ in A[T|can also be significantly relaxed. For example,
consider the following simple relaxation. (We say that a random variable W is o-subgaussian if

P(X >t)<e ")

A6 {X:}: and {Z:}; are i.i.d. and mutually independent. Their distributions are unknown to the
platform. The support of Z1, namely Z, is compact and known. Let

W= sup ze? ¥
z€Z,0€0

W is o-subgaussian for a known o > 0.

Under AR] and A3} and Alf] we can obtain a result analogous to Theorem [I]as follows.

Recall that the policy DEEP-C with Rounds requires knowledge of a5, which in this case may
be infinity. However, the platform can compute o such that P(W > «ab) < 1/n?, and execute
policy DEEP-C with o, instead of ca. Thus, the probability of event {3t € {1,...,n}V; > o}
is at most 1/n, and the overall impact of such an event on expected regret is O(1). Using the fact
that, since Z and © are compact, there exists o > 0 (possibly unknown to the platform) such that
P(W < ab) < 1/n?, we can obtain a regret bound similar to Theorem
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