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1 Proof of Lemmal[l

Here we complete the proof of Theorem|[I} by giving a proof to Lemma [I] below.

Proof [of Lemma [I]] Our proof will consist of 3 short parts. First, we will assume that v is a
multivariate Gaussian random variable and show that in this case ¥*(v) and X(v) commute. Then
we will show that the order of the eigenvalues is maintained, and finally generalize from Gaussian to
SIRVs.

¥*(v) and 3 commute: Assume first that v ~ A(0,%). We whiten v to rewrite ¥°(v) as an
expectation over i.i.d Gaussian random variables. Denote by ¥ = UAUT the eigendecomposition of
Y. Then for a random vector v ~ N'(0,I), we have:

S0 (v) = By v (J[V]2)} = EO{UA%O{IT)\%UTw (vTA%UTUA%v)}
— UM E{v9 ¢ (v1A9) AU,
Denote f]p( =E; {OOTLZJ ( T)\v) }, if we show that this matrix is diagonal then clearly we will

have that E”( ) and ¥ commute. To show that this is indeed the case, let us explicitly write down
2P (v)ij:

YA (V)i = / 17](/ (VT AV)p H doy)do,.
e k#j
For i # j, we claim that the above equals 0. To see this, notice that the function:

hv;) = /vﬂb ¥TA¥)p H dvy,

k#j

is an even function of ¥; (i.e. h(%;) = h(—0;)). This is true because ¢ (v " Av) and the density p(v)
are both even w.r.t ¥;. Hence the function 9;h(9;) is odd, and integrating it over the reals we get 0:

P (v)ij = / o;h(0;)dv; = 0.

— 00

The eigenvalues of ¥*(v) maintain the order of >’s eigenvalues: For the second part of the
lemma, we analyze the eigenvalues of 37 (v), still under the assumption that v is Gaussian. Due to
the first part of the lemma, we see that the i-th eigenvalue of ¥.(v) is given by:

5; = Ec{\viv(¥TAV) }.

*Work done during an internship at Google Research.

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.



We will show that the eigenvalues of ¥£7(v) and ¥ have the same order (i.e. A\; > A\; = §; > 6;). To
do that, let us fix two indices 7, j, and assume \; > A;. If equality holds then it is clear that §; = J;.
Otherwise, define the function f : Rﬁ_ 4 — R that replaces the fixed values of A;, \; in the expression
of ¢; with variables w1, us respectively:

fur,ug) = Eg |ur 07 (ur 07 4 ugd; + Z A7) | -
k#i,j

Notice that f(A;, A;) = &;, f(Aj, \;) = J;, and consider the line segments from f(\;, \;) to these
values. That is, for « € [0, 1]:

Y1) = flad + (1 — a)A;, Aj),
Yola) = f(Aj, adi + (1 — a)Aj).
Since 71 (0) = ~2(0), to finish this part of the proof it is enough to show that:
Y1(a) > 0, v2(a) <0 Va €(0,1). 1)
‘We now turn to prove this.

Start by taking the derivatives of f(-,-) w.r.tits first and second argument. We claim that the following
inequalities hold:

Of (u1, us) . . _ B
T ou Eq |07 (u1] + uadf + Z e +
k#i,j
ur B (ur 0 +uad? + Y Mip) | >0, )
k#i,j
0 , o - - -
f(gi;;m) =E; ulvaf-w’(ulvf + uzv? Z )\kv,%) <0.

ki,
Both inequalities stem directly from our Assumption[I] The second one is a direct consequence of
p’s concavity. For the first one, we will show that the term inside the expectation is positive for any
fixed values of u1, us, v, and furthermore it is 0 with probability 0. Hence the expected value must
be positive. Let us fix uy, ug, v, and define:

-2 -9 ~2
t=u0; +ug0j + Z AL
k#i,j

Plugging ¢ into the term inside the expectation given in the inequality, we claim that the following
holds:

F2U(E) + B (1) = —5R (1) + w5 (1) = ' (8) (i — 522) 2 0.
The inequality here stems from Assumption|I] which states ¢(¢) > —t1’(t). Now simply notice that:
urdf — 0t = 0 (uad? + Y Mii}) > 0.
k#i,j

The last inequality is true because all u, A values are strictly positive, and v items are squared.
Furthermore, equality in these inequalities happens only when v; = 0 for all j # 4.

Finally, to show Equation (I) we can use the inequalities we proved and write:

dadi + (1 —a)A;
7'1(01):%5?2)(01&—#(1—&))\]'7&)‘ : +c§a —
- %ﬁ(ax\i+(l—a)/\j)\j)(/\i =) >0, ®
da); + (1 — ),
o) = U 0 x + (1 - apy,) - SR OO
Of (w1, u2)

= 877_1,2 ()\j,Oé/\i + (1 - Oé))\j) ()\Z — /\7) S 0.



Extension to SIRVs: Next, to treat the case where v is SIRV, we simply need to multiply a Gaussian
random variable by an independent positive scalar random variable v. Multiplying v by a fixed value
r of v, and conditioning all the expectations above over this fixed value v = r does not change the
derivation. That is, the matrix ¥ (V) = E;,{TQ\?\?Tw (rf}T)\f/r) } is still diagonal, and the order of
the eigenvalues remains intact. Now taking the expectation over v, we again get a diagonal matrix
that respects the order of . ]

2 Derivation of Minimization-Majorization Algorithm

To justify the minimization majorization (MM) algorithm used in the paper, we provide a short
derivation. Let p(+/) be our robust loss function, that satisfies Assumption To perform MM on
the objective, we need to consider a fixed T'g and provide a function g(w; W) that majorizes our loss.
That is, the following two conditions need to hold for our choice of g:

) > Z (\/ >+10g|I‘( )7 vw:T(w) €G
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According to Assumption since p(1/1) is concave in ¢, we have for each z;:

p ( z;'—l"(w)zi> <p ( z;rl"(va)zi> +¢ (2] T(W)zi) - (2] T(W)z; — 2, [(W)z;). (4

Clearly the right hand side majorizes p(-). Adding a log-determinant term and rearranging, we get a
function that majorizes our objective:

m

Zw (7] T(W)z:) - 2{ T(w)z; + log [T'(w) ™' |+

’ ( 2 r<v~v>zi> v (A T W)2) - 7 T ()2

Now at each iteration of the MM algorithm, we will minimize g(w; W), where w is the current
estimate of the parameters. Dropping the terms that do not depend on w, we get:

rr‘lhi]ng(wgﬁv) = m“i,n % zm: (¢ (ZIF(VV)Zi)% . z,-)T I'(w) (¢ (z;rl"(\?v)zi)
i=1

[NIE

;) +log | (w) .

This is exactly the minimization of a Gaussian MRF with scaled samples, as given in the algorithm
that appears in the paper.

To clarify why one can benefit from using this type of specialized algorithm, instead of using vanilla
gradient descent, Figure 2 has a runtime comparison between the methods for the stocks dataset used
in the paper.
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Figure 1: Runtimes of Gradient Descent and MM with Newton CD on stocks data with a robust loss.
The y-axis is the ratio between the objective at time ¢ and the lowest overall observed objective.

3 Additional Experiments on River Discharge Dataset

The following figure compares the Gaussian and Laplace losses when learning the full inverse
covariance matrix, and when forcing all entries to O other than 1 or 3 nearest neighbors of each site.
As may be expected, parsimonious structures give better results on small samples and fall behind as
the sample gets large. Either way, a robust loss is still useful on top of the chosen structure.
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Figure 2: Additional experiments with river discharge data
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