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A Proofs of Theorems

A.1 Technical Lemmas
Lemma A1l. [2] Let the losses and estimators be defined as in Theorem 6 under fixed design setting.
Lety =Varly), i =1,...,n, and X is fixed. Then the expected risk
A . rank(X
By D3] - D(57) < M)

Lemma A2. [6] Let X = Y., X; with possibly dependent X;’s. Y = > " | Y; where Y;’s are
independent copies of X;’s (i.e. Y; has same distribution as X;, 1 = 1,...,n). If B is a Chernoff
bound on Pr|Y — E[Y| > €|, then we have

Pr[X — E[X] > ¢] < B~.

Lemma A3. [4] Let (x,y) follows standard bi-variate normal distribution with unit variance and
covariance p. @ is a Lloyd-Max quantizer with distortion Dg. Then,

ElzQ(y)] = (1 — Dg)p-
A.2 Proof of Theorem 3

Proof. The proof idea is similar to [3], but we operate in the quantized space which is more compli-
cated. First, we have

Exy[L(hg(2))] = Ex~x,y~n(x)[Eenx yon(z) [1H{hq(®) # v} X, Y]]

= Ex~x z~x[Pr [y((gl) # ylX, z]]. (1)

yrn(@),g ~n(el))
We can bound the inner probability for any two points z, ' ~ X" as
PTyNn(:r),y’Nn(:L”) [y 7é y/|l‘, J"/] = 77(35)(1 - 77(33/)) =+ 77(37/)(1 - U(x))

= 2n(z)(1 — n(2)) + (n(z) — n(z")(2n(z) — 1)

< 2n(z)(1 = n(x)) + [In(z) — n(2")l, 2)
by the definition of n(x). Here we use the fact |2r(x) — 1| < 1. Combining (2) and (1) we have

1
Exy[L(ho(@))] < Ex~ionx2n(@)(1 = (@) + [n(z) = nlzg))].
Notice from a classical result that
L(h*(x)) = min{n(z), 1 —n(z)},
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we obtain
Exy[L(ho(x))] < 2L(h*(x)) + Ex,y.a~xllln(z) — nzH))|].

The first term is the Bayes risk, and it remains to bound the second term. By Theorem 1, given that
k= O(w=2(y(T)? + log(2/6)), with probability 1 — J we have

1 1
1—wz—vy|? <||-—=RTz - —
(1= w)le— il < | R~

Denote this event 2. Now we proceed our analysis in € (with high probability). The space of
projected samples Sp = {ﬁRTxl, ey ﬁRTxn} is now bounded by

1
uR::waRTxH§\/1+uu

by taking y = 0 in . Therefore, Sg C [~ur, ur]®. Now we cover [~ur, ug] by No = (2ur/e)¥
boxes with length €. For the test sample z, let B.(x) be the box containing ﬁRTﬂc. In the event €2,
we have

Ex.yalln(@) — 0510 = Ex.yullln(@) -5, VIPr(V)
+ Exy.olln(@) — (@)@, Ve Pr(ve),

where the event V. = {B.(z) N Sr(X) = 0}, V¢ its complement, with Sr(X) =
{ﬁRTa:l, oy =R, } the projected samples. By Lemma 19.2 in [3], we have

RTy|? < (1+w)llz — y|*,Va,y € X. 3)

Pr(V) < Ng/ne.
Thus,

N¢ .
Exyalln@) = n@IQ) < = + Exyelln@) - n(g)lIe, ve]

Nc 1) c
< ot L Bxyallle —2g |l V]

Nc¢ L I r L or e
<204 = Eyyu|l—=RTr - —=R Ve,
e VAT el e = R g v

where the second line is because 7(x) is L-Lipschitz and the last line is due to .
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Figure 1: An illustration of bounding the distance in projected space Sk with two covers. For
simplicity we omit the scaling term ik Boxes resulted from red dash lines are the e- cover

constructed by hand, and boxes surrounded by blue solid lines are induced cover by Q.
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To bound the second term, we consider another cover of Si which is intrinsically induced by the

borders of ). Denote xg) as the nearest point of x in the projected space. In this case, we know



that [| = L RTy — \}RT,TS%)H < eV/k. However, || \}RTJL‘ — %RT (1)|| cannot be bounded in this

way, due to the discretization of quantizing function ). In a simple example (Figure/[I)), assume we
only have 3 points in a 2-D case. Denote the centroids of these 3 points respectively as ,u( RTx),

u( IRT (1)) and u(ﬁRT:rg )). In this plot, V¢ is obviously satisfied since there are two pomts in
the same e-box. Now the green point (ﬁRTxg)) is closer to black point (ﬁRTxg)) in the space of
S, but after quantization, the nearest neighbor returned changes to the pink point (ﬁRTx(Ql )), since

DA 1 1 1
u(ﬁRTx(Q)) lies closer to u(ﬁRTx) than u(ﬁRTx%)). However, || ﬁRTm — ﬁRTxég) I
might be greater than e/2.

Note that for uniform quantizer, the distances between nearby reconstruction levels all equal to A,
and the distances between consecutive borders (view —/1 — w and v/1 — w as borders too) are upper

bounded by go(—v/1 — w, /1 — w). Using triangle inequality, we get

L opr, L pr e L L pro L pro
IR e = =RV < [||fR % 2)] + ||fR vl
TN o, (_—_ TCU(I) c
+|Iu(ﬁR z) = u( ﬂR oIV
Af Af 1 T 1 T, (1 c
N (R @) = =R )1V

To bound the last term, we need to find out that given two points a, b in a same e-box, how large
the distance between their quantized centroids p(a), 11(b) can be. We proceed by noticing that for a
given B, (z) with any €, the maximum number of different Q-boxes that can be contained (perhaps
partially) on the diagonal of B, (x) is equal to L 9 | + 2. The largest distance between the centroids

occurs when two points fall into the two regions on the diagonal endpoints (as black and green stars
in Figure , which equals to (Lij + 1) AvVk. Therefore, we have

A pry L Oy < (] £ A
HM(\/ERT ) M(\/ERT R )H|V]§(L9QJ+1)A\/E§(9Q + AWk,

where for simplicity we write g instead of go(—+/1 — w,+/1 — w). Hence, we get the worst case
bound

1 1 e
Exyall—=RTz — —RTzW)1ve] < (22 4 2A)VE.
xalll R = BTGV < (02 +20)VR

Combining with previous result, we obtain

(1) Ne LAeVE  20AVE
Exva - 0 << .
xalln@) =@ < T2 + ot

C e _ (VIFw/e)F LAeVE
Now we choose e to minimize the RHS. Let f(e) = o T oovico

technique, we take the derivative for f with respect to € and set it to zero, which yields

, LA 1 =
= (2V1 + W) (— = pe) TV
VT )T (e

Plugging in the expression and after some calculation we get

Following the standard

Ex ylln(x) —n(z 1))||Q]§(29LQA iz)"%(”@)_ﬁﬁ(\ff k1 ViR,

, _2k41 1
Following [3], we have 27T (Vk T 4+ VE™T) < 24/2. Replacing the terms and combining all
parts together, the proof is complete.
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A.3 Proof of Theorem 4

Proof. The proof is based on the probability that x(Ql) is different from z(!). First we have

Exyv,rlL(hq(2))] = Ex,y[Eay r[1{hq(z) # y} X, Y]]
= Ex,y{Esy r[l{hs(x) # y}1{hq(z) = hs(z)}
+ Uhs(x) = y}1{ho(x) # hs(2)}X, Y]}
< Ex y{Esy.r[l{hs(z) # y} + K{hq(x) # hs(z)}X, Y]}
£ A+B.
We recognize the term A is simply the risk of data space NN classifier, A = Ex y[L(hg(z))]. It
suffices to study term B. Note that
_ (1)
B - EXNX,zNX,y(l)Nn(x(l))7y8)~7](m(@1>)7R]]'{yQ # y(l)}]
1 1
= EX’x{Pry(l)wl(xmmS)NH(wS))ﬂ[I(Q) £ 2™ 48 2 yO|X, 2]}
< Exo{Prrlzy) # 2| X, ]}
= EX,I{PC})

where the second line is because yg) # y) implies that xg) # (1) For a fixed X and z, we
denote the set G = X/ (). Then for the inner probability, we have

P.= Zg PrR[zS) = 2| X, ]
Z PT[ ﬂ {ﬁQ(xvxl) 2 ﬁQ(vaj)}|X’x]

©:x; €G T AT,

< Z Pripo(z, ;) > ﬁQ(xux(l))‘X7 z] 4)

1,’E1 Eg

due to the equivalence of inner product and Euclidean distance estimation. Under the asymptotic
assumption k — oo, by Central Limit Theorem (CLT) we know that for any =,y € X,

2
O-wﬁl/)
)

k

for o5, = Var[Q(rTz)TQ(r"y)] a fixed constant given z,y. Here r is a column of R. Next, we
obtain for Vi, 7,

pAQ(wv y) ~ N(apa:,y7

pQ(,x:) = po(x,25) ~ N(paa, = Pow;)s 02w, + 02 ) = 2C0rT(pg (2, 2:)pQ (¥, 31) 000,002, )-

Therefore,
Pripg(z,z:) = po(x, x;)] = Prlpg(x,xi) — po(x, z;) = 0]
Vka(pr 2, = pa,)
\/Ugm + ag@j —2Corr(pg(x,2:), PQ(T,2))0¢ 2,002,
_ o VE(p2 2, = posy) )
V& &, —2C0rr(po(a. x1), po (@, 7)) Ereibn,

:(I)(

)

a2

since by the definition of debiased variance we have fgm = <. Now plugging above equation

into (@), we have
Vk(cos(z, x;) — cos(z, z(H)
B:EX7x[ Z (b( - ( ( A’l) ( . ))
i, €G \/5%% + €w’$(1) —2Corr(pg(, ;) po(w, xu)))f%m o,z

by noting that p, 5, = cos(x, ;). Combining parts together, we get the result as required.

)]



A.4 Proof of Lemma 1

Proof. Denote the random projection matrix R € IR?**. Recall that the estimates of Pzy and p, . are

. :UTRRTy 2TRRT >
prlay) = =5 palez) = T

Denote the columns of R as [rq, ..., 7], we have

Elpr(z,y)pr(z, 2)]
*iE[xRRTyTIRRRZT]

L2
1 <y,7'1> <Z77°1>
zﬁ[@,rl),...,(x,rk)] [(z,71), ey {2, 78)] :
(Y, k) (2,7k)
L k
:72 Z $,7‘1><y,7‘1>) : (Z<$,7‘1><Z,’I‘1>)
1 1k1 d - k
=12 Z xpmp qunq Z Zx Tjs) Zytrﬁ

1 j=1 s

k k d d d d k d
,; oS D255 wwmeaelrarariall + 333 st Elryrrirall

£A+ B.
For the first term A, since ¢ # j and all entries of R are i.i.d. standard normal, the expectation is
non-zero only when p = ¢ and s = ¢. Also note the each row vector r; and r; are independent.
Consequently we obtain
k:(k 1) k—1 k—1
A= Z prypxsza T Tk ——(z,y) - (z,2) = g PayPez
p=1s=1
For term B, we note that the expectation is non-zero when: (i) p = g and s = ¢; (ii) p = s and ¢ = ¢;
or (iii)) p = t and q = s. In these cases, when p, q, s, t are not all equal, the expected value is simply
E[r?ri] =1. When p = g = s = t, the expected value is E[r},] = 3. Therefore we have

wp'iq
d
B = ﬁ{z Zmpypx Zs + Zpryqxpzq + Z pryqxqu 2 x Bprypxpzp}
p=1s=1 p=1qg=1 p=1qg=1
1 d d
= %[(357@ Ay 2) + |2y, 2) + (2,9) - (2, 2) + 3 x QZmpyppop —2X Sprypxpzp]
p=1 p=1

1
= E(pyz + Q/nypr)v
where the first line is due to the fact that we count the case p = ¢ = s = ¢ for three times. Now

putting parts together, we have

COU(ﬁR(x’ y)a ﬁR(ma Z)) = %E[‘/ETRRTQ%TRRRZ} - E[ﬁR(x, y)]E[ﬁR($7 Z)]

(k — 1)paypaz + Pyz + 2PzypPa=
— i — PzyPzxz

1
= %(pyz + p:rypmz)-



A.5 Proof of Proposition 1

Proof. To start with, we notice that for z;, y;, ¢ = 1, ..., k all i.i.d. standard normal,

1—p b 1—p 1<
Fy . =P 2 P -
D) = P < 1S P Y e <

=1

k

CONI

i=1

b
==

By Central Limit Theorem we have w = ¢ Zle z? ~ N(1,2/k), z = 1 Zle y? ~ N(1,2/k)
and they are independent. Hence, when k — oo, we have

fep) =Fix(=—L) = Prjw < +—L]

1+p 1+p
o0 \/E _ k(z—1)2 ilﬁz \/E _kw-1)? 1)2

= ——e 1 dwdz
oo 24/ oo 2f

* VE _se-n? k1—p
:/700 ﬁe T @(\/;(Wzl))dz
:/°° 1 6_§¢((1—p)s—mp)ds

V2r 1+p
= jo(1=00= Y2y,

where the second and third line are derived by simple change of variable, and s ~ N(0,1). For
another v ~ N(0, 1) independent of s, by law of total expectation we obtain

(1—p)s —v2kp
Ee(—FF—)]
1+p
1— —V2k
—E, [1{v < (p)s—p}]
’ I+p
1-— V2k
=Prlv — Ps < - p]
1+p I+p
(=p)
v— 5ts 2k
:Pr[ 1(—:‘0 = < - d 5 )2}
P —p
Lt (oy I+ g
VEkp .
=P(———=) = fi(p)-
V14 p?
This completes the proof. O

A.6 Proof of Theorem 5

Proof. The proof follows from [[1]]. First by classical VC theory [7], with probability 1 — § we have

2en 4 log %

. k+1)lo
PrlHg(z)) #y] < L (01)(SQ>hQ)+2\/( tU g:“ )

where ﬁ(o 1 (Sq, sz) =1 =3 Lo (ﬁQ(Q(RTxl)) y;) the empirical loss in the quantized
space (with optimal ERM quantizer hQ in Sg). Since hQ is the minimizer of L(O 1 (Sq, hQ) we



have

L0,1)(Sq:hq) < Lo,1)(Sq, Q(RTh))
L0.1)(S,h) + (L0.1)(Sq, QRTh)) — Lo.1)(S, h))

n

ﬁmm&M+%Zﬂ@wmmWMQm%m#mW@%m}

i=1

IZS EA(O,l) (S, il) + M

IN

We note that M is a sum of dependent flipping probabilities because of the commonly used projection
matrix R. Using Markov’s Inequality we have

M<(+ 17_6)ER[M]

with probability 1 — 4. To get a better bound with small §, we make use of Lemma[A2] By applying
the lemma, if M* is an independent copy of M, standard Chernoff bound gives

PriM* > (1+ €)Eg[M*]] < exp(—nEr[M*|*/3).
Then, Lemma[A2]yields
Pr(M > (14 ¢)Eg[M]] < exp(—nEg[M*]e?/3)n
= exp(—Eg[M]€?/3).

Transforming probability bound to expectation bound, we obtain with probability 1 — 6,

M < Er[M] + 1/3Eg[M] log%.

The proof is completed by noting that Er[M] = 37, &(—Yg) as k — oo, which could be
easily derived from Central Limit Theorem and Proposition 1. L
O
A.7 Proof of Theorem 6
Proof. By applying Lemma[AT| we have
Ak * k
Ey|r[Lq(B5)] — Lo(Bg) < v 5

Since () is the minimizer of the squared loss in the quantized space, by elementary algebra we have
that

RYp%)

1
k(1 — Dgq)

1
Falfa) = Lol g
_ %EY‘R[HY - Q(XR)R" "]
a1 1
© S BvallY - X871+ X~ g QRS

= L(B*) + (8*)"28" — m(ﬁ*)TRQ(XR)Txﬁ*

1 #\T T T %
b op e O BRI QX TS ©)

where (a) is due to Y — X 3* = € is i.i.d zero-mean Gaussian independent of R. Here, the factor

T=Dg is again related to cosine estimation, and we will provide some discussions at the end of

the proof. Recall the notation X = [zy,...,7,]T with z; having unit norm, and R = [ry, ..., 7%].



We denote z;, £ (z;,7,). Hence, the quantized matrix Q(X R) has z;, as the (i, p)-th entry, for
i=1,...,nand p =1,..., k. It is obvious that

(;f)) ~ N ( (8> : (pij £ ) ) ™)

where p;; = (z;, ;). Moreover, Lemmathen gives E[zipQ(2;p)] = (1 — Dg){x;, x;). Further
denote 8 = 3*/||8*|| the standardized true parameter vector. It follows that

E[(8")" RQIXR)T X 3"] = E[(8")" RQ(XR)"] X"
—E [(B)TRQ(XR)T} X816

k

Zzﬁp (21p); Z Q(2np)] ]Xﬁ*||ﬁ*|

2 k(1 — Do)(5") X" X"

=nk(1 — Dg)(B*)T'£8*. ®)
Here, s % = (B,7,), and (b) is due to Lemma Note that for (z,y) following distribution 1)

with cosine p, we have
El2?Q(y)’] = El(py + V1 — p*W)?
=p 52,2+(1—P )(I_DQ)7 ©)
where W ~ N(0,1) is independent of z,y, and £ = E[y?Q(y)?] for y ~ N(0,1). Denote
= (B, z;). Now we can obtain

E|(8")" RQIXR)" QX R)R" ]
= |18 IPE [ RO(X BT QX R)R" 5]

n k
= |8*IPE {Z (Z zg,pcz(zim)

2

i=1 \p=1
n k k k
A [Z 2,00 + 20D 25,Q()25 Q1)
i=1 =1 p=1g#p
= 11871 Z[ (62203, + (1= 03 )(1 = D)) + k(k = 1)(1 - D)3 | (10)

In the above, (T0) holds because of @) and the fact that z5 Q(zip) is independent of 25 ,Q(ziq) for
any p # q. By n0t1c1ng that

TXTXB* n(ﬁ*)TEﬂ*
me B I

we can further have

B[(8*)"RQ(XR)"Q(XR)R" §"]

=151 (W D0+ (0= 303,000~ Do) + Kk~ 1= Do) S
=nk(1 = DQ)[|8*|1* +n [k(€22 — 1+ Dq) + k(k — 1)(1 — Do)*] (65" (11)
Now, taking expectation on both sides of () w.r.t. R and combining (8) and (TI)), we have
Er[Lq(8g)]
* 522_1+DQ kE—1 \T * 1 * (12
<L 1-2 : by —_—
<1+ 124 B2 R0 L B (g g L)
1
= LB + 118" (12)



where () = [%f:%;?{? -1+ yﬁld’ with ||5*||Q = /(B8*)TQpB*, and 1, the identity matrix.
Lastly, taking expectation w.r.t. R in (5), we obtain

R k
By r[Lq(B5)] < E[Lq(B5)] + v
k 1

S e A G o 3

This completes the proof. Now we briefly discuss the role of factor ﬁ in (@ Note that in our

model, X 3* = ||8*| X5 = ||| [P515 5 me]T can be regarded as the scaled cosine between data

vectors and the true parameter, and Q(X R)R” 3* is then a biased estimator of X 3* with mean
equal to (1 — Dg)X 5*, according to Lemma|A3| Therefore, the factor ﬁ acts as a debiasing

operation—Similar in spirit to the previous analysis for classification problems. O
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