
A Proof of the discrete-time gradient descent

A.1 Invariant matrices

The zero-asymmetry initialization (3.1) gives Dl(0) = 0, l = 1, . . . , L− 2 and I +DL−1(0) = 0.
Lemma 4.2 proved that Dl’s are indeed invariances in continuous gradient descent, and then the
gradient ‖∇LR‖2F can be lower bounded by the current loss R (4.4). Here we will show that
‖∇LR‖2F ≥ R still holds if Dl’s are only approximately invariant, i.e., Dl, l = 1, . . . , L − 2 and
I +DL−1 are close to 0.
Lemma A.1. Assume that the weight matrices ‖Wl‖2 ≤ α, l = 1, . . . , L − 1 and the invariant
matrices ‖Dl‖2 ≤ δ, l = 1, . . . , L− 2, then∥∥∥WL−1:1W
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The statement holds for l = 1 obviously. Assume that the statement holds for l, now consider l + 1,∥∥∥Wl+1:1W
T
l+1:1 −

(
Wl+1W

T
l+1

)l+1
∥∥∥
2

=
∥∥∥Wl+1

[
Wl:1W

T
l:1 −

(
WlW

T
l

)l
+
(
WlW

T
l

)l − (WT
l+1Wl+1

)l]
WT

l+1

∥∥∥
2

≤ ‖Wl+1‖2
[∥∥∥Wl:1W

T
l:1 −

(
WlW

T
l

)l∥∥∥
2

+
∥∥∥(WlW

T
l

)l − (WT
l+1Wl+1

)l∥∥∥
2

]
‖WT

l+1‖2

≤ α2

[
l(l − 1)

2
α2(l−1)δ +

∥∥∥(WlW
T
l

)l − (WT
l+1Wl+1

)l∥∥∥
2

]
,

and ∥∥∥(WlW
T
l

)l − (WT
l+1Wl+1

)l∥∥∥
2

=

∥∥∥∥∥
l−1∑
k=0

(
WlW

T
l

)l−1−k (
WlW

T
l −WT

l+1Wl+1

) (
WT

l+1Wl+1

)k∥∥∥∥∥
2

≤
l−1∑
k=0

∥∥WlW
T
l

∥∥l−1−k
2

∥∥WlW
T
l −WT

l+1Wl+1

∥∥
2

∥∥WT
l+1Wl+1

∥∥k
2

≤
l−1∑
k=0

α2(l−1−k)δα2k = lα2(l−1)δ,

thus∥∥∥Wl+1:1W
T
l+1:1 −

(
Wl+1W

T
l+1

)l+1
∥∥∥
2
≤ α2

[
l(l − 1)

2
α2(l−1)δ + lα2(l−1)δ

]
=
l(l + 1)

2
α2lδ.

So the statement (A.2) also holds for l + 1, and we complete the proof of the lemma.

Lemma A.2. Assume that the weight matrices ‖Wl‖2 ≤ α, l = 1, . . . , L− 1, where 1 ≤ α2(L−1) <
Lφ2 for some φ > 0; assume that the invariant matrices ‖Dl‖2 ≤ δ, l = 1, . . . , L − 2 and
‖I +DL−1‖2 ≤ ε, where δ ≤

(
2L3φ2

)−1
and ε ≤

(
4L2

)−1
. Then ‖∇LR‖2F ≥ R.

Proof. From Lemma A.1,
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Similar to (4.4), we have
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In addition, if Dl’s are approximately invariant, we can bound the weights ‖Wl‖2.

Lemma A.3. Let α = max1≤l≤L−1 ‖Wl‖2 ∨ 1, β = ‖WL‖2 and φ = max
{
‖WL:1‖2, e√

L
, 1
}

.

Assume that the invariant matrices ‖Dl‖2 ≤ δ, l = 1, . . . , L − 2 and ‖I + DL−1‖2 ≤ ε, where
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and ε ≤
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Proof. We first use the invariant matrices to bound the difference between ‖Wl‖2. Since
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From Lemma A.1,
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where log(Lφ2) ≥ 2 comes from φ ≥ e√
L

. Thus∥∥WL:1W
T
L:1

∥∥
2
≥ 1

2
α2(L−1)β2 >

1

2
· Lφ2 · 2

L
= φ2,

which is a contradiction! Therefore α2(L−1) < Lφ2, and we complete the proof of the lemma.

A.2 One-step analysis

We denote the one-step update as

W+
l = Wl − η∇lR, l = 1, . . . , L.

In this section, we always denote A+ as the value of a variable A after one-step update, for example
R+, W+

l2:l1
and D+

l . We will estimate the change of invariant matrix D+
l −Dl and the change of

lossR+ −R in one step.

Lemma A.4. Assume that ‖Wl‖2 ≤ α, l = 1, . . . , L − 1 and ‖WL‖2 ≤ β, where 1 ≤ α2(L−1) <
Lφ2 and α2(L−1)β2 < 2φ2 for some φ > 0. Then
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Lemma A.5. Under the same conditions as Lemma A.4, the change of invariant matrices under
one-step update satisfies
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Combining with Lemma A.4, we can complete the proof.

Lemma A.6. Under the same conditions as Lemma A.2, for learning rate

η ≤ min

{
1
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√
R
,

1

144L2φ4

}
,

the decrease of the loss function in one-step update satisfies
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2

)
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Proof. First we expand W+
L:1 as a polynomials of η:

W+
L:1 =

L∏
l=1

(Wl − η∇lR) = A0 + ηA1 + η2A2 + · · ·+ ηLAL,
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From Lemma A.2,
I1 ≤ −η‖∇LR‖2F ≤ −ηR.

For I2 and I3, we further expand W+
L−1:1 as
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R, l = 1, . . . , L− 1, then for k ≥ 1,

‖Bk‖F ≤
(
L− 1

k

)
αL−1−k

(
2φ
√
R
)k
.
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(
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R
)2
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Notice that Ak = WLBk − ∇LRBk−1, k = 1, . . . , L where ‖WL‖2 ≤ β and ‖∇LR‖F ≤
αL−1

√
2R, then∥∥∥∥∥
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∥∥∥∥∥
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√
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√
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≤ 4
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2η2L2φ3R+ 4
√
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So

I2 ≤

∥∥∥∥∥
L∑
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∥∥∥∥∥
F

‖WL:1(k)− Φ‖F ≤ 16η2L2φ3R3/2,

I3 =
1

2

∥∥∥∥∥
L∑

k=1

ηkAk

∥∥∥∥∥
2

F

≤ 36η2L2φ4R.

For η ≤ min

{(
64L2φ3

√
R
)−1

,
(
144L2φ4

)−1}
, we have I2 ≤ ηR/4 and I3 ≤ ηR/4. Therefore,

R+ −R = I1 + I2 + I3 ≤ −ηR+
1

4
ηR+

1

4
ηR = −1

2
ηR.

A.3 Proof of Theorem 4.3

Now we are ready to prove the main Theorem 4.3.

Proof of Theorem 4.3. Let α(t) = max1≤l≤L−1 ‖Wl(t)‖2 ∨ 1, and β(t) = ‖WL(t)‖2. We will
proof the following two statements by induction:

α2(L−1)(t) < Lφ2, α2(L−1)(t)β2(t) < 2φ2, (A.4)

R(t) ≤
(

1− η

2

)t
R(0). (A.5)

Recall that φ = max
{

2‖Φ‖F , e√
L
, 1
}

.

The statements hold for t = 0 since α(0) = 1 and β(0) = 0. Assume that the statements hold for
0, 1, . . . , t, now consider t+ 1.

From the induction assumption, R(t) ≤ R(0) = φ2/8, then η ≤
(
144L2φ4

)−1
<(

64L2φ3
√
R(t)

)−1
satisfies the requirement of Lemma A.6. So (A.5) holds for t+ 1. Furthermore,

‖WL:1(t+ 1)‖2 ≤ ‖WL:1(t+ 1)‖F ≤ ‖Φ‖F +
√

2R(t+ 1) ≤ ‖Φ‖F +
√

2R(0) ≤ φ.

The invariant matrices Dl(0) = 0, l = 1, . . . , L− 2 and I +DL−1(0) = 0 for initialization. From
Lemma A.5, each update

‖Dl(s+ 1)−Dl(s)‖2 ≤ 8η2φ2R(s)
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for l = 1, . . . , L− 2 and s = 0, 1, . . . , t. From the induction assumption,

t∑
s=0

R(s) ≤ R(0)

t∑
s=0

(
1− η

2

)s
≤ 2

η
R(0) =

φ2

4η
,

then

‖Dl(t+ 1)‖2 ≤
t∑

s=0

‖Dl(s+ 1)−Dl(s)‖2 ≤ 8η2φ2
t∑

s=0

R(s) ≤ 2ηφ4 ≤ 1

2L3φ2

since η ≤
(
4L3φ6

)−1
. Similarly, ‖I + DL−1(t + 1)‖2 ≤ 4η(L + 2)φ2 <

(
4L2

)−1
. Now from

Lemma A.3, the statement (A.4) holds for t+ 1. Then we complete the induction.
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