Efficiently avoiding saddle points
with zero order methods: No gradients required

Supplementary Materials

A Preliminaries Detailed proofs

In this first subsection, we show that the forward finite differences method can be used to
construct an approximate gradient oracle. Similar oracles can be constructed using back-
ward, symmetric finite differences or Richardson extrapolation which have even higher
gradient approximation accuracy. Additionally, we compute the Lipschitz constant of our
method and we show that our definition of “well-behaved” approximate gradient is well de-
fined. In other words, there are simple approximation oracles which follow the smoothness
requirements that our work assumes.

A.1 Gradient Approximation using Zero Order Information

Lemma 4 ( Lemmarestated ). Let f be (-gradient Lipschitz. Then (-, h) as defined in Equation
is Vdl Lipschitz for all h € R and it holds that: ||r¢(x,h) — V f(x)|| < ¢/d|h|

Proof. For the first part of the lemma we split our proof into two cases:

e For any h # 0 and any x, x’ € R? we have
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Let us define the function ¢;(s) = f(x+se;) — f(x'+se;) for all I € [d]. Then by applying
the mean value theorem we get
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for some & € (0,h). We have that ¢;(§;) = Bf(’(f;&’e’) - af(xf;j;f’e’). If f is ¢-gradient
Lipschitz so are all the partial derivatives
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e For the special case of h = 0

Ir7(x,0) =y (x', 0)|| = [V £(x) = V()| < llx = x|| < Vdel|x — x|



Similarly, for the second part of the lemma we have that for any ~ # 0 and any x
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For each [ € [d] we use the mean value theorem so that for some z; : |£;| < |h| we have
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For h = 0 the requested inequality holds as an equality. O

As noted in the main paper, recent studies have analyzed zero order optimization by care-
fully crafting a smoothed version of the original objective function. These arguments are
also applicable to our case as well.The following lemmas show why these approaches lead
poly(d,e~1) slowdown in terms of number of iterations and function evaluations.

A.2 Black box reductions to first order methods

Algorithm3]of [JLGJ18], uses approximate gradient evaluations at randomly sampled points around
the current iterate to get an estimate of the gradient of f. This estimate is then perturbed with noise
in order to avoid any potential saddle point.

Algorithm 3 First order Perturbed Stochastic Gradient Descent (FPSGD)
Input: x(, learning rate 7, noise radius r, mini-batch size m.
fort=0,1,...,do
sample (23", -+, z{™) ~ N(0,021)
gi(xi) — S0 glxi +2) '
X1 X — n(ge(xe) + &), & uniformly ~ Bo(r)
end for
return xo

Lemma 5. Let f : R — R be a bounded, L-continuous, {-gradient, p-Hessian Lipschitz function.
Additionally, suppose that we have access to a function g : RY — R such that |Vg — V f]|c < v.

Then, [JLGJ18|]’s FPSG method needs @(f—i) evaluations of Vg to converge to an €-SOSP .

Proof. We will show the main steps that [JLGJ18]] followed in Section E of the Appendix. The first
step of the proof is to define the Gaussian smoothing of function g with parameter o

9o (X) = IEzw./\f((],crzl)g(x + Z)
One can show that
Vo (%) = Ezon0,021)Vg(x + 2)
Vzgg(x) = EZNN(O’UH)VZQ(X +2z)

Additionally Lemma 48 of [JLGJI18] tells us that the gradients and Hessians of g, and f are close
to each other and that g,, is gradient Lipschitz and Hessian Lipschitz.



® g, is O(¢ + %) gradient Lipschitz and O(p 4+ %) Hessian Lipschitz.
o [Vgo(x) = Vi(x)|l < O(pdo® +v) and || Vg, (x) — V2 f(x)]| < O(pVdo +v)

Then Lemma 54 of [JLGJI18] proves that a ﬁ—SOSP of g, is also a O(e) stationary point of f if

For the aforementioned choices of v and o, Vg is bounded

Vo (%)]| < IVgo(x) = V)| + V) < Vv + L<e+ L

So g(x + z) is O(e + L) sub-gaussian. Notice also that by replacing with the upper bounds on o

and v one can observe that the Lipschitz constant of V2g, is O( p\/&) This is the main reason that
a ﬁ—SOSP of g, is required.

According to Theorem 65 of [JLGI18] getting an e-SOSP of g, requires O(d/e*) number of evalu-
ations of Vg. So to get an ﬁ—SOSF of g,, one would require O(d®/e*) number of evaluations of
Vg. [

Notice that the above theorem makes the technical assumption that the gradient approximator is
a gradient of a function, that may not be true for standard finite differences approximators. The
Lemma below for ZPSG does not have the same limitation. In contrast to FPSG, Algorithm 4 works
with function evaluations directly to come up with appropriate gradient evaluations.

Algorithm 4 Zero order Perturbed Stochastic Gradient Descent (ZPSGD)
Input: x(, learning rate 7, noise radius r, mini-batch size m.
fort=0,1,...,do
sample (23", -+, z{™) ~ N(0,021)
gi(xi) « Ty 2 [f (i +27) — f(x0)]/(mo?)
X1 X — n(ge(xe) + &), & uniformly ~ Bo(r)
end for
return xo

Lemma 6. Let f : R? — R be a bounded, L-continuous, (-gradient, p-Hessian Lipschitz function.
Then, [JLGJ18|]’s ZPSG method needs O(g—:) evaluations of f to converge to an e-SOSP .

Proof. We will show the main steps that [JLGJ18]] followed in Section A of the Appendix. The first
step of the proof is to define the Gaussian smoothing of function f with parameter

fo(x) = Epun(o,021) f(x + 2)

One can show that

Vis(x)= Ez~N(0,g21)Vf(X +z)
szg (x) = EZNN(O’021)V2f(X + Z)

Additionally Lemma 18 of [JLGJ18] for v = 0, tells us that the gradients and Hessians of f, and f
are close to each other and that f, is gradient Lipschitz and Hessian Lipschitz.

o f,is O(¢) gradient Lipschitz and O(p) Hessian Lipschitz.
o [Vfo(x) = V()| < O(pdo?) and [[V? f5(x) = V2f(x)|| < O(pV/do)



Based on this we can see that an e-SOSP of f,; is also a O(e) stationary point of f if

€
<O0(G/—
<0G/
We also need to develop a random gradient approximator of V f, given only evaluations f. Based
on Lemma 19
fx+2) - f(x)

Vo) = Eann0.021)2 o2

Let us define A i
x+z)— f(x
9(x;2) =2 ———FH5———
o
Lemma 24 shows that g is £ subgaussian where B is the upper bound on | f(x)| (it exists since f is
bounded). Replacing with the upper bound on o, it turns out that g is O(B, / pid) subgaussian. This

dependence on d and e is the main reason of the slowdown in this case.

According to Theorem 65 getting an e-SOSP of f, requires (’N)(d2 /€®) number of evaluations of g.
Each evaluation of g requires 2 evaluations of f. O



In the next section, we show the complete proof of our first main result. We will use the
Stable Manifold Theorem (SMT) to prove that zero-order approximate gradient descent
(AGD) avoids strict saddle points.

B Approximate Gradient Descent Detailed proofs

Our first two lemmas prove the equivalence between the first order stationary points of f
and the fixed points of the AGD. Additionally we show that saddle points of the objec-
tive function correspond exactly to the unstable fixed of the proposed zero order method.
Finally we show that for sufficiently small size-step the dynamical system is diffeomor-
phism. This critical property will allow us to generalize the consequences of SMT from a
local region around a saddle point to the global domain.

B.1 Avoiding strict saddle points

Lemma 7. Assume that go is an (L, B, c¢) well behaved function. If B < % andn < % for every

strict saddle point x* of f and we have that (’B) is not a stable fixed point of go. Additionally, these
are the only unstable fixed points of go.

Proof. For h = 0 and at a strict saddle x*, we will calculate the general differential of gg.

D <X*> <I - nDa:q:c (X*v O) —UDth (X*v O)>
go =

0 0 g0
B (I —nV2f(x*) —nDpg.(x*, 0))
= 9qr (0)
0 B=51—

with eigenvalues Baqgéo), (1 — nX;) , where \; are eigenvalues of V2 f(x*). Since x* is a strict

*

x ) is an unstable fixed

0
point of go. To prove that these are the only unstable fixed points, observe that 6%}50) € (0,1) so

saddle, then there is at least one eigenvalue \; < 0, and 1 — n\; > 1. Thus (

the only way Dy (’f;) has an eigenvalue greater than 1 is for some \; to be negative and therefore
x* should be a strict saddle. O

For the sake of completeness here we provide an extra lemma that proves the equivalence between
the first order stationary points of f and the fixed points of go.
Lemma 8. Assume that go is an (L, B, ¢)-well-behaved function for a function f with 8 < %. Then

for each first order stationary point of f x*, (’B*) is a fixed point of go. Additionally gy has no other
fixed points.

Proof. For g < % we have that g, = Bqp,(h) is a contraction since its Lipschitz constant is less
than one. So the only fixed point of gy, is 0. Therefore for & # 0 no point (;‘) is a stable point. Now
for h = 0 we get that g, (x, h) = V f(x) so we have

Xp+1 = X — NV f(xk) (1)
So x is a fixed point if and only if V f(x) = 0. Combining this with the requirement that all fixed
points of gy have A = 0 proves the lemma. O

In order to prove Theorem|[I| we also have to prove the diffeomorphism property of go.
Lemma 9. If go is an (L, B, ¢) well behaved function and 1) < 1, then det(Dgqo(+)) # 0.

Proof. Let
K = Dasgu(x,h) 2)



By straightforward calculation

D ry I- 77/C 77]Dth (X7 h)
9o n) = 0 ﬁafIgI(lh)

Given that g(-, h) is L-Lipschitz for all h € R, we have that ||| < L. Clearly we have that
det(I —nk) # Osince ||[I — niC||2 > 1 —nL > 0. Finally we have that

det(Dgo (i)) - 5‘9"52’” det(I — nk) # 0.

A straightforward application of result of [LPPT19] and SMT will yields a saddle-
avoidance lemma following kind :

Let X be the set of the strict saddle points of f, 1 < % and B < %. Then it holds:
Pr({(x) : Xj}) =0.
r {(h0> P Xy € i

Notice that the random choice would be both on xq, hy. In the following subsection we
will prove that a stronger result where the random initialization refers only to the x;’s
domain is surprisingly possible via a new refinement of SMT:

Vho € R: Pr(klim xp,=x")=1
e deel

Let us first describe our general strategy for proving this refinement:

1. We will restate the Stable Manifold Theorem and understand its implications.
(Section(B.2.1))

2. We will study the structure of the eigenvalues of Dg at fixed points of gg.
(Section[B.2.2)

3. We will show how this affects the projections to the stable and unstable eignes-
paces of Dgg.

(Section[B.2.3)

4. Finally we will see how this enables us to study the dimension of the stable mani-
fold when hy is fixed.

(Section[B.2.4)

B.2 A Refinement of the Stable Manifold Theorem

B.2.1 Understanding the Stable Manifold Theorem

Theorem 5 (Theorem II1.2 & II1.7 of [[Shu87l]). Let p be a fixed point for the C" local diffeomor-
phism b : U — R™ where U C R" is an open neighborhood of pin R"™ andr > 1. Let E,E. B F,,
be the invariant splitting of R™ into generalized eigenspaces of Dh(p) corresponding to eigenvalues
of absolute value less than one, equal to one, and greater than one. To the Dh(p) invariant subspace
E, ® E, there is an associated local h invariant embedded disc W9 which is the graph of a C"
functionr : E; ® E. — E,, and ball B around p such that:

h(Wy N B c Wl If h™(x) € B foralln > 0, then x € W'o°

We will give some intuition on how the Stable Manifold Theorem restricts the dimensionality of the
stable manifold. It essentially boils down to restricting the dimensionality of the manifold W!oc.
Let us have a x € U, then this can be decomposed in two vectors X4, and x,,, the projection of
r to By @ E, and E, respectively. Thus by the construction of W%¢ in the proof of the Stable
Manifold theorem, we know that there is a function » : E; & E. — FE, such that if x € W;gc
then (Xs¢,X,) € graph(r), or equivalently it holds that x,, = r(xs.). By the construction of r,
7 is smooth so now dim(W!¢) = dim(graph(r)) = dim(Es @ E.). To understand why the last
statement is true, the interested reader can look at example 5.14 of [LorOS].



B.2.2 [Eigenvalues of the Jacobian at fixed points

Our main tool for understanding the structure of the eigenvalues of Dy at fixed points of g is com-
paring it and contrasting it with its first order counterpart, gradient descent. Here is the dynamical
system of gradient descent:

Xpt1 = g1(Xk) = Xk = NV f(Xp)
Now let us pick a fixed point of f, x*. Then

Dgi(x*) =1 —nV?f(x")

is a symmetrical matrix for the C? function f. Then we can write down its real orthonormal eigen-
vectors {v;}& ;. Without loss of generality we can reorder them so that the k first eigenvectors
correspond to eigenvalues less than one, the next s correspond to eigenvalues that are equal to one
and and the last ones correspond to eigenvalues that are larger than one in absolute value. Based on
this separation between the eigenvectors, we can now define the following three vector spaces

Egl = [{Vh T >Vk}]
Egl = [{vk+17 T avk+s}]
Egl = [{Vk+8+17 T ’vd}]

Then we can prove the following interesting lemma

Lemma 10. If v is eigenvector of Dgy(z*) then () is eigenvector of Dgo (’B) with the same
eigenvalue.

Proof. By straightforward calculation

D < > (I nDa:QI x* 0) —ﬁDth(X*70)>
9o 56%(0)
Oh
I— TIV2 X* 777Dth(X*vO)
63%(0)
(D91 x*) —nDth(X 0))
B L]h (0)

Indeed if v is eigenvector of Dg; (x*) with eigenvalue A then
b x*\ (v Dgi(x*) —nDpg.(x*,0) AN A
980 J\o 0 p20 0 o)~ "o

Now we now the form of the d out of the d + 1 generalized eigenvalues of Dg (’B) There must be
at least one more generalized eigenvector along with its corresponding eigenvalue. It is known that
generalized eigenvectors span the whole space. But so far all the eigenvectors have a zero in the last
coordinate. So the last generalized eigenvector must have a non-zero value in the last coordinate.
Without loss of generality we can assume that the last coordinate is 1. So the vector will be of the
form (¥). We would like to determine its corresponding eigenvalue.

O

9gr(0)

Lemma 11. The eigenvalue of Dgo( ) that corresponds to ( ) is B=5~

Proof. Since the last row of D go( ) contains only one non-zero element, we know that the char-
acteristic polynomial py of Dg can be written as

dqn(0)
Oh

X*
det(Dgo ( 0 ) — Mat1xd+1) = det(Dgr (x*) — Myxq) det(8 -})

Given that all the other eigenvalues cover the roots of the first term, we know that the last eigenvalue
is f < 9an 0). O



By assumption we know that 0 < 3 8th0) < 1. Thus the last generalized eigenvector corresponds
to a stable eigenvalue. Now we can write down the following

e=[{(7) ()0}
- [ ()

({5 ()

B.2.3 Projections to stable and unstable eigenspaces of the Jacobian

In this paragraph we want to learn more about the projection to the stable and unstable eigenspaces
of Dg. Specifically for any vector ( ) there are unique x99, x9°, hg, h,, such that

sc?

X x99 xJ0
() -(0)+C)
Xgo 0
(hs) € B @ EP and(hu) € Ed

Let us compute these projections. Given that the generalized eigenvectors span the whole space, we
have that there are unique \; € R such that

() =2(5) (1) =

Anp1=handx = Av; + hv &

=1

n
Anp1=handx — hv =3 \v; &
i=1
>\n+1 = h and /\z = <X — h\?, Vi>
Since v; are orthogonal as eigenvectors of a symmetrical matrix. We can now find the vectors and
values x99, x9°, hg, hy,

k+-¢
X% =3 \vi+hv

k+£
= Z(x — hv,v))v; + hv

i=1

k+e k+e
= Z<X, Vi>Vi +h <‘~/ - Z<777 Vi>vi>

i=1 =1

n
XZU = Z )\ivi
i=k+4+0+1
n
= Z <X - h{,7 vi>v’i
i=k+0+1
n n
= Z (x,vi)vi—h Z (V,vi)vi
i=k+0+1 i=k+0+1
hs =hand h, =0

Once again we will compare and contrast with the first order case. Equivalently for every vector x
there are unique x9J1, xJ' such that

sc?
— ~91 g1
X =X, + X,

x% € BE9' @ B9 and xJ! € ES



Let us define

k£
q= ‘N’ - <{’a V’L>VZ
i=1
= Y (v )
i=k+0+1
Then clearly
x{e = x{ +hq
x9 =x9 — hq (5)
hse = h
hy, =0

B.2.4 Restricting the dimension of the stable manifold for fixed initial /

In this paragraph we are ready to finally prove Theorem

Theorem 6 (Theoremrestated). Let go be a (L, B, ¢)-well-behaved function for function f. Let
X7 be the set of strict saddle points of f. Then if n < % and B < %.‘

Vho € R: u({xo : khjr;oxk € X3})=0

Proof. Without loss of generality let us have a fixed h = hg. Let us define M}, as
My, = {xo € R": klim 9 (%0, ho) = (x*,0) and x* € X7}
—00

We want to prove that the set M has measure 0. Let us apply the Stable Manifold Theorem on gq for
all fixed points p = (x*,0) € X7 x {0}. Let Bp, W!e¢ be the ball and the corresponding manifold

sc,p

derived by Theorem We consider the union of those balls B = | J B,. The following property for
RY holds:

Theorem (Lindel6fs lemma). For every open cover there is a countable subcover.

Therefore due to Lindel6fs lemma, we can find a countable subcover for B, i.e., there exists a
countable family of fixed-points pg, p1,--- such that B = U+°° B,,.. Once again, based on

m=0

Theorem [3] if starting from x, one converges to an unstable fixed point then it holds that
X0 € My, = 3Im, to : Vt > to (x4, hi) = g4(X0, ho) and (x¢, hy) € By,
= 3m, 1o : (X9, hey) = 90° (X0, ho) and (x4, he,) € WIS,
Let us define
U™ ={xp € RY : (x4, hy) = gt (x0, ho) and (x4, hy) € ngfpm}

Therefore we have

My, < | Jorm

m=0t=0

Now it suffices to prove that all U™ sets have zero measure. Let us first prove the following lemma
as a stepping stone.

Lemma. Let us define the following set of points
W= {xeR: (x.h) e WS, )
Then dim(R}) < d.



Proof. Based on our discussion on the Stable Manifold Theorem, we know that there is a smooth
function r : £Y @ EJ — EJ such that

() ewt, = () = et
h SC,Pm hs sc)

where x9, x9, , hs and h,, the components of the projections to £9° @ E9° and E9° as defined in
the Equatlons of 3] Now using our analysis in the Equations of[3]

loc x91 — hq
(h) € Wb, = ( “ 0 > =r(x9 + hq,h)

where q is the vector we defined in Equation @ Let [ ] be the projection that for each (2) € Ra+!
returns x. Then we can define the following smooth function

r, : B9 @ E9' — E9' 1) (x) = hq + Hr(x—|— hq, h).

Using the {v;}? , as a basis we can write

(h) € ngcp = x93 =7} (x%) = x € graph(r},)

Therefore dim(R]") < dim(E9* & E9') < d since p,, corresponds to an unstable fixed point of
gi- O

Then we can prove the following lemma

Lemma 12. The measure of U[" is zero.

Proof. We will do this by contradiction. Let us assume that U, has non-zero measure. Let us define

m={xeR":zecU"}
Wit ={x e R" :x € go(W{", 1)}

th = {X e Rn X € gO(Wtrflah’t—l)}

Given that g(-, h;) is a diffeomorphism for all i, we have that TV, has non zero measure. Observe
that

th g R}VZ

and so dim(W{™) < d and W™ has measure zero leading to a contradiction. O

Since the countable union of zero measure sets is zero measure we clearly have that M}, has measure
zero as requested. O

In the previous section, we provided sufficient conditions to avoid convergence to strict
saddle points. These results are meaningful however only if hm X, = x*. Thus in order

to complete the proof of [3] in the following section we will prov1de sufficient conditions
such that the dynamic system of AGD converges.

10



B.3 Convergence

We will refer to the error of the gradient approximation as

€k = qu(Xk, hi) = Vf(Xk).

In order to prove the convergence firstly we establish a lower bound for the decrease of
the function that is connected with the norm of the gradient and its approximation error
(Lemma 2). We also prove that our scheme yields to an exponential decrease of that error
(Lemma [I4). Given those lemmas we can prove an exact and an e—first order stationary
convergence theorem.

Lemma 13 (Lemma I restated). Suppose that go is a (L, B, c)-well-behaved function for a (-
gradient Lipschitz function f. If n < + 7 then we have that

Joaan) < ) = 5 (1970 = ) ©)
Proof.

Fxkan) < F00) + V7000 Gois =0 + Sl il

2
< F00) — 19 F006) e ) + s e )

< flxw) =0V (xr) T (Vf(xx) +ex) + ngf(Xk) + e
< fxk) =0V f(xk) (Vf(xr) +€x) + gl\vf(Xk) +ex||?

< £60r) = 3 (IV£Ger) I = llexl?)
O

Lemma 14 (Exponentially Decreasing €y). Suppose that go is a (L, B, ¢)-well-behaved function
for a function f. Then we have that

lexll < clhol(BB)"

Proof. Since gy, is B-Lipschitz
|hiet1] = [Ban(hi) — Ban(0)| < BB|hy|

Therefore we have that
|hie| < (BB)¥|ho

Based on property 3 of the (L, B, ¢)-well-behaved function we have that
lexll = Nz (xk, he) = V f(xi)|| < clh] = (BB)"|hol

Now we are ready to start our proof for the convergence to the first order stationary points.

Theorem 7 ( Theorem [2| IRestated) Suppose that 90 zs a (L, B, ¢)-well-behaved gradient function
for a (-gradient Lipschitz function f. Letn < 1, 3 < 3. Then zf f is lower bounded

lim ||Vf(Xk)|| =0
k—o0

11



Proof. Applying Lemma P|repeatedly we get

k
Fox0) = Foee) > 53~ (IVFG)IP = )
=0

‘We now have that

V

k k
F(x0) = floxi) + 5 >l 2 ;’;Wf(xi)nz

00 k
Fxo) = floxi) + 5 D lledll? = 2 DIV F(x)]?
i=0 =0
o) k
Fox0) = F k) 5 3 (elol(8B))” = 3 IV A
i=0 =0

Qh(Q) n . 2
f(xo0) — f(x )+ 21— (BB)? > §;|\Vf(xi)||

Given that f is lower bounded, f(xo) — f(xx) and therefore the whole left hand side is upper
bounded which means the series sum in the right hand side is upper bounded. Since this is a series
of non negative terms this means that the series converges and therefore

lim ||V f(xg)[| =0
k—o0

For the sake of completeness, we will analyze the convergence rate to e-first order station-
ary points in this setting. This would enable us to to make a fair comparison with previous
results that assume a fixed hy = hg. Notice that the following result improves over pre-
vious work in randomized zero order gradient approximations. In [NS17[, it was proved
that using a randomized oracle that requires 2 function evaluations per iteration, one could
get an in expectation e-first order stationary point after O (d? (f(xo) — f*) /€?) iterations.
For the case of ¢, using 7 as defined in Equation [T of the Section 3, we have just proved
that with d + 1 function evaluatlons per iteration we can get a e-first order stationary point
after only O (€ (f(x0) — f*) /€?) iterations. Thus for the same number of function evalua-
tions up to constants, our work provides deterministic guarantees whereas [NS17]] provides
guarantees only in expectation.

Theorem 8 (e-first order stationary points). Suppose that gq is a (L, B, ¢)-well-behaved gradient

function for a {-gradient Lipschitz function f. Let qn(h) = hand B = 1, n = % Then if f

has minimum value * and hy = ﬁ the required number of iterations to reach a e-first order

Stationary point is
o (14w 1)

2
Proof. Applying Lemma P2|repeatedly we get

1 k
Floxo) = £0ux) 2 35 3 (IVFGei)lP” ~ lleal?)
=0



‘We now have that
1< 1<
Floxo) = Fxi) + 55 D leall® = o7 9762
i=0 i=0

k k
Floo) = )+ 557 Celhal” 2 55 IV

f(f(xo) - f(Xk))
2(k + 1)

((fxo)=f) & 1 §
W + 0} > m ;va(XZ)HQ

+ C2|h0|2

Y

1 k
e SV
EEPD

Choose the smallest kg such that % < €2, Then we have

e >

ko
> IVFG)IP
ko +1 i=0

Since the average of the squared norms of the gradients is less than €2, there should be at least one
that is less or equal to €2, That is there is a k < kg such that ||V f(x)|| < . Given the definition of
ko we get the iteration bound stated in the theorem. O

The last theorems give us a guarantee that the norm of the gradient is converging to zero
but this is not enough to prove convergence to a single stationary point if f has non isolated
critical points. To establish a stronger result we prove that {||V f(x)||} does not decrease
arbitrarily quickly.

Lemma 15 (Sufficiently large gradients). Suppose that go is a (L, B, ¢)-well-behaved function for
a l-gradient Lipschitz function f. Then we have that

IV &)l = (L= 0OV f (xRl = neller]|

Proof.

IV f el = IVl = IV (xk41) = Vo (x) |
> IV f ()| = Cllxk41 — x|

> |V f(xu)ll = 0l gz (xk, P

> |V f ()|l = nlllV f(xk) + ekl

> [V f(xp)ll = nlllV f (i) || = néllex]|

> (1 =nO)IVf(x)|l —nlllexll

13



Having established the above lemma we can use the Theorem 3.2 in [AMAOS5] and we are
able to provide sufficient conditions to get convergence to a single stationary point even for
functions with non isolated critical points.

Theorem 9. Assume that f is {-gradient Lipschitz, is analytic and that it has compact sub-level sets

and that go is a (L, B, ¢)-well-behaved gradient oracle. Let ) < i, B < 1%’75. Then lim xy, exists

and is a stationary point of f.

Proof. We will first prove that given the fact that f has compact sub-level sets {x;} is confined in
compact set. Based on Lemma we have that forall £ > 0

FGorer) = ) < Ll

Applying this recursively and adding the inequalities

k
Fxiin) < flxo) + 3 D[l

So clearly {f(xx)} is bounded and therefore {xy} stays in one of the compact sub-level sets of f
forever.

Let us define the following
¢1(ho) = clho|(BB)"

We will split the proof of the theorem in two cases. For the first case we will assume that there is a

ko € N such that
IVf (%ko)[| Z Dro (ho)
Then by Lemma T3]

IV f (Xko+1) [l = (1 = 0OV f (xko)|| — nlllers 2
> (1= nl) b, (ho) — nldi,(ho)
> (1= 200) ¢k, (ho)
1—2nt
8B
> %moﬂ(ho)

> Oro+1(ho)

Y

BB, (ho)

By induction we have that Vk > ko + 1

1—2nf
8B

IV f(xe) > éx(ho)

By Lemma

IV £ G| (1—2nf>_
el =\ pB )71

14



At the same time
—Vf(xk) T (R = xx) = 0V (xk) T (Vf (k) + k)
= 0V x0)|* + uVf (xx) e
1
o(1+7) I9sG0l?
Additionally using similar arguments as above
~VIk) T (par = xk) T (1 B ) IV Ger) I _ 1-

: (1)
IVF )l (ke = x) (1 + %) 1V 1 (x) |12 (1 N %)

Let us define

Clearly by Lemma[2] we have that
n n 1
o) = fsa1) = 3 (197601 = lleal?) 2 3 (1 ) 194G
We can conclude that
Fxk) = F(rp1) = = V) T (Rkgr = xx) > ercal|VF ) | (r1 — %) |

with ¢c1co > 0. Moreover, ||V f(xg)|| > ¢r(ho) > 0 so we do not have to worry about arriving
on stationary points in finite time. Given that f is analytic, we have all the necessary conditions
of Theorem 3.2 in [AMAOQ3] and we have ruled out the possibility of {x;} escaping to infinity.
Therefore, we can now claim that {x;, } converges.

For the second case we have that for forall £k € N

IV f (i)l < ¢r(ho).

We will now prove that {x, } is a Cauchy sequence.

k
gk = x| < D lxien —

1=m

k
< lInge(xi, bl

k
<n Y _IVF(xi ) + &l

k
<21y ¢i(ho)

We know that > ;° ¢;(ho) converges so the partial sums must converge to 0. Then

m,k—o0

k
. _ < . _ _
lim [, = xll <27 T > 6i(ho) = 0
=m
So limyy, g—oollXk — Xm|| = 0 and {x;} is a Cauchy sequence bounded in a compact set and
therefore it converges.

In either of the cases the limit of {xy } is of course a stationary point. O
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We can now conclude our analysis with this final theorem.

Theorem 10 (Theoremrestated). Let f : R — R € C? be a (-gradient Lipschitz function. Let
us also assume that f is analytic, has compact sub-level sets and all of its saddle points are strict.
Let go be a (L, B, ¢)-well-behaved function for f withn < min{%, i} and B < 1%“. If we pick
a random initialization point X, then we have that for the Xy, iterates of go

Vho € R Pr(lim x, =x") =1
k—o0
where xX* is a local minimizer of f.
Proof. Given the assumptions, we can apply Theorem E] and get that limy_, o, X}, exists and is a
stationary point of f. We can also apply Theorem [I]in order to guarantee that the limit is not a strict

saddle of f with probability 1. Given the assumption that f has only strict saddles, then limy_, o X
is with probability 1 a local minimum of f. O

16



C Escaping Saddle Points Efficiently Detailed proofs

Before presenting the iteration complexity proof ( Theorem []) we will state our main probabilistic
lemma.

Lemma 16. There exists an absolute constant ¢y, such that for any f that is £-gradient Lipschitz
and p-Hessian Lipschitz function and any ¢ < cmax, and X > 1. Let 1,7, Gunres, finress Linress Piow be
calculated same way as in Algorithm[l| Then, if x; satisfies:

||vf(xt)|| S Gthres and )\min(VQf(xt)) S _\//;

Let Xg = x; + & where & comes from the uniform distribution over Bo(r), and let {X;} be the

iterates of approximate gradient descent from X with stepsize 1 and h = hj,,, then with at least

probability 1 — %< e=X, we have:

N/
S S trhre.v : f(xt) - f(iz/) Z fthrm

This lemma will be the “workhorse” which will offer the high probability guarantees of Algorithm
[] given that substantial progress can be made in the low gradient phase. The proof of the above
lemma is deferred to the end of this section.

We are ready now to prove our main theorem:

Theorem 11 (Theorem @]restated). There exists absolute constant ¢yax such that: if f is (-gradient
Lipschitz and p-Hessian Lipschitz, then for any § > 0, < %, Ay > f(x0) — f*, and constant
¢ < Cmax, With probability 1 — 6, the output of PAGD(zo, ¢, p,€,c, 6, Ay) will be e-SOSP , and

terminate in iterations: / . dIA
o <(f(X0>2—f) log* (J))
€ €26

Proof. Denote ¢max to be the absolute constant allowed in Lemma [I6] In this theorem, we let
Cmax = MIN{Cmax, 3/32}, and choose any constant ¢ < ¢pax.

In this proof, that Algorithm|I|returns a point x that satisfies the following condition:
c
19091 < g = Y - Anin(V2F(3)) > — /7 ™

Since ¢ < 1, x > 1, we have g < 1, which implies any x satisfies Equation is also a e-SOSP .

Starting from x¢, we know if x¢ does not satisfy Equation[7] there are only two cases:
1. ”ZOH = Hq (Xo, %7:) H > %gthres
In this case, ||V f(xo)[| > 4= and Algorithm|T]will not add perturbation. By Lemma %}

flxo0) = f(x1) 2 g (V£ (x0)lI* = lleol®)

where &0 = g (xo, 42 ) = 7 (x0). Therefore we get ||| < %=

3n 3c?e?
“(IVf(x0) 1 = lleol®) = 25 gihves = 2577

f(x0) — f(x1) > 2 35 320y

N3

2. Jlzoll = [la (xo, 22 )|| < Lonnes
In this case, |V f(x0)|| < ginres and Algorithmwill add a perturbation £ of radius 7 such
that xg < xo + &, and will perform approximate gradient descent (without perturbations)
for at most ¢y Steps. Since X is not a second-order stationary point then by Lemma@]
there exists 4" < tures such that:

C €

f(xo)_f(xl):f(xo)_f(ii/)thhres:?' ;

17



This means on average every step decreases the function value by

f(XO) - .f(ii/) > flhres _ é . i
4 - tthres X4 14

Hence, we can conclude that as long as Algorithm [T] has not terminated yet, on average, every step
. 3 2 K
decreases function value by at least % - <. However, we clearly can not decrease function value by

more than f(xg)— f*, where f* is the minimum value of f. This means Algorithmmust terminate
within the following number of iterations:

flxo) = f* _ Xt Ufxo) = /") _ (E(f(Xo) — ) log* <dmf)>

3 ¢ c3 €2 €2 €20

x* L

Finally, we have to ensure that the above statement holds with high probability. In the worst case
scenario, in each outer-loop iteration the algorithm will be enforced to add a perturbation yielding a
decrease of fiyres- Thus, the maximum number of perturbations are at most:

f(xo) — f*  f(x0) — f*

f thres < . 54
X3 p

Applying Lemmal[l6] we know that the guaranteed decrease of fuyes happens with probability at least

1- %e‘x each time. By union bound, the probability that all perturbations satisfy the decrease

guarantee is at least

| Jl) Y i)~ )
VP e . ] c €2
x3 p
A f

Recall our choice of xy = 3 max{log(—={),4}. Since x > 12, we have x3e™X < e~X/3 this gives:

X U x0) — ) b O0) = 1)
c €2 - ce? -

which finishes the proof.
O

What remains to be proven is why adding a perturbation is guaranteed to help the algorithm decrease
the value of f substantially with high probability. Following the proof strategy of [JGN™17] we will
define some additional notation. Let the condition number be the ratio of the Lipschitz constant of
V f and the smallest negative eigenvalue of the Hessian of x; before adding the perturbation, i.e
k = {/+ > 1. Additionally we define the following units:

2
2
VEY o VEY g W P

p < log(%), £ nl,§ + -
P> p pp Kp m

e 3
bl

Following the above definitions, it holds that: S = 4/ % = %, R=2Band n¥& =S

(A): The first argument in this proof is that if the X; iterates do not achieve a decrease of 2.5§ in ¢T steps
then they must remain confined in a small ball around X.

Lemma 17. For any constant ¢ > 3, define:
T= min{ inf {1 (wo) — f(u,) > 258}, T }

then, for any n < 1/¢, we have for all t < T that |[u; — ug|| < 100(S - ).

18



Proof of Lemmal[l7] Applying repeatedly Lemma 2] we get for ¢ < T

Flu) = fuo) < =5 S (IVF @) = i)
=0

where
€ = Qm(ui, hlow) - Vf(uz)
By definition of 7" we have that the function value of f has not yet decreased by 2.5F.

t
2 LIVF I < fuo) - Znszu?
U an w)|? < 255+ 2 Znezn?
1=0

Since T' < ¢¥ and also ||&;|| < & we then have

t
IS IV () ? < 255 + Deet

t
DIV sl < 25+ 6%

t

5
> IV AP + ) < 75 +26%s
1=0

We also have that [|g, (w;, hiow)||? < 2 ([[Vf(1)]]? + H€1||2) Therefore we have that

leqw W, hiow)||* < —F + 46T

Now we can bound the difference between u; and ug:
2

lue — wo|* =

u;—1

t
<ty flup = wi?
i=1

t
<t” ) e (Wi, huow) |

i=0
< tn? (17703 + 4@52&)
< tn? (1:3 + 4@52&)
< T (1770& + 4@5%@)
Manipulating the constants we get

Ju; — up||* < (10c + ¢*) S?

[ — ol < /(10¢ + 2)S

[lu: — up| < 100(cS)

For any ¢ > 3 we have
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(B):The second step in our proof strategy is to show that if all the iterates from ug are constrained in a small
ball, iterates from wy = ug+p- %el, for large enough . must be able to decrease the function value. In order
to do that, we keep track of vector v which is the difference between {u;} and {w;}. We also decompose
v into two different eigenspaces: the direction e; (the minimum-eigenvalue eigenvector) and its orthogonal
subspace.

Lemma 18. There exists absolute constant ¢y, ¢ such that: for any 6 € (0, df”] let f(-), X satisfies
the following conditions

HVf()A()” <6 and /\min(VQf()A()) < -7

and any two sequences {u; }, {w} with initial points ug, wq satisfying:

R . R
wo =gt p 2 e e [5/2Va) 1, g - %)< 2
ey is the eignevector of the minimum eigenvalue of V2 f(X). Assume also that hjy, < 2”5\%%
ch

Define
T = min{ inf {|f(wo) — f(ws) > 258} ,¢T }
then, for any 1 < cmax /% if |Juy — ug|| < 100(S - ¢) forall t < T, we will have T' < ¢%.

Proof of Lemma[T8 Recall notation H = V2f(%). Since § € (0, 951, we always have p > 1.

Define v; = w; — uy, by assumption, we have vo = u%el. Let us firstly define the gradient
approximation errors for these two sequences

Ew; = Qx (th hlow) - vf(wt)
Eu, = q:r(ut7 hlow) - vf(ut)

Now, consider the update equation for wy:

Upp1 + Vgl =Wiq
=W — 1 (Wt, Piow)
=w; —n(Vf(wi) + ew,)
=w + vy =V f(w +vi) — new,

1
=w + v —nVf(u)—n {/ V2f(ut +0v)do| vi — new,
0

=, + v, =V f(u) = n(H + A})v, — new,
—u, — )V f(w) + (I —nH — AV, — new,
=u; — (V. f(u) + eu,) + (I = nH — 1AV, — n(ew, — €u,)
=w; — gz (ur, hiow) + (I = nH — nADV, — 1(ew, — €u,)
=w, 1 + (I —nH —nA))v, — n(ew, — u,)

where

1
Al :/ V2 f(uy + Ov,)d6 — H
0

This gives the dynamic for v, satisfy:
Vit1 = (I - 77‘[::’ - UAQ)Vt - 77(€Wt - Eut) (8)

Since f is Hessian Lipschitz, we have

1 1
|A;||=H / VQf(Ut+9Vt)—V2f(i)d9”S [l ov—s100 < pllu—ual+ vl 5ol
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For t < T the sequence {w;} has not decreased the function f by —2.5F. In other words, it holds
that f(wo) — f(w¢) < 2.5, so applying Lemma|[17} we know forall ¢ < T

lw: — wo| < 100(Sc).
By condition of Lemma|I8] we know |lu; — uo|| < 100(Sc) for all t < T This gives for all ¢ < T":
[vell = [lwe = wel| = [[(wi — wo) — (ur —uo) + (wo — o)

< (W = wo) [ + [luy — o[ + [[wo — u|

< 100(S¢) + 100(Sc) + u?

R
< 200(Sc) + 5
< (200c+1)S 9
where the last step holds because % < & This gives us for t < T

1AL < p(llue = woll + [[vel + [I% — o) < p(100eS + (200¢ + 1)S + F) < pS(300¢ +2)

Let ¢/, be the norm of v; projected onto e; direction and the normal vector and (; correspondingly
be the norm of v; projected onto remaining subspace. Let us define as A = 7pS(300¢+2). Equation

[]gives us:

Pip1 = H(I - UH)Vt — AV — 1w, — €u,)

€1

Pt+1 = H (I - UH)Vt - UAQVt - n(EWt - Eut)
R\ {e1}

Lower bound of ¥4 1:

Yip1 =

H[(I — nH)yrer — nAjvy — nlew, — 5ut)]H

€1

> (L —nH)yges| =l [ JIAvI = all] [lew, —eull

e €1
> (1 + 777)% - 77||A£VtH - 17||€Wt - Eut”
> (L+ym)ve = nllAllvell — nllew, — e,

> (1+ e — M/ UF + 0F = nllew, — €.l

Upper bound of ¢;41:
o= I (2= nH)ve —nAve —n(ew, —eu,)l
Rd\{e1}
< II W—=nmvdl+ 1 IT Wawvdl+al JT lew —eull
R\ {e1} R\ {e1} R\ {e1}

< IT @ =nBE)wdl + InAvell +nlew, — eul
R\ {e1}

< (T+m)er + /\\/m+ nNllew, — eu,|l
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Therefore we have

Y1 =1+ )by — A/ Y7 + 07 = nllew, — u,|
rr1 (1 +0)or + M/ 7 + 0F +nllew, — ey, |

We will now prove via induction the following fact:

Claim 1. Vt <T ¢ < 4Xt - ¢y and ||ew, Avy|| and ||ey, || < 277||vt|\

<2
Proof. Let us prove the base case of the induction:

e By hypothesis of Lemma[T8] we know ¢y = 050 g < 40 - ¢y holds trivially

e Based on the choice of h;,,, we have that

6 R A A
< _ < — —
A A
lewll < pS—=% < -0 < —|lvoll.

2\/82_27) — 2

Thus the base case of induction holds. Assume Claim[I]is true for 7 < ¢. Now we can rewrite the
inequalities based on the inductive hypothesis as follows:

Vi1 (14 yn)he — 20/ VF + ¢F

Per1 S(L+0)pr + 20/ V7 + @2
Fort +1 < T, we have:

{4A(t % = A+ (L) — 2AVIT + oF) }
Pri1 < ANE(L + ym)iby + 2047 + o7

Thus it suffices to prove that:

ANE(L + ym) Yy + 20 /Y7 + o <At +1) ((1 + )y — 20/ 7 + w?)

(24 8A(t 4+ 1)) \/ 97 + ¢F < 4(L+yn)es.
. . . ST =/l
By choosing /cmax < m mm{ 505 18/63} using the facts {Z'Z fqu\//Z» , we have

8A(t + 1) < 8AT < 8npS(300¢ + 2)¢T = 84/nf(300¢ + 2)c < 1/3
This gives:

AL+ Am)pe > dapy > 24/20F > (24 8A(E + 1)) \/¥7 + 7

which finishes the induction of the first part.
Now, using again the induction hypothesis, we know ; < 4\t - ¥y < 1, this gives:

bea = (1 ymibe = V2N = (L4 o (10)
where the last step follows from

V2A = V2pS(300¢ + 2) = V2y/nl L < .Fmax(aomm)y < ﬂ

Equation [10]yields that 1), is increasing sequence. Clearly

A
< — < — < —
llew, .|l < 2771/10 < 2771/1t+1 < 2nHVt+1||

A A A
||Eut+1|| < %wo < %d’t—&-l < %HVHlH

Thus we have completed the induction. O
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Finally, combining Eq.(9) and (T0) we have for all ¢t < T

QU Y\t w SUNTE My 0 S1
2 1S > >, > (14 2L = (14’ e IS - e Ly = Z
(200c+1)S = [lve|l = e > ( +2)¢o (+2)u2 (+2) D (+2)2\/Eﬁp
This implies:
(200¢+1) gd o .
log(“= 75" 1) _ log((200¢ + 1)) + log(£4) + log p - 2log(200c+1)+210g(7d)+2£

log(1+ %) = (5) - m M m
The last inequality is due to the following facts
e p=log(&?) >1landVz > 1:logz < z.
o Vx> 0:log(l+x) < xthuslog(l + F) < L

_ b
° - P
1 T

Therefore, it holds that:

T < 210g(200¢ + 1)% + 4T < T(2log(200¢ + 1) + 4)

By choosing constant ¢ to be large enough to satisfy 21og(200c + 1) + 4) < ¢, for example (i.e
¢ > 21), we will have T' < ¢, which finishes the proof. ]
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(C): Until now we have proved that firstly if approximate gradient descent from ug does not decrease func-
tion value, then all the iterates must lie within a small ball around u, (Lemma[I7) and secondly starting an
approximate descent from wg, which is uy but displaced along e; direction (negative eigenvalue’s eigen-
vector for at least a certain distance), will decreases the function value if {u;} is bounded. (Lemma .

The following lemma combines the above two lemmas:

Lemma 19. There exists a universal constant épay, for any 6 € (0, d?"‘] let f(-),% satisfies the
following conditions

VA<  and  Auin(VZf(X)) < —7

and e be the minimum eigenvector of V? f(X). Consider two algorithm sequences {u; }, {w,} with
initial points vy, wq satisfying:

Juo—%| <2, wo=uo+p-Z-e, pels/(2Va),1]
Then, for any step size ) < émax /¥, at least one of the following is true
e there exists T,, < +—% such that f(u) — f(ur,) > 2.5§

o there exists Ty, < %‘I such that f(wo) — f(wr,) > 2.55

nax

Proof of Lemma Let (cgﬁgx, ¢) be the absolute constant so that Lemma |18|holds. Choose

1
Cmax = min{1, e -}
¢

Let T* = ¢T. Notice that by definition 7% < ﬁi Finally , define:
T° = mf {t[f(uo) - f(u;) > 2.58}

Let’s consider following two cases:

Case 7° < T*: Clearly for this case we have for T;, = T° that
f(ao) = f(ur,) = 2.5
Case 7° > T*: In this case, by Lemma[l7] we know [lu; — ug|| < O(S) for all t < T*. Define
T°° = inf {t|f(wo) — f(w:) > 2.58}

By Lemma 8] we immediately have 7°° < T* = ¢%. Clearly for this case we have for T;, = T°°
we have that

f(wo) — f(wr,) > 2.55.
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Having expanded the basic lemmas ((A),(B),(C)) of [JGNT17] for the zero order case, we are able to use
the basic geometric upper bound of the stuck region. For the sake of completeness we state again the main
lemma:

Lemma 20. Let f be a {-gradient Lipschitz and p-Hessian Lipschitz function. There exists universal
CONStant Cax, for any § € (0, dj"‘] suppose we start with point X satisfying following conditions:

VA& <& and  Aain( V(X)) < =y

Let xy = X + & where & come from the uniform distribution over ball with radius r =

T
Cmax

R
2 i
. Then, when step size

and let
X; be the iterates of approximate gradient descent from xg and T' =
N < Cmax/t, with at least probability 1 — 6, we have that:

J<T: f()A() —f(Xt) > 5

Proof of Lemma By adding perturbation, in worst case we increase function value by:

30482 302 3 1 3
=T S35 53553 -=<5%

8 K2p2 2 Kk2p2 T 2 kp T 2
We know x( come from the uniform distribution over Bg(r). Let A C Bx(r) denote the set of bad
starting points

Flxo) — F%) < VIR TE+ S lel” < T

A={xeBx(r)] Vt<T: f(x0)— f(x¢) <255}
otherwise if xg € Bx(r) \ A, we have that
It <T: f(x0) — f(x¢) > 2.55
By applying Lemma|[T8] we know for any x¢ € A, it is guaranteed that

2/d’

where e is the eigenvector of V2 f(%X) with the smallest negative eigenvalue.

xo £ pre; & A where i € | 1]

Let us denote I 4(-) be the indicator function of being inside set .A. For a vector x let us define the
following quantities

Te, = (X, €1)

Xoe, = || X

Ré\{e1}

Recall B(?(r) be d-dimensional ball with radius 7. By calculus, this gives an upper bound on the
volume of A:

Vol (A) :/B(d)( )dx La(x)

5(91+,/r27||5(ﬁel 7xﬁel|\2
:/(d N xﬁel/ dze, - T4(x)
B (r) Koy —4/T2—||Xeq —X=ey |I?

g (d-1)
< dX e, - [ 2- r ) = Vol(B r)) X
—/ng(r) (2 5557) = VoI5~ ()

Then, we immediately have the ratio:

>
SE

r d—1
Vol(4) _ ExVoB V() 5 Tt 5 fd 1
@y = @ = ards D S 7 Vatas?
Vol(B, " (r)) Vol(By" (1)) rdI'(§ + 3) wd 22
The second last inequality is by the property of Gamma function that F?if{}%) <\/r+ % as long

as ¢ > 0. Therefore, with at least probability 1 — §, x¢ ¢ A. In this case, we have that there exists
at<T:

F&) = f(xe) =F(%) = f(x0) + f(x0) = f(x1)
<255 —155>3F
which finishes the proof. O
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de

It is easy to check that our initial Lemma [16|can be derived by substituting n = 5,7 = \/p€,d =
\/ﬁex and simply applying the definitions of &, ¥, §, Gies, thress fihres iNt0 Lemma
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