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Abstract

The state-of-the-art methods for solving optimization problems in big dimensions
are variants of randomized coordinate descent (RCD). In this paper we introduce a
fundamentally new type of acceleration strategy for RCD based on the augmenta-
tion of the set of coordinate directions by a few spectral or conjugate directions.
As we increase the number of extra directions to be sampled from, the rate of the
method improves, and interpolates between the linear rate of RCD and a linear rate
independent of the condition number. We develop and analyze also inexact variants
of these methods where the spectral and conjugate directions are allowed to be
approximate only. We motivate the above development by proving several negative
results which highlight the limitations of RCD with importance sampling.

1 Introduction

An increasing array of learning and training tasks reduce to optimization problem in very large
dimensions. The state-of-the-art algorithms in this regime are based on randomized coordinate
descent (RCD). Various acceleration strategies were proposed for RCD in the literature in recent
years, based on techniques such as Nesterov’s momentum [12} |9} |5, (1}, [14]], heavy ball momentum
[L6L [11], importance sampling [13[19], adaptive sampling [4], random permutations [8], greedy rules
[15], mini-batching [20], and locality breaking [21]. These techniques enable faster rates in theory
and practice.

In this paper we introduce a fundamentally new type of acceleration strategy for RCD which relies
on the idea of enriching the set of (unit) coordinate directions {ej, ea,...,e,} in R™, which are
used in RCD as directions of descent, via the addition of a few spectral or conjugate directions. The
algorithms we develop and analyze in this paper randomize over this enriched larger set of directions.

For expositional simplicityﬂ we focus on quadratic minimization
L T T
min f(z):=-z Az —b'x 1
zER™ f( ) 2 ’ QY

where A is an n X n symmetric and positive definite matrix. The optimal solution is unique, and
equal to x, = A~1b.

1.1 Randomized coordinate descent

Applied to (I), RCD performs the iteration
A—Lrl't — bz
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"Many of our results can be extended to convex functions of the form f(z) = ¢(Az) — bz, where ¢ is a

smooth and strongly convex function. However, due to space limitations, and the fact that we already have a lot
1

to say in the special case ¢(y) = 1 ||y||*, we leave these more general developments to a follow-up paper.
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Method Name Algorithm Rate Reference
stochastic descent (SD) Gower and Richtarik [6]]
stochastic spectral descent (SSD) NEW
stochastic conjugate descent (SconD) NEW
randomized coordinate descent (RCD) Gower and Richtérik [6]
stochastic spectral coord. descent (SSCD) NEW
mini-batch SD (mSD) Richtarik and Takac [18]
mini-batch SSCD (mSSCD) NEW

inexact SconD (iSconD) NEW

inexact SSD (iSSD) NEW

Table 1: Algorithms described in this paper.

where at each iteration, 7 is chosen with probability p; > 0. It was shown by Leventhal and Lewis
[10] that if the probabilities are proportional to the diagonal elements of A (i.e., p; o< A;;), then the

random iterates of RCD satisfy E [||z; — z.[|4] < (1 — p)!||lzo — 2. [|%, where p = ’\%‘(‘g‘?) and
Amin (A) is the minimal eigenvalue of A. That is, as long as the number of iterations ¢ is at least
Tr(A) 1
Ol ——~log- |, 3
(/\min (A) o8 €> ( )

we have E[||z; — z.]|%] < €. Note that % > n, and that this can be arbitrarily larger than n.

1.2 Stochastic descent

Recently, Gower and Richtarik [6]] developed an iterative “sketch and project” framework for solving

linear systems and quadratic optimization; see [7] for extensions. In the context of problem (1), their

method reads as

s (Az; —b)
sy Asy

where s; € R™ is a random vector sampled from some fixed distribution D. In this paper we will
refer to this method by the name stochastic descent (SD).

Ti41 = Tt — St 4

Note that x; 1 is obtained from z; by minimizing f(z;+ hs;) for h € R and setting x; 11 = z; + hs;.
Further, note that RCD arises as a special case with D being a discrete probability distribution over
the set {e1, ..., e, }. However, SD converges for virtually any distribution D, including discrete and
continuous distributions. In particular, Gower and Richtdrik [6] show that as long as E;p[H] is

SST

invertible, where H := 21—,

then SD converges as

1 1
() o

where W := E, p[A/2HAY?| (see Lemmafor a more refined result due to Richtarik and Takac
[18]]). Rate of RCD in (3]) can be obtained as a special case of (3).

1.3 Stochastic spectral and conjugate descent

The starting point of this paper is the new observation that stochastic descent obtains the rate

@ <n log l) (6)

in the special case when D is chosen to be the uniform distribution over the eigenvectors of A (see
Theorem . For obvious reasons, we refer to this new method as stochastic spectral descent (SSD).

To the best of our knowledge, SSD was not explicitly considered in the literature before. We should
note that SSD is fundamentally different from spectral gradient descent |3, 2l], which refers to a
family of gradient methods with a special choice of stepsize depending on the spectrum of V2.

The rate (6) does not merely provide an improvement on the rate of RCD given in (3)); what is
remarkable is that this rate is completely independent of the properties (such as conditioning) of A.



Result

Uniform probabilities are optimal for n = 2

Uniform probabilities are optimal for any n > 2 as long as A is diagonal

“Importance sampling” p; o< A;; can lead to an arbitrarily worse rate than p; = 1/n
“Importance sampling” p; o ||A;.||? can lead to an arbitrarily worse rate than p; = 1/n
Forevery n > 2 and T > 0, 3 A : rate of RCD with opt. probabilities is O(T log 1)
For every n > 2 and T > 0, 3 A : rate of RCD with opt. probabilities is (7'log )

Table 2: Summary of results on importance and optimal sampling in RCD.

Moreover, we show that this method is optimal among the class of stochastic descent methods (@)
parameterized by the choice of the distribution D (see Theorem[§). Despite the attractiveness of its
rate, SSD is not a practical method. This is because once we have the eigenvectors of A available,
the optimal solution z, can be assembled directly without the need for an iterative method.

We extend all results discussed above for SSD, including the rate (6), to the more general class of
methods we call stochastic conjugate descent (SconD), for which D is the uniform distribution over
vectors vy, . . . , v, which are mutually A conjugate: v, Av; =0fori # j and v Av; = 1.

1.4 Optimizing probabilities in RCD

The idea of speeding up RCD via the use of non-uniform probabilities was pioneered by Nesterov
[L3] in the context of smooth convex minimization, and later built on by many authors [19, 17} [1]].
In the case of non-accelerated RCD, and in the context of smooth convex optimization, the most
popular choice of probabilities is to set p; o< L;, where L; is the Lipschitz constant of the gradient
of the objective corresponding to coordinate 4 [13,[19]. For problem (I), we have L; = A ;. Gower
and Richtdrik [6] showed that the optimal probabilities for (I)) can in principle be computed through
semidefinite programming (SDP); however, no theoretical properties of the optimal solution of the
SDP were given.

As a warm-up, we first ask: how important is importance sampling? More precisely, we investigate
RCD with probabilities p; o A;;, and RCD with probabilities p; o || A;.||?, considered as RCD with
“importance sampling”, and compare these with the baseline RCD with uniform probabilities. Our
result (see Theorem 5)) contradicts conventional “wisdom”. In particular, we show that for every n
there is a matrix A such that diagonal probabilities lead to the best rate. Moreover, the rate of RCD
with “importance” can be arbitrarily worse than the rate of RCD with uniform probabilities. The
same result applies to probabilities proportional to the square of the norm of the ith row of A.

We then switch gears, and motivated by the nature of SSD, we ask the following question: in order to
obtain a condition-number-independent rate such as (6), do we have ro consider new (and hard to
compute) descent directions, such as eigenvectors of A, or can a similar effect be obtained using RCD
with a better selection of probabilities? We give two negative results to this question (see Theorems [6]
and . First, we show that for any n > 2 and any 7" > 0, there is a matrix A such that the rate of
RCD with any probabilities (including the optimal probabilities) is O(T log %) Second, we give a
similar but much stronger statement where we reach the same conclusion, but for the lower bound as
opposed to the upper bound. That is, O is replaced by €.

As a by-product of our investigations into importance sampling, we establish that for n = 2, uniform
probabilities are optimal for all matrices A (see Thm [3). For a summary of these results, see Table 2]

1.5 Interpolating between RCD and SSD

RCD and SSD lie on opposite ends of a continuum of stochastic descent methods for solving (TJ).
RCD “minimizes” the work per iteration without any regard for the number of iterations, while SSD
minimizes the number of iterations without any regard for the cost per iteration (or pre-processing
cost). Indeed, one step of RCD costs O(]|A;:||o) (the number of nonzero entries in the ith row of
A), and hence RCD can be implemented very efficiently for sparse A. If uniform probabilities are
used, no pre-processing (for computing probabilities) is needed. These advantages are paid for by
the rate (3)), which can be arbitrarily high. On the other hand, the rate of SSD does not depend on A.
This advantage is paid for by a high pre-processing cost: the computation of the eigenvectors. This
pre-processing cost makes the method utterly impractical.
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Table 3: Comparison of complexities of RCD, SSCD (with parameter 0 < k& < n — 1) and SSD under various
regimes on the spectrum of A. In all terms we suppress a factor of log %

One of the main contributions of this paper is the development of a new parametric family of
algorithms that in some sense interpolate between RCD and SSD. In particular, we consider the
stochastic descent algorithm (@) with D being a discrete distribution over the search directions
{e1,...,en} U{u,...,ur}, where u; is the eigenvectors of A corresponding to the ith smallest
eigenvalue of A. We call this new method stochastic spectral coordinate descent (SSCD).

We compute the optimal probabilities of this distribution, which turn out to be unique, and show that
for k > 1 they depend on the k£ + 1 smallest eigenvalues of A: 0 < A3 < Ay < -+ < Aggq. In
particular, we prove (see Theorem [8) that the rate of SSCD with optimal probabilities is

E+DA s+ > o 1
o (e B, 1),
)\k:Jrl €

For k = 0, SSCD reduces to RCD with p; o< A;;, and the rate {7) reduces to (3). For k = n — 1,
SSCD does not reduce to SSD. However, the rates match. Indeed, in this case the rate (7)) reduces to
(6). Moreover, the rate improves monotonically as k increases, from O( XTJF(I(X) log %) (for k = 0) to
O(nlog?) (fork =n—1).

® SSCD removes the effect of the k smallest eigenvalues. Note that the rate does not depend on the

k smallest eigenvalues of A. That is, by adding the eigenvectors u1, . . . , ug corresponding to the &
smallest eigenvalues to the set of descent directions, we have removed the effect of these eigenvalues.

(7

o Clustered eigenvalues. Assume that the n — k largest eigenvalues are clustered: ¢ < \; < e
for some ¢ > Oand v > 1, forall £ + 1 < 4 < n. In this case, the rate (/) can be estimated as a
function of the clustering “tightness” parameter v: O (’yn log %) . See Table This can be arbitrarily
better than the rate of RCD, even for k = 1. In other words, there are situations where by enriching
the set of directions used by RCD by a single eigenvector only, the resulting method accelerates
dramatically. To give a concrete and simplified example to illustrate this, assume that Ay = § > 0,
while Ay = --- = A,, = 1. In this case, RCD has the rate O((1 + “51)log 1), while SSCD with

k = 1 has the rate O(n log %) So, SSCD is % times better than RCD, and the difference grows to
infinity as ¢ approaches zero even for fixed dimension 7.

o Exponentially decaying eigenvalues. If the eigenvalues of A follow an exponential decay with factor
0 < a < 1, then the rate of RCD is O (= log 1) , while the rate of SSCD is O (2 log 1)

a™
This is an improvement by the factor ﬁ, which can be very large even for small k if « is small. See
Table 3] For an experimental confirmation of this prediction, see Figure[3]

e Adding a few “largest” eigenvectors does not help. We show that in contrast with the situation
above, adding a few of the “largest” eigenvectors to the coordinate directions of RCD does not help.
This is captured formally in the supplementary material as Theorem 12}

o Mini-batching. We extend SSCD to a mini-batch setting; we call the new method mSSCD. We show
that the rate of mSSCD interpolates between the rate of mini-batch RCD and rate of SSD. Moreover,
we show that mSSCD is optimal among a certain parametric family of methods, and that its rate
improves as k increases. See Theorem [I0]

1.6 Inexact Directions

Finally, we relax the need to compute exact eigenvectors or A—conjugate vectors, and analyze the
behavior of our methods for inexact directions. Moreover, we propose and analyze an inexact variant
of SSD which does nor arise as a special case of SD. See Sections[E]and [F



2 Stochastic Descent

The stochastic descent method was described in (). We now formalize it as Algorithm I} and equip
it with a stepsize, which will be useful in Section @ where we study mini-batch version of SD.

Algorithm 1 Stochastic Descent (SD)

Parameters: Distribution D; Stepsize parameter w > 0
Initialize: Choose z¢ € R™
fort=0,1,2,... do

s) (Az; —b)

Sample search direction sy ~ D and set T4+ = x4 — w sTAs,
t

St

end for

In order to guarantee convergence of SD, we restrict our attention to the class of proper distributions.

Assumption 1. Distribution D is proper with respect to A. That is, Esp[H] is invertible, where

SST

H=——. 8
sTAs ®
Next we present the main convergence result for SD.

Lemma 1 (Convergence of stochastic descent [6, [18]]). Let D be proper with respect to A, and let
0 < w < 2. Stochastic descent (Algorithm[I)) converges linearly in expectation,

E [llzs — 2.lla] < (1 = w(2 = ) Anin(W))" [0 — 24][,
and we also have the lower bound (1 —w(2 — W) Amax(W)) ||z — 2.]|3 < E [||lzy — 2|3 ] , where
W i=E,.p [AV2HAY?|. ©)
Finally, the statement remains true if we replace ||z, — . ||% by f(z;) — f(x.) forall t.

It is easy to observe that the stepsize choice w = 1 is optimal. This is why we have decided to present
the SD method (@) with this choice of stepsize. Moreover, notice that due to linearity of expectation,

T T
o) V2ve a /2] @ 2z B 2'z\]
(W) 2E [Tr(A /2HAY )} B {Tr (szﬂ —E {Tr (ZTZ)] —1,
where z = A'/2s. Therefore, 0 < Apin(W) < L < Anax(W) < 1.

2.1 Stochastic Spectral Descent

Let A = Y1 | Nu;u; be the eigenvalue decomposition of A. Thatis, 0 < A; < Xp < ... <\,
are the eigenvalues of A and u, ..., u, are the corresponding orthonormal eigenvectors. Consider
now the SD method with D being the uniform distribution over the set {uy,...,u,}, and w = 1.
This gives rise to a new variant of SD which we call stochastic spectral descent (SSD).

Algorithm 2 Stochastic Spectral Descent (SSD)

Initialize: xo € R™; (u1, A1), .. (un, An): eigenvectors and eigenvalues of A
fort=0,1,2,... do

-
. u; b
Choose i € [n] uniformly at random and set z;41 = ¢ — (u?xt — ;\ ) u;
i
end for

For SSD we can establish an unusually strong convergence result, both in terms of speed and tightness.
Theorem 2 (Convergence of stochastic spectral descent). Let {xy} be the sequence of random
iterates produced by stochastic spectral descent (Algorithm[2). Then

1 t
Bl - a0 = (1 1) lao = 2.l (10)

This theorem implies the rate (6)) mentioned in the introduction. Up to a log factor, SSD only needs n
iterations to converge. Notice that (10) is an identity, and hence the rate is not improvable.



2.2 Stochastic Conjugate Descent

The same rate as in Theorem [2 holds for the stochastic conjugate descent (SconD) method, which
arises as a special case of stochastic descent for w = 1 and D being a uniform distribution over a set
of A-orthogonal (i.e., conjugate) vectors. The proof follows by combining Lemmas [T|and[T3]

2.3 Randomized Coordinate Descent

RCD (Algorithm [3)) arises as a special case of SD with unit stepsize (w = 1) and distribution D given
by s; = e; with probability p; > 0.

Algorithm 3 Randomized Coordinate Descent (RCD)

Parameters: probabilities py,...,p, >0
Initialize: zo € R™
fort =0,1,2,... do

Choose ¢ € [n] with probability p; > 0 and set x;11 = ¢ —

Ay — by o
Ay ’
end for

The rate of RCD (AlgorithmE]) can therefore be deduced from Lemmam Notice that in view of @]),

T
we have EH] = > p; - = Diag(41-,..., 22). So, as long as all probabilities are positive,

Assumption|[I]is satisfied. Therefore, Lemma|[I]applies and RCD enjoys the rate

-1
0 ([)\min (ADiag (i))] log 1) : (1)

2.3.1 Uniform probabilities can be optimal

We first prove that uniform probabilities are optimal in 2D.

Theorem 3. Let n = 2 and consider RCD (Algorithm [3) with probabilities py > 0 and ps > 0,
p1 + p2 = L. Then the choice py = p = % optimizes the rate of RCD in (TT).

Next we claim that uniform probabilities are optimal in any dimension n as long as A is diagonal.

Theorem 4. Let n > 2 and let A be diagonal. Then uniform probabilities (p; = % for all i) optimize
the rate of RCD in (TI).

2.3.2 “Importance” sampling can be unimportant

l

In our next result we contradict conventional wisdom about typical choices of “importance sampling’
probabilities. We claim that diagonal and row-squared-norm probabilities can lead to an arbitrarily
worse performance than uniform probabilities.

Theorem 5. For every n > 2 and T > 0, there exists A such that: (i) The rate of RCD with
pi < Ay; is T times worse than the rate of RCD with uniform probabilities. (ii) The rate of RCD with
pi o |A;.||? is T times worse than the rate of RCD with uniform probabilities.

2.3.3 Optimal probabilities can be bad

Finally, we show that there is no hope for adjustment of probabilities in RCD to lead to a rate
independent of the data A, as is the case for SSD. Our first result states that such a result can’t be
obtained from the generic rate (TT).

Theorem 6. For everyn > 2 and T > 0, there exists A such that the number of iterations (as
expressed by formula (T1)) of RCD with any choice of probabilities p1, . .., pn, > 0is O(T log(1/e)).

However, that does not mean, by itself, that such a result can’t be possibly obtained via a different
analysis. Our next result shatters these hopes as we establish a lower bound which can be arbitrarily
larger than the dimension n.

Theorem 7. Foreveryn > 2 andT > 0, there exists an n X n positive definite matrix A and starting

point xg, such that the number of iterations of RCD with any choice probabilities p1, . ..,pn > 0 is
Q(T log(1/¢)).



3 Interpolating Between RCD and SSD

Assume now that we have some partial spectral information available. In particular, fix &k €

{0,1,...,n — 1} and assume we know eigenvectors u; and eigenvalues \; fori = 1,... k. We
now define a parametric distribution D(«, 31, . . ., f)) with parameters o > 0 and f31,..., 0, > 0 as
follows. Sample s ~ D(«, B, .. ., k) arises through the process

e;  with probability p; = &4, i € [n],
5= . . 8, .

u;  with probability p,4; = g—;, i € [k],
where C, := aTr(A) + Zle B; is a normalizing factor ensuring that the probabilities sum up to 1.

3.1 The method and its convergence rate

Applying the SD method with the distribution D = D(«, S, . . ., B) gives rise to a new specific
method which we call stochastic spectral coordinate descent (SSCD).

Algorithm 4 Stochastic Spectral Coordinate Descent (SSCD)

Parameters: Distribution D(«, 51, .. ., Bk)

Initialize: vy € R"

fort=0,1,2,... do

s) (Az; —b)

Sample s; ~ D(«, b1, ..., Bk) and set k411 =z — -
s¢ Asy

St

end for

Theorem 8. Consider Stochastic Spectral Coordinate Descent (Algorithm H)) for fixed k €
{0,1,...,n — 1}. The method converges linearly for all positive a« > 0 and nonnegative j;.
The best rate is obtained for parameters a« = 1 and 3; = A\p+1 — \i; and this is the unique choice of
parameters leading to the best rate. In this case,

)\k+1>t
E [||z; — x|l <<1— x—:r*Q,
(e — . 13] £ o — .4

where C, := (k + 1)A\rq1 + D j 1o Ai. Moreover, the rate improves as k grows, and we have

M _ M ...<7>"‘°’+1<...< An :l
™A G- STe, St T w

If £ = 0, SSCD reduces to RCD (with diagonal probabilities). Since é—; = T{\(k)’ we recover the
rate of RCD of Leventhal and Lewis [[10]. With the choice £ = n — 1 our method does not reduce to

SSD. However, the rates match. Indeed, c/\i - = A — % (compare with Theorem .

nin

3.2 “Largest” eigenvectors do not help

It is natural to ask whether there is any benefit in considering a few “largest” eigenvectors instead.
Unfortunately, for the same parametric family as in Theorem 8] the answer is negative. The optimal
parameters suggest that RCD has better rate without these directions. See Thm[I2]in suppl. material.

4 Experiments

4.1 Stochastic spectral coordinate descent (SSCD)

In our first experiment we study how the practical behavior of SSCD (Algorithm ) depends on the
choice of k. What we study here does not depend on the dimensionality of the problem (n), and hence
it suffices to perform the experiments on small dimensional problems (n = 30). In this experiment
we consider the regime of clustered eigenvalues described in the introduction and summarized in
Table 3] In particular, we construct a synthetic matrix A € R3°*30 with the smallest 15 eigenvalues
clustered in the interval (5,5 + A) and the largest 15 eigenvalues clustered in the interval (6,0 + A).



6=50,4=1 6=50,4=10 6=50,4=25 6=50,4=50

c c c c
° K=l ° K=l
) @ ) @
‘S 10t ‘10t k] G107t
R g g g
T 107 k=6 B 107 k=6 © T 107
o k=12 o k=12 o o
9 k=18 S k=18 9 S
1 v @ v
%10’ —— k=24 %10" —— k=24 2 %!0"
[n} - k=29 W = k=29 [n} w k=29
0 50 100 . 150 ) 200 250 [ 50 100 ) 150 . 200 250 0 50 100 . 150 ) 200 250 [ 50 100 ) 150 . 200 250
Number of iterations Number of iterations Number of iterations Number of iterations
6=100,A=1 6=100,A=10 6=100,A=25 6=100,A=50
c 100 c c c
2 2 =) o
) ) ) )
G107t © O 1 5}
1 o 1 o
= s = s
T 10 e T 107 e
ﬂ) Q ﬂ) Q
S 9] S 9]
Q. D Q. D
Q107 —a o —— Q. o
X X X X
w —— w —— w w
o 50 100 . 150 . 200 250 o 50 ) 150 . 200 250 50 100 . 150 . 200 o 50 100 ) 150 . 200 250
Number of iterations Number of iterations Number of iterations Number of iterations
6=200,0=1 6=200,A=10 6=200,0=25 6=200,4=50
o o
g g 10f g g 10f
o o o o
5] 5107 o] G 10
1 o 1 o
& 5 s, & 5 -
° 510 k=6 - o107 k=6
Q Q k=12 Q Q k=12
S S k=18 S S k=18
[ v - o [T -
o3 —_ Q107 4 k=24 o3 —_ Q107 4 k=24
o4 - I} = k=29 ] - I} = k=29
5 50100 150 200 230 3 50 100 _ 130 200 250 5 50 100 150 200 20 3 50 100 _ 130 200 250
Number of iterations Number of iterations Number of iterations Number of iterations
6=1400,A=1 6=400,A=10 6=400,A=25 6=400,A=50
100 10° 100
c c c c
2 2 2 2
) N ) ) )
‘D107t N\ ‘o107t ‘G107t ‘O
£ | +x=o0 g g g
T 10 k=6 B 107 T10? °
2 k=12 o 9 2
g k=12 g g g
0107 —a— k=24 Q107 Q107 o
X X X X
w . k=29 w —— w —— w
o 50 100 ) 150 . 200 250 o 50 ) 150 . 200 250 o 50 100 ) 150 . 200 250 o 50 100 ) 150 . 200 250
u I il um iterations u I il um iterations
Number of iterations Number of iterat Number of iterations Number of iterat

Figure 1: Expected precision E [||2; — @+ |a /[|zo — «||a] versus # iterations of SSCD for symmetric positive
definite matrices A of size 30 x 30 with different structures of spectra. The spectrum of A consists of 2 equally
sized clusters of eigenvalues; one in the interval (5,5 + A), and the other in the interval (6,60 + A).
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Figure 2: Expected precision versus # iterations of mini-batch SSCD for A € R3°*3° and several choices of
mini-batch size 7. The spectrum of A was chosen as a uniform discretization of the interval [1, 60].

We vary the tightness parameter A and the separation parameter 6, and study the performance of
SSCD for various choices of k. See Figure[3]

Our first finding is a confirmation of the phase transition phenomenon predicted by our theory.
Recall that the rate of SSCD (see Theorem Ei is O (DM 1 2 T ey Ai) If & < 15, we know

Ak41
Ai € (5,5+A)fori=1,2,....,k+1,and \; € (6,0 + A) fori = k + 2,...,n. Therefore,
the rate can be estimated as 7gna = O (k+ 1+ (n — k — 1)(@ + A)/5) . On the other hand, if
k > 15, we know that \; € (6,0 + A) fori = k + 1,...,n, and hence the rate can be estimated as
Tlarge := O (k 4+ 1+ (n —k —1)( + A)/0) . Note that if the separation § between the two clusters
is large, the rate 74,4. is much better than the rate r4,,41;. Indeed, in this regime, the rate 7y ge

becomes @(n), while 7,4y, can be arbitrarily large.

Going back to Figure 3] notice that this can be observed in the experiments. There is a clear phase
transition at k = 15, as predicted be the above analysis. Methods using & € {0, 6, 12} are relatively
slow (although still enjoying a linear rate), and tend to have similar behaviour, especially when A



is small. On the other hand, methods using k& € {18,24,29} are much faster, with a behaviour
nearly independent of # and A. Moreover, as  increases, the difference in the rates between the
slow methods using k € {0,6,12} and the fast methods using & € {18,24,29} grows. We have
performed more experiments with three clusters; see Fig[d]in the supplementary material.

4.2 Mini-batch SSCD

In Figure[Z] we report on the behavior of mSSCD, the mini-batch version of SSCD, for four choices of
the mini-batch parameter 7, and several choices of k. Mini-batch of size 7 is processed in parallel on
T processors, and the cost of a single iteration of mSSCD is (roughly) the same for all 7. For 7 = 1,
the method reduces to SSCD, considered in previous experiment (but on a different dataset). Since
the number of iterations is small, there are no noticeable differences across using different values of
k. As T grows, however, all methods become faster. Mini-batching seems to be more useful as & is
larger. Moreover, we can observe that acceleration through mini-batching starts more aggressively for
small values op k, and its added benefit for increasing values of £ is getting smaller and smaller. This
means that even for relatively small values of &, mini-batching can be expected to lead to substantial
speed-ups.

4.3 Matrix with 10 billion entries

In Figure 3] we report on an experiment using a synthetic problem with data matrix A of dimension
n = 10° (i.e., potentially with 10'° entries). As all experiments were done on a laptop, we worked
with sparse matrices with 10° nonzeros only. In the first row of Figure [3|we consider matrix A with
all eigenvalues distributed uniformly on the interval [1, 100]. We observe that SSCD with k = 10*
(just 10% of n) requires about an order of magnitude less iterations than SSCD with k£ = 0 (=RCD).
In the second row we consider a scenario where [ eigenvalues are small, contained in [1, 2], with
the rest of the eigenvalues contained in [100, 200]. We consider ! = 10 and [ = 1000 and study the
behaviour of SSCD with &k = [. We see that for [ = 10, SSCD performs dramatically better than
RCD: it is able to achieve machine precision while RCD struggles to reduce the initial error by a
factor larger than 10°. For [ = 1000, SSCD achieves error 10~ while RCD struggles to push the
error below 104, These tests show that in terms of # iterations, SSCD has the capacity to accelerate
on RCD by many orders of magnitude.

X

x
5
x

—x— k=0
k = 1000

% k=0
k =10000

~
o
-
15
X

%%

/
%
X
x

%

5
Expected precision

Expected precision
*
Expected precision

<

00 00 0 00

o5 To 15 30 s 70 3 3 o5 Tg 15 30

Number of iterations 1e6 Number of iterations ~ 1¢6 Number of iterations 1e6

Figure 3: Expected precision E [||z: — z.||a /||zo — z+||4] versus # iterations of SSCD for a matrix A €
5 5 . . . . . .

R!0"*10" Top row: spectrum of A is uniformly distributed on [1, 100]. Bottom row: spectrum contained in

two clusters: [1, 2] and [100, 200].

5 Extensions

Our algorithms and convergence results can be extended to eigenvectors and conjugate directions
which are only computed approximately. Some of this development can be found in the suppl.
material (see Section @) Finally, as mentioned in the introduction, our results can be extended to the
more general problem of minimizing f(x) = ¢(Ax), where ¢ is smooth and strongly convex.
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Stochastic Spectral and Conjugate Descent
Methods: Supplementary Material

A Mini-batch SD and SSCD

A.1 Mini-batch SD

A mini-batch version of SD was developed by Richtarik and Takac [18]]. Here we restate the method
as Algorithm 5]

Algorithm 5 Mini-batch Stochastic Descent (mSD)

Parameters: Distribution D; stepsize parameter w > 0; mini-batch size 7 > 1
Initialize: zo € R™
fort =0,1,2,... do

fori=1,2,...,7do

.
(Azy—b
Sample s¢; ~ D and set ¥441,; = T — w%sti
ti ti
end for
-
1
Set x441 = b Z:lxtqtl,i
iz
end for

Lemma 9 (Convergence of mSD [[I8]). Let D be proper with respect to A, and let 0 < w < Ti)
where £(T) := % + (1 — %) Amax(W). Then
Efllz — z.lfa) < (p(w, 7))" 20 — .la,

where p(w,7) = 1 — w[2 — WE(T)|Amin(W). For any fixed 7 > 1, the optimal stepsize choice is
w(T) = 6(17) and the associated optimal rate is

Amin (W)
=1- .
p(w(r), ) T (1= 1) A (W)
A.2 Mini-batch SSCD
Specializing mSD to the distribution D = D(«, f1, . . ., Bi) gives rise to a new specific method which

we call mini-batch stochastic spectral coordinate descent (mSSCD), and formalize as Algorithm@

Algorithm 6 Mini-batch Stochastic Spectral Coordinate Descent (mSSCD)

Parameters: Distribution D(«, 81, . . ., 8k ); relaxation parameter w € R; mini-batch size 7 > 1
Initialize: zo € R™
fort=0,1,2,... do
for:=1,2,...,7do
5. (Azy—b) )

Sample si; ~ D(«, B1,. .., 0k) and set xpyq1 ; = T4 — W 5t
ti <t
end for
-
1
Setwpy1 = < let-u,i
=
end for

The rate of mSSCD is governed by the following result.

Theorem 10. Consider mSSCD (Algorithm @)forﬁxed k e€{0,1,...,n— 1} and optimal stepsize
parameter w(T) = ﬁ The method converges linearly for all positive o« > 0 and nonnegative f;.
The best rate is obtained for parameters a« = 1 and 3; = A\p41 — \i; and this is the unique choice of

parameters leading to the best rate. In this case,

PYIRRN
Bl - 23] < (1= 252 ) oo - 2],
k

11



where

1 " 1
Fp = — (k+1))\k+1+ Z)\i +(1))\n

T T
i=k+2
. Moreover, the rate improves as k grows, and we have
; A1 ; :ﬁg...SAk‘HS...S An :n_ll .
ITrA)+ (1-4H N, Fo Fy, n-1 e+ 1
If & = 0, mSSCD reduces to mini-batch RCD (with diagonal probabilities). Since }\7—; =
A , we recover the rate of mini-batch RCD [18]]. With the choice k¥ = n — 1 our

THA (-1
method does not reduce to mSSD. However, the rates match.

B Extra Experiments

In this section we report on some additional experiments which shed more light on the behaviour of
our methods.

B.1 Performance on SSCD on A with three clusters eigenvalues

6=100, A=1 6=100, A=10 6=100, A=25 6=100.0,4=100
o o o
g g 10f . g 10f g 10f
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Number of iterations Number of iterations Number of iterations Number of iterations
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c * c c e c
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10° 10° —_ — — J— 10°
s s 5 S ———
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& —h— % —&— k=24 & —h— % —&— k=24
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[ 100 [ 100 [ 100 [ 100

40 . 60 ) 80 20 40 _60 . 80
umber of iterations Number of iterations

3

40 . 60 ) 80 20 40 _60 . 80
umber of iterations Number of iterations

Z3

[t =@ IIZ\
[lzo—z« |14
definite matrices A of size 30 x 30 with different structures of spectrum. The spectrum of A consists of 3
equally sized clusters of eigenvalues; one in the interval (10,10 4+ A), the second in the interval (6,6 + A) and
the third in the interval (26,26 + A). We show results for 16 combinations of # and A: A € {1, 10, 25,100}
and 6 € {100, 250, 500, 1000}.

Figure 4: Expected precision E [ ] versus the number of iterations of SSCD for symmetric positive

In Figure [ we report on experiments similar to those performed in Section ] but on data matrix
A € R39%30 whose eigenvalues belong to three clusters, with 10 eigenvalues in each. We can observe
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that the SSCD methods can be grouped into three categories: slow, fast, and very fast, depending on
whether k corresponds to the smallest 10 eigenvalues, the next cluster of 10 eigenvalues, or the 10
largest eigenvalues. That is, there are two phase transitions.

B.2 Exponentially decaying eigenvalues

We now consider matrix A € R!0%10 with eigenvalues 2°,2!,...,29 We apply SSCD with
increasing values of k (see Figure[5).

=
o
°

107t

Expected precision

,_.
S}
N

0 10 20 . 30 . 40 50
Number of iterations

[E
[lwo—zx |1

definite matrix A of size 10 x 10.

Figure 5: Expected precision E [ ] versus the number of iterations of SSCD for symmetric positive

We can see that the performance boost accelerates as k increases. So, while one may not expect
much speed-up for very small k, there will be substantial speed-up for moderate values of k. This
is predicted by our theory. Indeed, consulting Table [3|(last column), we have o = 1/2, and hence

for k& = 0 the theoretical rate is O(-;). For general k we have O( - ). So, the speedup for value

k > 0 compared to the baseline case of £ = 0 (=RCD) is 2k e, exponential.

C Proofs

In this section we provide proofs of the statements from the main body of the paper. Table [ provides
a guide on where the proof of the various results can be found.

[ Result [ Section |
C.1

Lemmal|l
Theorem [2|
Theorem [3|
Theorem 4]
Theorem 3|
Theorem [6]
Theorem /|
Theorem 3|

Lemma /|9

Theorem |10]

Table 4: Proof of lemmas and theorems stated in the main paper.

SiiRiBiRsIE

C.1 Proof of Lemmalll

The result follows from Theorem 4.8(i) in [L8] with the choice B = A. Note that since z, = A~b
is the unique solution of Ax = b, it is equal to the projection of zy onto the solution space of Ax = b,
as required by the assumption in Theorem 4.8(i). It only remains to check that Assumption 3.5
(exactness) in [18]] holds. In view of Theorem 3.6(iv) in [18], it suffices to check that the nullspace of
E[H] is trivial. However, this is equivalent to the assumption in Lemma [1] that E[H] be invertible.

13



Finally, observe that

Hz—z.a = i@-2)"A@@—2z.) = I2TAz+iz[Az, —2TAx,
%xTAa:Jr Lol Az, —2TAA™D f(z )+2x* Az,
f@) = flas)

C.2 Proof of Theorem
We will break down the proof into three steps.

1. First, let us show that Algorithm[Z] is indeed SSD, as described in @]) 1€, Ti41 = Tt —

-
StiTAij‘:tsjb)st. We known that s; = u; with probability 1/n. Since Au; = A\;u;, and
t
assuming that at iteration ¢ we have s; = u;, we get
. . _u;r(Axt—b)u_ . _u;r(Axt—b)u_
t+1 t ’U/TAUZ 7 t )\z 7
)\iu;zt — U;rb T u, b
= I’f*)\iul = It*(ui Ty — )I\Z >U1
1
2. We now need to argue that the assumption that E[H] is invertible is satisfied.
T
@ 1w 1 uu,
= — . 12
Z n uTAu Zl n oA\ 2)

Since E[H] has positive elgenvalues 1 /(nA;), it is invertible.
3. Applying Lemmal[l] we get
(1 = Amax(W)) Ell|zo — 2. ]|3) < Eflze = 2] A] < (1 = Amin (A)) E]|zo — 2]
It remains to show that Apin (W) = Apax (W) = % In view of (I2)), and since A2y, =
Vi, we get
@ p1/2 172@ 5172 Lugu] 1~ LAY PuuAVZ 1
w2 AV2EH]AY :A/Z — A2 = Zﬁ—:fI.

oA i=1 Ai n

C.3 Proof of Theorem[3]
Let A be a 2 x 2 symmetric positive definite matrix:
a ¢
a-(29),

We know that a, b > 0, and ab — ¢? > 0. Assume that s; = e; = (1,0) T with probability p > 0 and
sy =eq = (0, 1) with probability ¢ > 0, where p + ¢ = 1. Then

T T p

® eieg €96, 20

EH] = =14 ,
[H] pelTAel * qe;Aeg (0 q)

and therefore,
I
EH|A = a .
. (q?; a )
Note that E[H]A has the same eigenvalues as W = A'/?E[H]A!/2. We now find the eigenvalues
of E[H]A by finding the zeros of the characteristic polynomial:

7)\ p2 2 C2
det(E[H]A — \I) = det (? .. a ) =22_ ) S
et(E[H] ) e(qb q_A> +pq< ab) 0

It can be seen that

o E) = - S (12 5) 3= B - (125,

The expression Apin (E[H]A) is maximized for p = %, independently of the values of a, b and c.
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C.4 Proof of Theorem[d

Fixn > 2,andlet A; :={p € R" : p>0, > . p; = 1} be the (interior of the) probability simplex.
Further, let A = Diag(A11, Ass, ..., A,,) be a diagonal matrix with positive diagonal entries.

The rate of RCD with any probabilities arises as a special case of Lemma([I] We therefore need to
study the smallest eigenvalue of W (defined in (9)) as a function of p = (p1, ..., pn). We have

H(p) := Es~p[H] Z

Al 62'6? = Diag(p1/A11,p2/As2,...,Pn/Ann),

and hence
pt O
@ 1/2 1/2 . T 0 p2 ..
WEW(p):= AVPH(p)AY? = " pieje] = . : (13)
P .
0 0 ... pn
Note that Apin(W(p)) L&) Amin(Diag(p1, pa, - . ., Pn)) = min; p;, and thus
1
max Amin(W = —.
s i (W) =

Clearly, the optimal probabilities are uniform: p} = 717 for all 4.

C.5 Proof of Theorem
We continue from the proof of Theorem 4]

1. Consider probabilities proportional to the diagonal elements: p; = A;;/Tr(A) for all i.
Choose A1y :=t,and Ay =--- = A,,, = 1. Then

A22 1
)\min w < - = t .
(W(p) <p2 Tr(A) t+n_1—>0as — 00
2. Consider probabilities proportional to the squared row norms: p; = ||A;.||?/Tr(AT A) for
all . Choose Aq1 :=t,and Ayy = --- = A,,,, = 1. Then

Ass 1
Amin(WP)) S P2 = 53 = 1

—> 0ast — 0.

Amin (W (p))

In both cases, T (W)

can be made arbitrarily small by a suitable choice of t.

C.6 Proof of Theorem

The rate of RCD with any probabilities arises as a special case of Lemma|[I] We therefore need to
study the smallest eigenvalue of W (defined in (9)). Since we wish to show that the rate can be bad,
we will first prove a lemma bounding Ap,i, (W) from above.

Lemma 11. Let 0 < A\ < Ay < --- <\, be the eigenvalues of A. Then
n 1/n
1 Ak
)\min W S - - . 14
(W) < (H Akk) (14)

Proof. We have

n T
w2aipmat @ai ( Dl 2k ) A% = A*Diag (p’“ ) Az,

det(W) = det(A) [ 2. (15)
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On the other hand, we have the trivial bound
det(W) = H A(W) > (Amin(W))™. (16)
k=1

Putting these together, we get an upper bound on Ap,;, (W) in terms of the eigenvalues and diagonal
elements of A:

A W) 2 /dei W) @ /o) H%’“

ooy Phkk
n 1 n
= y/det(A)- » —_— ,
Vdet(A) kl;[l AL kl;[lpk
()
< {/det(A) -
_ {/det(A)
o n
™
where (*) follows from the arithmetic-geometric mean inequality. [
The Proof: Let \(,...,\, are any positive real numbers. We now construct matrix A = MAM T,
where A := Diag(A1,...,\,) and
1/vV2 1/v/2 0 0
-1/vV2 1/vV2 0 0
M = 0 0 1 0 e gxn,
: : : 0
0 0 0 1
Clearly, A is symmetric. Since M is orthonormal, Ay, ..., A\, are, by construction, the eigenvalues

of A. Hence, A is symmetric and positive definite. Further, note that the diagonal entries of A are
related to its eigenvalues as follows:

ArtAo k=1.2:
A = 2 » 17
Mk {)\k, otherwise. {17

Applying Lemma I T] we get the bound

1/n
a4 1 Ak
)\min W S - A
w @ ()
2 n 1/n
1 Ak Ak
2 1/n
(17 l <H )\k )
o\ oy Phkk
@ l 4A1A2 1/n
o n ()\1 + )\2)2
Let ¢ > 0 be such that A\; = ¢)\y. Then 22122 — __dc If choose ¢ small enough so that

(A1+22)2 (14c)?-

(11760)2 < (%)n, then Amin(W) < 7. The statement of the theorem follows.
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C.7 Proof of Theorem

Let W = UAU be the eigenvalue decomposition of W, where U = [u1, . .., u,] are the eigen-
vectors, A1 (W) < ... < A\, (W) are the eigenvalues and A = Diag (A (W), ..., A, (W)). From
Theorem 4.3 of [18]] we get

E [UTAl/Z(xt - x*)} — (I— A)UTAY2(z5 — 1,). (18)

)
2
o7 -2 @ -

3 = AW (o] A3y ) 3 (1= MW (] Ay — )

Now we use Jensen’s inequality and get

E [th - x*m —E {HUTA”Q(@ — )

v

Now we take an example of matrix A, for which we set Apin (W) < % for arbitrary 7' > 0, like
we did in Section We also choose 2o = x, + A~'/2u;. For this choice of A and z, we get
lzo — |3 = [[ua|5 and

2t 2t
1 1
B [l — 23] 2 0= W)P al3 > (1= 1)l = (1= 7)) oo =l

C.8 Proof of Theorem
We divide the proof into several steps.

1. Let us first show that SSCD converges with a linear rate for any choice of @« > 0 and
nonnegative {3; }. Since SSCD arises as a special case of SD, it suffices to apply Lemma
In order to apply this lemma, we need to argue that D = D(«, f1,...,By) is a proper
distribution. Indeed,

n

€i€;
]ESND[H]@Z Di TtA +an+t TAU
%

i=1
1 Bi

- 1 § g 2 22
Ci <04 +i:1 o /\i> )
a

- —1 .

=G = 0

2. For the specific choice of parameters & = 1 and 3; = A1 — A; we have
k
1 A1 — A
Esvp[H] = — | I v ——— |,
p[H] Cr < + ;u U, N

and Cy, = (k+ D)Ap11+ > A;. Therefore,
i=k+2

E,.p[AH] = (Zxkﬂulu + Z At )

1=k+1
The minimal eigenvalue of this matrix, which has the same spectrum as W, is
Ak+1 Akt1

Amin (Es~p[AH]) = = — .
Cr (F+DApr+ > N
1=k+2

The main statement follows by applying Lemmal|I}
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3. We now show that the rate improves as k increases. Indeed,

Z Ni=k+1+

i=k+1

m

> A

i=k+2

zm: Ni>k4+1+

)\ A )\
k+1 k15, k+2

By taking reciprocals, we get

Ak42 Akt1

>

(E+DXeg2+ > AN B+ >0 0 N
1=k-+2 1=k+1

4. Tt remains to establish optimality of the specific parameter choice « = 1 and 3; = A1 — ;.
Continuing from (22), we get

E.~p[AH] @ L (iuu a\; +Zuzu 51) =
k
= CL (Z(Oé/\i + Bi)ugu; + Z aAmmj) .
k

i=1 i=k+1

The eigenvalues of E,.p[AH] are {‘“A ith =1 U {a>‘ ipy1- Lety be the smallest

eigenvalue, i.e., v := )\mm( gND[AH]) = =, and ) be the largest eigenvalue, i.e.,
Q := A\nax(Es~p[AH]) = &, where 6 and A are appropriate constants. There are now
two options.
(@) y= %’“Ijl Then a\; + B; > aXgyq1 fori € {1,..., k}. In this case we obtain:
Crp =aTr (A +Zﬁz—z (@i +Bi) + Z )\i>a<k/\k+1+ Z )\i>
i=1 i=k+1 i=k+1
and therefore \
v < k+1n .
EXksr+ > N
i=k+1

(b) v = aX; +ﬂJ _ C% for some j € {1,...,k}. Then

k n n
i= 1 i=k+1 i=k+1
whence
0
7 < - n
EO+a > N\
i=k+1
Note that the function f(f) = ——&.—— increases monotonically:
ko+a > X
i=k+1
z/IL:
« >\z
1 kO i=
EO+a > N (KO+a > N2 (KO+a > N)?
i=k+1 i=k+1 i=k+1
From this and inequality aAg 1 > 6 we get
< Oé)\k+1n _ /\k+1n
a(k)\k+1 + Z )\i) kXg+1 + Z by
i=k+1 i=k+1



In both possible cases we have shown that
Akl

- .
EXper + 20 N
i=ht1

Amin(Es~p[AH]) <

So, it is the optimal rate in this family of methods. Optimal distribution is unique and it is:

e; with probability p; = C Loy =1,2,...,n

s~D & S:{ Not1—Ns

uw; with probability p,4+; = i=L2..., k,
where C, = kA1 + i YR
i=k+1
C.9 Proof of Lemmal9
The steps are analogous to the proof of Lemmal I}
C.10 Proof of Theorem [10]
LetC, = (k+1) A1+ Z Aiy =+ —the minimal eigenvalue of the matrix W and Q2 = C—k —

1=k+2
the maximal eigenvalue of the matrix W. The optimal rate of the method [18]] is

~ 0

T(T)*;+(1—1)Q*$Ck+(1—%)5

From the Section we have
(AT - - (Z Ml + sz;rl/\ e ) .

There are two options.
1. v= %’1“ Then a); + B; > A4 fori € {1,...,k} and A > a\,. In this case we obtain:

k k n n
Cr=aTr(A)+> Bi=)Y (ahi+8)+a > /\iza<k)\k+1+ > Az—>

=1 i=1 i=k+1 i=k+1

and therefore

A A
r(r) < N - . |
a (mkﬂ + 3 Ai> +(1-YHar, 2 (kml + X &-) +(1=3) M
i=ht1 t=k+1
2. v = %ﬁﬁf = Cik for some j € {1,...,k}. Then

Cr =aTr (A —l—ZBl—Za)\i—l—Bi)—l—aiAi2k9+ai)\i7 A>al,

i=1 i=k+1 i=k+1
whence
0
r(1) < .
L{EO+a > XN+ (1-2)ar,
i=k+1

19



— i=k+1 . > 0
<% <k0+a ) Ai>+(1—$)a>\n>
i=k+1
From this and inequality aAg 11 > 0 we get
r(r) < 041 _ Ak+1 '
1 <akAk+1 +a 3 A) +(1-YHar, 2 (mm + > )\1) +(1-Hr
i=k+1 i=k+1

Ak41

= . So, it is the optimal
L Bt X /\i>+(1f$)/\n
i=k+1

For both possible cases we shown that r(7) <

rate in this family of methods. Note that « could be any positive number. Optimal distribution is
unique and it is:

e; with probability p; = &% §=1,2,....n
s~D = s = zl . . ’ ) Sk)\k+l—>\i .
u; with probability p,,4+; = o = 1,2,...,k,

where C, = kAp+1+ > Ai. For k =0 we obtain mRCD, for k = n — 1 we get the optimal rate
i=k+1

ﬁ and rate increases when k increases.

D Results mentioned informally in the paper

D.1 Adding “largest’” eigenvectors does not help

In Section [3|describing the SSCD method we have argued, without supplying any detail, that it does
not make sense to consider replacing the & “smallest” eigenvectors with a few “largest” eigenvectors.
Here we make this statement precise, and prove it.

Fix k € {0,1,...,n — 1} and consider running stochastic descent with the distribution D defined via

QAM s
s D o s e; with probability p; = o BZ _.1, 2,...,m
w; with probability p,_x4+; = o i= k+1,k+2,...,n

where C, = aTr (A) + Y. B;andfor 8; > 0fori € {1,2,...,k}.
i=k+1

That is, we consider “enriching” RCD with a collection of a n — k eigenvectors corresponding to the
n — k largest eigenvectors of A. We have the following negative result, which loosely speaking says
that it is not worth enriching RCD with such vectors.

Theorem 12. The optimal parameters of the above method are k = n or 5; = 0 for all i =
k+1,....n

Proof. We follow similar steps as in the proof of Theorem@ In this setting we have

E..p[H] = ( I+ Z Zuu; )

’L

i=k-+1
whence
1 n T
AE,.pH| = o (aA +i;lﬁiuiui ) = (Z a\u; +sz;1 Bi + ali)u )
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and
Oz)\l Oé)\l /\1

/\min (A]ESND [H]) - Cik S oTr (A) - Tr (A) .

It means that the best rate in this family of methods is obtained when k£ = n or 5; = 0 for all
i=k+1,...,n. O

So, to use spectral information about n — k last eigenvectors we should use more complicated
distributions (for instance, one may need to replace a by «;).

D.2 Stochastic Conjugate Descent
The lemma below was referred to in Section[2.2] As explained in that section, this lemma can be
used to argue that stochastic conjugate descent achieves the same rate as SSD: O(n log %)

Lemma 13. Let {v; ...v,} be an A-orthonormal system:

1 i=j
.
A: .
R {0 i#]

If distribution D consists of vectors v; chosen with uniform probabilities, then Apin(W) = =

Proof. That is,

1
W = AY2EH]AY? = =
[H] n;

Making a substitution u; = A'/2s;, we get

n n
A2y AYZ L
AT AT 2 /24 T AL/2
TAn > APyl AY

i=1

1 1
T
W = EZuiui =1,
i=1
because {u; ... u,} is orthonormal system. O

E Inexact Stochastic Conjuagate Descent

In Section 2.2 we stated, that we can achieve an optimal rate of stochastic descent by using uniform
distribution over a set of n A-conjugate directions. In this section we consider the case when
A -conjugate directions are computed approximately.

More formally, we consider a system of vectors vy, . . ., v,, Which satisfies ’vlT Av; | < efori # jand
v;' Av; = 1 for some parameter £ > 0. Further we’ll call such vectors e-approximate A-conjugate
vectors.

Now we formalize the idea of using approximate A-conjugate directions in Stochastic Conjugate
Descent, which leads to Algorithm 7}

Algorithm 7 Inexact Stochastic Conjugate Descent (iSconD)

Initialize: ©( € R"; vy, ..., v,: e-approximate A-conjugate directions
fort =0,1,2,... do

Choose i € [n] uniformly at random

Setwy11 =z, — v (Azy —b)v;
end for

For this algorithm we are going to obtain rate O(n log %), the optimal rate for stochastic descent.
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E.1 Lemma

Lemma 14. Let S = [v1,...,v,], where vy, ..., v, are e-approximate A-conjugate vectors.
If € satisfies
e < (25
n—1
thenI:=STAS is positive definite matrix and
1+e(n—1)
Amin(AY2SSTAY2) > 1 —¢(n—1 26
( Jzl-—eln =N (26)
1 -1
Amax(A1/2SSTAN?) < 1+4¢(n— 1) +en—1)
—e(n—1)
Proof. For unit vector x we can write
TIx—lelelflJr szxlIll>175 Z +xl =1—-e(n-1).
4,017 il z;él
Under condition we get x 1z > 0 for any z, which proves the first part of lemma.
Since ST AS is positive definite, vectors A'/2vy, ..., A1/2p,, are linearly independent. Any unit
vector z may be represented as z = A'/2Sa with normalization condition:
l=z'z=ala=a"a+ Z Llaial,
il
or
ala=1-Y" T (28)
il
Now we can analyse spectrum of matrix A/2SST A1/2,
2
- TP AN N
2 AV2SSTAV2y — aTSTASSTASa = o T = o = > (; Lmz) =
2
= Z o + Z Lioy | = Z a? + 2a; Z Lo + Z L
i=1 Ll i=1 LI Ll
Using (28)) we get
2
~ n ~
cTAVPSSTAY e =14 ) Liaion+» [ Y Ty | =1+Ri+Ry (29
i Ll i=1 \Lilzi
Rl R2
To estimate | R;| and | R| we need to estimate o ' o using (28)):
2 2
T aj + T
< = — —
aa_lJrs‘Z 5 l+e(n—1a' «
[RRED)
which under condition (23)) implies that o "o < ﬁ Now we can estimate | R | and | Ra|.
a? +a? e(n—1)
Ry < “— 1L —¢n—1o'a < ——= 30
178‘2‘ 5 e(n —Da ail—e(n—l) (30)
,0:i7#1
n 2 -1 2
Ry < Z(n -1) Z e’ =e*(n—1)2%a"a < en=1) 31



Finally from (29), (30) and (3T) we get

_ 20 _ 1)2 B
Nmn(AV28STALZ) 5 SNV E DT ylEen =D
—1)+e%(n—1)? 1+e(n—1)

A (A1/28STAY2) < 14 £ —1 ez
( ) <1+ = e(n—1) +e(n )1—5(n—1)

O

Corollary 14.1. If ¢ < % then Amin(AY2SSTAY?) > 0 and condition number of

A'/288T A2 has the following bound:

Amax(A/?SSTAY?) 1+ &2(n — 1)?
Amin(AY/2SSTAY2) =1 —2¢(n—1) —e?(n—1)2

E.2 Rate of convergence

The following theorem gives the rate of convergence of iSconD.

Theorem 15. Let S = [vy .. n] where {vy ...v,} is e-approximate A- con]ugate system. If

e< then Apin(W) > which means that the rate of iSconD is O(nlog 1).

(n 1) 3n

Proof. Asin Lemmwe can show that W = L A1/2SST A where S = [v; ... v,]. Using bound
14.1]

(26) and Corollary | we get
1 1+e(n—1)
Amin(W —(1- 1)
( )>n< en )1€(n1)>
for small enough ¢ (see Corollary|14.1). For ¢ = ﬁ we get Apin(W) > % O

E.3 Experiment

Figure [6] illustrates the theoretical results about iSonD. For this experiment we generate random
orthogonal matrix V and random symmetric positive definite matrix I, which satisfies I; = 1,

Iij‘ < ¢ fori # j. Columns of matrix A~1/2VI'/2 were taken as approximate A-conjugate

vectors.
\\\
_ 50
E= 31
_ 30
E=3p-1

9 |
E=3

1073
3(n-1)

—4— =0

o £=

Expected precision

Number of iterations

lwe =z ||3

oo —aall2 } vs. the number of iterations of iSconD with different choices of
20—l

Figure 6: Expected precision E [
parameter €.

E.4 Approximate solution without iterative methods

Note that the problem () is equivalent to the following problem of finding « such that
Az =b. (32)
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Let S = [v; ... v,] be a set of A-conjugate vectors, i.e., STAS = I. We can now find the solution to
the linear system (32). Since ST = ST Az = STASS™ 12 = S~1z, we conclude that

x=SS"b. (33)

We will now show that unlike in the exact case, using formula (33)) with e-approximate A-conjugate
vectors does not lead to a precise solution of our problem.

Lemma 16. Let S = [v; ...v,] be an e-A-orthonormal system. Let . = A~b be the solution
of the linear system (32). Let & be an estimate of the solution, calculated with formula (33)) using
e-approximate A-conjugate vectors: & = SS'b. Ife < 1/(n — 1), then

1+e(n—-1)

1 — zully <eln— 1)m [ERIPN

Proof. Note that A1/23 = AY/2SSTAL/2A1/2, = IAY2z, where I = AY/2SST A/2. From
Lemma[T4] we now get that

A 1+e(n—1)
MNI-1I ‘ < -1)—=.
I-Djset-Di—r—
and hence ) )
’ﬁfq‘gdnfngiﬂz;)_
2 1—e(n-1)
Therefore,
N s B Y R N U
1+e(n—1)
< - *
O
If we choose ¢ = ﬁ, like we did in Theorem we get the following precision:

. 2
&= 2la < 5 llzulla

which is rather poor. However if we use Algorithm [/} we can get approximate solution with any
precision (after enough iterations).

F Inexact SSD: a method that is not a special case of stochastic descent

In Section 2.1 we defined Stochastic Spectral Descent (Algorithm [2). We now design a new method
which will “try” to use the same iterations, but with inexact eigenvectors of A. We call w an inexact
eigenvector of A if

Avw=) w+e¢ (34)

for some £ and A > 0 (inexact eigenvalue). Clearly, any vector can be written in the form (34). This
idea leads to Algorithm 8]

Algorithm 8 Inexact Stochastic Spectral Descent (iSSD)

Initialize: xo € R™; (w1, A1), ... (wn, Ay): inexact eigenvectors and eigenvalues of A
fort=0,1,2,... do
Choose i € [n] uniformly at random

Tb
Setzip1 = x4 — w;'—xt — wir_ ) w;
end for

Note that the above method is not equivalent to applying stochastic descent D being the uniform
distribution over the inexact eigenvectors. This is because in arriving at SSD, we have used some
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properties of the eigenvectors and eigenvalues to simplify the calculation of the stepsize. The same
simplifications do not apply for inexact eigenvectors. Nevertheless, we can formally run SSD, as
presented in Algorithm 2] and replace the exact eigenvectors and eigenvalues by inexact versions
thereof, thus capitalizing on the fast computation of stepsize which positively affects the cost of one
iteration of the method. This leads to Algorithm [§]

Hence, in order to analyze the above method, we need to develop a completely new approach. We
will show that Algorithm [§]converges only to a neighbourhood of the optimal solution.

F.1 Lemmas

Further we will use the following notation: S = [w;...w,| — inexact eigenvectors matrix,
A = Diag (\; ... \,) — inexact eigenvalues matrix, E = [¢; .. .&,] — error matrix, A = SAST —
estimation of matrix A. We also assume, that inexact eigenvectors are e-approximate orthonormal
fore < < ie wiw; =1, w:wj] < efori # j.

The following lemma gives an answer to the question: how precise is A as an estimate of matrix A?

Lemma 17. A = IA — SET, where matrix1 = SST satisfies

1+e(n—1)

I —e(n—1) 32

Hi - IH <en—1)
2

Proof. Indeed, the definition of inexact eigenvectors can be written in matrix form as AS = SA + E,
from which follows that IA = SSTA = SAST + SET. Equality follows immediately from
Lemmal[l4l O

The next lemma gives a general recursion capturing one step of iSSD, shedding light on the conver-
gence of the method.

Lemma 18. Sequence of {x:} generated by inexact SSD satisfies equality

1 1
Bllewss - aly = (1= 2)Ellor = oulfy + 1 (o0 = ) TTlor - 2.)]
1
+ — (Elletls-1pr +2]EAT*CETw, )
2
— ZE[(z: —2.) 'SCAT'E"2,],
n

whereT' = (I—1)A —SET —EA~'ET +SCS” and

C = Diag (w €1 ...w, €,) . (36)
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Proof.

Tz,

At

lzes1 — x*||2A = |z — 2y — wwpw, (z, — x,) + w wy

2 o T T EAY
= |zt — zu|a +wiw, Awy | w, (2 — 24) —

T el T T
Fw(zy — x4)  Awy < W (s — x)
¢

2, 9 T T ez’
= |loe = auf[p + w0 (A +wy &) | wy (@ — 20) = ——

T e @ T
F2w(xs — xx) ' (Arwy + &) ( T W (zy — m))
t

= |z — :U*Hi —w(2 —w)(zy — ) T Nww, (2 — 2,) Fw

T T T
(-2 oo 5 1 [ ] o
+2w 3 +wwy, & | wy (T —x4) —

¢

+2(w — W) (xy — x) Twie] 20 — 20(xs — 2) Twie] (T — x4)

s = 2.y — (2 = w) (@ — @) " Nwgwy (2 — 2.)

+ ||$*(w_1)+wt||ata;r - th—w*Heta:
At At
+ 2w(x — x) Twie] (@4(2 — w) — x4)
el 2\’
+  rw/ e <th(33t —Ty) — t)\ *>
¢

Now we can take conditional expectation E[ - | a¢].

2 2 CU(Q 7(&)) 2 1 2
Elllzers = 2ulla [ze] = o —2uly = = lloe = 2ullz + = llonlw = 1) + 2l

1 2w
= e =l = (e - 0) TSET (0 - (2 w))

where X = EA~IET.
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Now we set w = 1 and use Lemmal[I7l

1 1 1
Blllzee = wally | = o = 2ls = llow = ullh + - ol = llow = 2l -

fg(x —x,) ' SET (z; — x.,) Zws )75;:5* 2*
n t * t * ( z' L i o

1\ 1 .
= |zt — 2% (1 - n) + (o — )T ((1 DA +SET — QSET) (2t — )

T

1. ., 1 A . . el o\’
+EHft”E_E”xt_x*Hz"‘ﬁ;wi gi | w; (T —x4) — X =

1 , 1 . 1
= (1= %) bee—ala 2o - )T (1= DA = SBT - 2) (=) + - laul +

1« ez’
- Te A w! (z, — _Zi )
+n Z;wz € (wl (xy — ) Y >
1 , 1 - . - 1 )
= (1= ) loe =i + (@ —2)7 (A-DA - SET ) (@ — ) + — aell} +

1 1 2
+ﬁ lxe — x*HSCST + xT (EA™ 2CET) - E(xt —z,) SCA™'E " z,,

where C = Diag (w &1 ... w, €,). We get

1 1
Ellc - ol | = (1= 3 ) o= 2l + 0 = 2o~ 2.)

1
+— (”xt”QEA—lET + 2] EAT2CE 2, — 2(zy — x*)TSCAflETI*) ,
n
where ' = (I—I)A —SET —EA'ET +SCS™. O

The following lemma describes which inexact eigenvalues are optimal for a fixed set of inexact
eigenvectors.

Lemma 19. Let w; be fixed. Then the choice
Ai = w] Aw; (37)

minimizes ;|| in A, where €; := || Aw; — Aw;||2. Moreover, for this choice of \; we get w;' &; = 0.

Proof. Minimizing ||Aw; — >\w1||§ in \ gives (37). For this choice of \; we get w;'e; = w," Aw; —
)\Zw;'—wz = erwl - w;'—Awi =0. O

F.2 Convergence

Choosing eigenvalues as defined in (37), and in view of (36), we see that C = 0. From this and
Lemma T8 we get

1 1 1
Bllewss = ol = (1= 7 ) Eller = 2l 2B [0 = 2) o = )]+ 2B ol opr
where I = (I — I)A — SET — EA~'ET. From the Cauchy—Schwarz inequality we get
1 1
HE ||5Ut||i:/rl]~:T = ﬁ]E |ze — s + f*”i:/rlET <

2 9 2 2
< HE |lz: — zu|lga-1gT + EE [z ga—1ET

which leads to

1 2 2
E |21 — 2.3 < (1 - n) E |z — o3 + E (20— 2.) " Qo — x.)] + -~ [« lga—1E7 -
(40)
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where Q = (I —I)A — SET + EA~'ET. Inequality implies that
q—1

2 2 2 To

Ellzers — zulla <Eflzr —2alla + Ellz — z.lla + -7 (41

B 2
where ¢ = max zTgi, ro = 2 ||z« ||gA-1ET-
If the errors €4, . . . , €, and € are small enough, we can make ¢ and r( arbitrarily small for fixed x..

2 . .
From (@T) we can see that E ||z;11 — 2.||y is going to decrease as long as
To
E |z, — 2% > . 42
e =y > 7 “2)

Hence, for small enough ¢4, .. ., £, and parameter ¢, iSSD will converge to a neighborhood of the

optimal solution, with limited precision (42)).
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