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In this supplementary material, we provide the proofs of Theorem 4.1 and Corollary 4.2 (Section A),
the one of Theorem 4.3 (Section B) and the ones of Theorem 4.4 and Corollary 4.5 (Section C).

A Analysis of Algorithm 1

In this section, we give the comprehensive proofs of Theorem 4.1 and Corollary 4.2.

A.1 Proof of Theorem 4.1

The proof is essentially generalization of the one in [1] to stochastic and partial information settings.

Proposition A.1 (Exploration). Suppose that η < 1
2Ls

, s ≥ max
{

2
(

1
4 + ηLs

2
1
4−

ηLs
2

)
− 1, 64

η2µ2
s

+ 1
}
s∗

and Bt ≥ 4s
s∗

(s+ s∗)
2 ( 5

2 +ηLs)ηlog( 2d
δt

)
( 1

4η+Ls
2 )

. Then for any δt ∈
(
0, 1

2

)
, Algorithm 1 satisfies

L(θt)− L(θ∗) ≤ (1− α)(L(θt−1)− L(θ∗)) +
ct
Bt

with probability ≥ 1 − 2δt, where α = 1
2

(
1− 2s∗

s+s∗

)
µs

(
1
4 + ηLs

2

)
η and ct =

4σ2s
(

5
2 + ηLs

)
ηlog

(
d
δt

)
.

Proof. We denote St, St−1 and S∗ as supp(θt), supp(θt−1) and supp(θ∗) respectively. Also we
define S̃t = St ∪ St−1 ∪ S∗.
Since θt and θt−1 are s-sparse, restricted smoothness of L implies

L(θt)− L(θt−1) ≤ 〈∇L(θt−1), θt − θt−1〉+
Ls
2
‖θt − θt−1‖2

= 〈gt, θt − θt−1〉+
Ls
2
‖θt − θt−1‖2 − 〈gt −∇L(θt−1), θt − θt−1〉
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Using Cauchy-Schwarz inequality and Young’s inequality, we have

−〈gt −∇L(θt−1), θt − θt−1〉 ≤
1

4η
‖θt − θt−1‖2 + η‖gt|St∪St−1

−∇St∪St−1
L(θt−1)‖2

≤ 1

4η
‖θt − θt−1‖2 + 2sη‖gt −∇L(θt−1)‖2∞.

Here the second inequality follows from the fact |St ∪ St−1| ≤ 2s.

Thus we get

L(θt)− L(θt−1) ≤ 〈gt, θt − θt−1〉+

(
1

4η
+
Ls
2

)
‖θt − θt−1‖2 + 2sη‖gt −∇L(θt−1)‖2∞

=

(
1

4η
+
Ls
2

)(
‖θt − θt−1 + ηgt|S̃t‖

2 − η2‖gt|S̃t‖
2
)

+

(
1

2
− ηLs

)
〈gt, θt − θt−1〉+ 2sη‖gt −∇L(θt−1)‖2∞.

(1)

Also we have

〈gt, θt − θt−1〉 = − 〈gt|St−1\St , θt−1|St−1\St〉 − η‖gt|St‖
2

= − 〈gt|St−1\St , θt−1|St−1\St − ηgt|St−1\St〉 − η‖gt|St−1\St‖
2 − η‖gt|St‖2

≤ ‖gt|St−1\St‖‖θt−1|St−1\St − ηgt|St−1\St‖ − η‖gt|St−1\St‖
2 − η‖gt|St‖2

≤ 1

2η
‖θt−1|St−1\St − ηgt|St−1\St‖

2 − η

2
‖gt|St−1\St‖

2 − η‖gt|St‖2

≤ 1

2η
‖θt−1|St\St−1

− ηgt|St\St−1
‖2 − η

2
‖gt|St−1\St‖

2 − η‖gt|St‖2

=
η

2
‖gt|St\St−1

‖2 − η

2
‖gt|St−1\St‖

2 − η‖gt|St‖2

≤ − η

2
‖gt|St∪St−1‖2.

Here, the second inequality is due to Cauchy-Schwartz inequality. The third inequality follows from
the fact that |St−1 \ St| = |St \ St−1| and the definition of hard thresholding operator. The third
equality is by the fact that θt−1|St\St−1

= 0.

If 1/2− ηLs > 0 is assumed, combing (1) with this fact yields

L(θt)− L(θt−1) ≤
(

1

4η
+
Ls
2

)(
‖θt − θt−1 + ηgt|S̃t‖

2 − η2‖gt|S̃t‖
2
)

−
(

1

2
− ηLs

)
η

2
‖gt|St∪St−1

‖2 + 2sη‖gt −∇L(θt−1)‖2∞

=

(
1

4η
+
Ls
2

)(
‖θt − θt−1 + ηgt|S̃t‖

2 − η2‖gt|S̃t\(St−1∪S∗)‖
2
)

−
(

1

2
+ ηLs

)
η

2
‖gt|St−1∪S∗‖2 −

(
1

2
− ηLs

)
η

2
‖gt|St∪St−1

‖2

+ 2sη‖gt −∇L(θt−1)‖2∞.

(2)

Now we bound ‖θt− θt−1 + ηgt|S̃t‖
2− η2‖gt|S̃t\(St−1∪S∗)‖

2. We need the following three lemmas.

Lemma A.2.
St \ St−1 = St \ (St−1 ∪ S∗)⊕ (St ∩ S∗) \ St−1.

Lemma A.3.
∃R ⊂ St−1 \ St : |R| = |St \ (St−1 ∪ S∗)|.

Proof. Note that |St−1 \ St| = |St \ St−1| since |St| = |St−1|. Thus by Lemma A.2, we have

|St−1 \ St| = |St \ St−1| = |St \ (St−1 ∪ S∗)|+ |(St ∩ S∗) \ St−1| ≥ |St \ (St−1 ∪ S∗)|.
This gives the desired result.
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Lemma A.4. For any S̃ ⊂ [d], θ, θ∗ ∈ R|S̃| and s, s∗ such that s∗ ≤ s < |S̃|, if ‖θ∗‖0 ≤ s∗, it
follows that

‖Hs(θ)− θ‖2 ≤
|S̃| − s
|S̃| − s∗

‖θ − θ∗‖2.

The proof is found in [1].

Observe that

η2‖gt|S̃t\(St−1∪S∗)‖
2 = ‖θt|S̃t\(St−1∪S∗)‖

2

= ‖θt|St\(St−1∪S∗)‖
2

= ‖θt−1|St\(St−1∪S∗) − ηgt|St\(St−1∪S∗)‖
2

≥ ‖θt−1|R − ηgt|R‖2

= ‖θt|R − θt−1|R − ηgt|R‖2.

Here the first inequality is due to the definition of hard thresholding operator. The last equality
follows from the fact that R ⊂ St−1 \ St.
Hence we get

‖θt − θt−1 + ηgt|S̃t‖
2 − η2‖gt|S̃t\(St−1∪S∗)‖

2

= ‖θt|S̃t − θt−1|S̃t + ηgt|S̃t‖
2 − η2‖gt|S̃t\(St−1∪S∗)‖

2

≤ ‖θt|S̃t\R − θt−1|S̃t\R + ηgt|S̃t\R‖
2.

= ‖Hs(θt−1|S̃t\R − ηgt|S̃t\R)− θt−1|S̃t\R + ηgt|S̃t\R‖
2.

Here the second equality is due to the fact that St ⊂ S̃t \R. If |S̃t \R| ≤ s, then ‖Hs(θt−1|S̃t\R −
ηgt|S̃t\R) − θt−1|S̃t\R + ηgt|S̃t\R‖

2 = 0. Thus, we can assume that |S̃t \ R| > s. From Lemma
A.4, we have

‖Hs(θt−1|S̃t\R − ηgt|S̃t\R)− θt−1|S̃t\R + ηgt|S̃t\R‖
2

≤ |S̃t \R| − s
|S̃t \R| − s∗

‖θ∗|S̃t\R − θt−1|S̃t\R + ηgt|S̃t\R‖
2

≤ |S̃t \R| − s
|S̃t \R| − s∗

‖θ∗|S̃t − θt−1|S̃t + ηgt|S̃t‖
2. (3)

Observe that

|S̃t \R| ≤ |St|+ |(St−1 \ St) \R|+ |S∗|
= |St|+ |St−1 \ St| − |R|+ |S∗|
= |St|+ |St \ St−1| − |R|+ |S∗|
= |St|+ |St \ St−1| − |St \ (St−1 ∪ S∗)|+ |S∗|
= |St|+ |St ∩ S∗ \ St−1|+ |S∗|
≤ s+ s∗ + s∗
=s+ 2s∗,

Noting that (x− b)/(x− a) ≤ (x+ − b)/(x+ − a) for any x ≤ x+ and a ≤ b < x and applying the
above inequality to (3) yield

‖Hs(θt−1|S̃t\R − ηgt|S̃t\R)− θt−1|S̃t\R + ηgt|S̃t\R‖
2

≤ 2s∗
s+ s∗

‖θ∗|S̃t − θt−1|S̃t + ηgt|S̃t‖
2.
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Therefore we get

‖θt − θt−1 + ηgt|S̃t‖
2 − η2‖gt|S̃t\(St−1∪S∗)‖

2

≤ 2s∗
s+ s∗

‖θ∗|S̃t − θt−1|S̃t + ηgt|S̃t‖
2

=
2s∗
s+ s∗

(
‖θt−1 − θ∗‖2 + 2η〈gt, θ∗ − θt−1〉+ η2‖gt|S̃t‖

2
)

=
2s∗
s+ s∗

(
‖θt−1 − θ∗‖2 + 2η〈∇L(θt−1), θ∗ − θt−1〉+ η2‖gt|S̃t‖

2 + 2η〈gt −∇L(θt−1), θ∗ − θt−1〉
)

≤ 2s∗
s+ s∗

(
2‖θt−1 − θ∗‖2 + 2η〈∇L(θt−1), θ∗ − θt−1〉+ η2‖gt|S̃t‖

2
)

+
2s∗
s+ s∗

η2‖gt|St−1∪S∗ −∇St−1∪S∗L(θt−1)‖2

≤ 2s∗
s+ s∗

(
2‖θt−1 − θ∗‖2 − 2η(L(θt−1)− L(θ∗)) + η2‖gt|S̃t‖

2
)

+ 2s∗η
2‖gt −∇L(θt−1)‖2∞

≤ 2s∗
s+ s∗

(
2‖θt−1 − θ∗‖2 + η2‖gt|S̃t‖

2
)

+ 2s∗η
2‖gt −∇L(θt−1)‖2∞.

Here, the second inequality is due to Cauchy-Schwarz inequality and Young’s inequality. The third
inequality follows from the convexity of L and the fact that |St−1 ∪ S∗| ≤ s+ s∗. The last inequality
is due to the optimality θ∗.

Combining (2) with this inequality results in

L(θt)− L(θt−1) ≤ 4s∗
s+ s∗

(
1

4η
+
Ls
2

)
‖θt−1 − θ∗‖2 +

2s∗
s+ s∗

(
1

4
+
ηLs

2

)
η‖gt|S̃t‖

2

−
(

1

2
+ ηLs

)
η

2
‖gt|St−1∪S∗‖2 −

(
1

2
− ηLs

)
η

2
‖gt|St∪St−1

‖2

+ 2

(
s+

(
1

4
+
ηLs

2

)
s∗

)
η‖gt −∇L(θt−1)‖2∞.

By choosing appropriate s and η so that 1
4 −

ηLs
2 −

2s∗
s+s∗

(
1
4 + ηLs

2

)
≥ 0, we have

L(θt)− L(θt−1) ≤ 4s∗
s+ s∗

(
1

4η
+
Ls
2

)
‖θt−1 − θ∗‖2

−
(

1− 2s∗
s+ s∗

)(
1

4
+
ηLs

2

)
η‖gt|St−1∪S∗‖2

+ 2

(
s+

(
1

4
+
ηLs

2

)
s∗

)
η‖gt −∇L(θt−1)‖2∞.

Since ‖∇St−1∪S∗L(θt−1)‖2 ≤ 2‖gt|St−1∪S∗‖2 + 2‖gt|St−1∪S∗ − ∇St−1∪S∗L(θt−1)‖2 ≤
2‖gt|St−1∪S∗‖2 + 2(s+ s∗)‖gt −∇L(θt−1)‖2∞, we have

−
(

1− 2s∗
s+ s∗

)(
1

4
+
ηLs

2

)
η‖gt|St−1∪S∗‖2

≤ − 1

2

(
1− 2s∗

s+ s∗

)(
1

4
+
ηLs

2

)
η‖∇St−1∪S∗L(θt−1)‖2

+ (s− s∗)
(

1

4
+
ηLs

2

)
η‖gt −∇L(θt−1)‖2∞.
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Using this inequality, we get

L(θt)− L(θt−1) ≤ 4s∗
s+ s∗

(
1

4η
+
Ls
2

)
‖θt−1 − θ∗‖2

− 1

2

(
1− 2s∗

s+ s∗

)(
1

4
+
ηLs

2

)
η‖∇St−1∪S∗L(θt−1)‖2

+

((
9

4
+
ηLs

2

)
s+

(
1

4
+
ηLs

2

)
s∗

)
η‖gt −∇L(θt−1)‖2∞

≤ 4s∗
s+ s∗

(
1

4η
+
Ls
2

)
‖θt−1 − θ∗‖2

− 1

2

(
1− 2s∗

s+ s∗

)(
1

4
+
ηLs

2

)
η‖∇St−1∪S∗L(θt−1)‖2

+ s

(
5

2
+ ηLs

)
η‖gt −∇L(θt−1)‖2∞.

(4)

Here the last inequality is due to the fact that s ≥ s∗.
Next we bound the term ‖gt −∇L(θt−1)‖2∞. Observe that we can rewrite

gt|j =
1

Bt

Bt∑
b=1

`′
y

(b)

d j
s′−s e

(θ>t−1x
(b)

d j
s′−s e

)x
(b)

d j
s−s e
|j

for j ∈ [d]. Hence we have

|gt,j −∇jL(θt−1)| =

∣∣∣∣∣ 1

Bt

Bt∑
b=1

(
`′
y

(b)

d j
s′−s e

(θ>t−1x
(b)

d j
s′−s e

)x
(b)

d j
s−s e
|j − E(x,y)∼D[`′y(θ>t−1x)x|j ]

)∣∣∣∣∣
=

∣∣∣∣∣ 1

Bt

Bt∑
b=1

(
2(θt−1 − θ∗)>x(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j + 2ξ
(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j

− Ex∼DX [2(θt−1 − θ∗)>xx|j ]
)∣∣∣∣∣

≤ 2

∣∣∣∣∣ 1

Bt

Bt∑
b=1

(θt−1 − θ∗)>x(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j − Ex∼DX [(θt−1 − θ∗)>xx|j ]

∣∣∣∣∣
+ 2

∣∣∣∣∣ 1

Bt

Bt∑
b=1

ξ
(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j

∣∣∣∣∣
= 2

∣∣∣∣∣ 1

Bt

Bt∑
b=1

Xb,j,t

∣∣∣∣∣+ 2

∣∣∣∣∣ 1

Bt

Bt∑
b=1

Yb,j,t

∣∣∣∣∣ ,
where Xb,j,t

def
= (θt−1 − θ∗)

>x
(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j − Ex∼DX [(θt−1 − θ∗)
>xx|j ] and Yb,j,t

def
=

ξ
(b)

d j
s′−s e

x
(b)

d j
s′−s e

|j .

First we bound
∣∣∣ 1
Bt

∑Bt
b=1Xb,j,t

∣∣∣. Observe that∣∣(θt−1 − θ∗)>xx|j
∣∣ ≤ ∣∣(θt−1 − θ∗)>x

∣∣ ‖x‖∞
≤ ‖θt−1 − θ∗‖1‖x‖2∞
≤ ‖θt−1 − θ∗‖1R2

∞

≤
√
s+ s∗R

2
∞‖θt−1 − θ∗‖2.

Here the second inequality follows from the Cauchy-Schwarz inequality. The first inequality is
due to the assumption ‖x‖∞ ≤ R∞ for x ∼ DX almost surely. The last inequality holds because
|supp(θt−1 − θ∗)| ≤ s+ s∗.
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From this inequality, we have |Xb,j,t| ≤ 2
√
s+ s∗R

2
∞‖θt−1− θ∗‖. Applying Hoeffding’s inequality

to {Xb,j,t}Btb=1, we get

P

(∣∣∣∣∣ 1

Bt

Bt∑
b=1

Xb,j,t

∣∣∣∣∣ ≥ t
∣∣∣∣ ‖θt−1 − θ∗‖2 = r

)
≤ 2exp

(
− Btt

2

2(s+ s∗)R4
∞r

)
for every t > 0. Using union bound property for j ∈ [1, d], this implies

P

∀j ∈ [1, d] :

∣∣∣∣∣ 1

Bt

Bt∑
b=1

Xb,j,t

∣∣∣∣∣ ≤
√√√√2(s+ s∗)R4

∞log
(

2d
δt

)
Bt

r

∣∣∣∣∣ ‖θt−1 − θ∗‖2 = r

 ≥ 1− δt

for any δt > 0. Since this bound holds for any specific value of ‖θt−1 − θ∗‖2, we have

P

∀j ∈ [1, d] :

∣∣∣∣∣ 1

Bt

Bt∑
b=1

Xb,j,t

∣∣∣∣∣ ≤
√√√√2(s+ s∗)R4

∞log
(

2d
δt

)
Bt

‖θt−1 − θ∗‖2

 ≥ 1− δt

for any δt > 0.

Next we bound
∣∣∣ 1
Bt

∑Bt
b=1 Yb,j,t

∣∣∣. Note that given
{
x

(b)

d j
s′−s e

|j
}Bt
b=1

, {Yb,j,t}Btb=1 is a set of indepen-

dent mean zero sub-gaussian random variables with parameter x(b)

d j
s′−s e

|2jσ2 ≤ R2
∞σ

2. Hence we

have

P

(∣∣∣∣∣ 1

Bt

Bt∑
b=1

Yb,j,t

∣∣∣∣∣ ≥ t
∣∣∣∣∣
{
x

(b)

d j
s′−s e

|j
}Bt
b=1

)
≤ exp

(
− Btt

2

2R2
∞σ

2

)
.

Since the right-hand-side of the above inequality is not dependent on any specific values of{
x

(b)

d js e
|j
}Bt
b=1

, we can conclude

P

(∣∣∣∣∣ 1

Bt

Bt∑
b=1

Yb,j,t

∣∣∣∣∣ ≥ t
)
≤ 2exp

(
− Btt

2

2R2
∞σ

2

)
.

This gives

P

∀j ∈ [1, d] :

∣∣∣∣∣ 1

Bt

Bt∑
b=1

Yb,j,t

∣∣∣∣∣ ≤
√√√√2R2

∞σ
2log

(
d
δt

)
Bt

 ≥ 1− δt

for any δt > 0.

Combing these results yields

P

‖gt −∇L(θt−1)‖2∞ ≤
4(s+ s∗)R

4
∞log

(
2d
δt

)
Bt

‖θt−1 − θ∗‖2 +
4σ2R2

∞log
(
d
δt

)
Bt

 ≥ 1− 2δt

for any δt > 0.

Applying this inequality to (4), it holds that

L(θt)− L(θt−1) ≤

 4s∗
s+ s∗

(
1

4η
+
Ls
2

)
+ 4s(s+ s∗)

(
5
2 + ηLs

)
R4
∞ηlog

(
2d
δt

)
Bt

 ‖θt−1 − θ∗‖2

− 1

2

(
1− 2s∗

s+ s∗

)(
1

4
+
ηLs

2

)
η‖∇St−1∪S∗L(θt−1)‖2

+ 4σ2s

(
5
2 + ηLs

)
R2
∞ηlog

(
d
δt

)
Bt

6



with probability ≥ 1− 2δt.

By selecting appropriate s, Bt and η so that 4s∗
s+s∗

(
1
4η + Ls

2

)
+ 4s(s+ s∗)

( 5
2 +ηLs)R4

∞ηlog( 2d
δt

)
Bt

≤
1
2

(
1− 2s∗

s+s∗

)(
1
4 + ηLs

2

)
η
µ2
s

4 , we have

L(θt)− L(θt−1) ≤ 1

2

(
1− 2s∗

s+ s∗

)(
1

4
+
ηLs

2

)
η

(
µ2
s

4
‖θt−1 − θ∗‖2 − ‖∇St−1∪S∗L(θt−1)‖2

)

+ 4σ2s

(
5
2 + ηLs

)
ηlog

(
d
δt

)
Bt

(5)
with probability ≥ 1− 2δt.

To bound the term µ2
s

4 ‖θt−1 − θ∗‖2 − ‖∇St−1∪S∗L(θt−1)‖2, we need the following lemma.
Lemma A.5. For any θ and θ∗ such that |supp(θ)|, |supp(θ∗)| ≤ s, it follows that

µ2
s

4
‖θ − θ∗‖2 − ‖∇S∪S∗L(θ)‖2 ≤ µs(L(θ∗)− L(θ)),

where S = supp(θ) and S∗ = supp(θ∗).
Proof. From the restricted strong convexity of L, we have

L(θ)− L(θ∗) ≤ 〈∇L(θ), θ − θ∗〉 −
µs
2
‖θ − θ∗‖2

= 〈∇S∪S∗L(θ), θ − θ∗〉 −
µs
2
‖θ − θ∗‖2

≤ 1

µs
‖∇S∪S∗L(θ)‖2 − µs

4
‖θ − θ∗‖2.

Here the last inequality is due to the Cauchy-Schwarz inequality and Young’s inequality. This
immediately implies the desired inequality.

Applying Lemma A.5 to (5), we obtain

L(θt)− L(θt−1) ≤ 1

2

(
1− 2s∗

s+ s∗

)
µs

(
1

4
+
ηLs

2

)
η(L(θ∗)− L(θt−1))

+ 4σ2s

(
5
2 + ηLs

)
R2
∞ηlog

(
d
δt

)
Bt

,

and rearranging this inequality results in
L(θt)− L(θ∗) ≤ (1− α)(L(θt−1)− L(θ∗)) + ct

with probability ≥ 1 − 2δt, where α = 1
2

(
1− 2s∗

s+s∗

)
µs

(
1
4 + ηLs

2

)
η and ct =

4σ2s
( 5

2 +ηLs)R2
∞ηlog( d

δt
)

Bt
.

Parameters choice

In the above argument, we have assumed the following conditions:
1
2 − ηLs > 0,
1
4 −

ηLs
2 −

2s∗
s+s∗

(
1
4 + ηLs

2

)
≥ 0,

4s∗
s+s∗

(
1
4η + Ls

2

)
+ 4s(s+ s∗)

( 5
2 +ηLs)R4

∞ηlog( 2d
δt

)
Bt

≤ 1
2

(
1− 2s∗

s+s∗

)(
1
4 + ηLs

2

)
η
µ2
s

4 .

These conditions are satisfied by choosing
η = η < 1

2Ls
,

Bt ≥ 4s
s∗

(s+ s∗)
2 ( 5

2 +ηLs)R4
∞ηlog( 2d

δt
)

( 1
4η+Ls

2 )
,

s ≥ max
{

2
(

1
4 + ηLs

2
1
4−

ηLs
2

)
− 1, 64

η2µ2 + 1
}
s∗,

for example.
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Proof of Theorem 4.1. Let η = 1
4Ls

= Θ
(

1
Ls

)
, s ≥ max

{(
2
(

1
4 + ηLs

2
1
4−

ηLs
2

)
− 1
)
, 64
η2µ2

s
+ 1
}
s∗ =

O
(
κ2
ss∗
)
, Bt =

⌈
max

{
4s
s∗

(s+ s∗)
2 ( 5

2 +ηLs)R4
∞ηlog( 2d

δt
)

( 1
4η+Ls

2 )
, 4σ2s

( 5
2 +ηLs)R2

∞ηlog( d
δt

)
∆

T
(1−α̌)T

}⌉
=

O

(
log(Tdδ )
κ2
s

R4
∞
L2
s
s2 ∨ σ2R2

∞log(Tdδ )
Ls∆

Ts
(1−α̌)T

)
= O

((
κ2
s
R4
∞
L2
s

log
(
Td
δ

))
s2 ∨ σ2R2

∞log(Tdδ )
Ls∆

Ts
(1−α̌)T

)
and δt = 1

2T δ. From Proposition 4.1, we have

L(θt)− L(θ∗) ≤ (1− α̌)(L(θt−1)− L(θ∗)) +
ct
Bt

with probability ≥ 1− 2δt, where α̌ = 1
32κs

. Recursively using this inequality and applying union
bound to the resulting inequality yield

L(θT )− L(θ∗) ≤ (1− α̌)T (L(θ0)− L(θ∗) + ∆)

with probability ≥ 1− δ. This gives the desired result.

A.2 Proof of Corollary 4.2

Proof of Corollary 4.2. From Theorem 4.1, the necessary number of observed samples to achieve
P (L(θT )− L(θ∗) ≤ ε) ≥ 1− δ is given by

O

(
T∑
t=1

d

s′ − s
Bt

)
= O

(
d

s′ − s

T∑
t=1

(
κ2
s

R4
∞
L2
s

log

(
dt

δ

))
s2 +

d

s′ − s

T∑
t=1

σ2log
(
dt
δ

)
L(θ0)− L(θ∗)

R2
∞
Ls

Ts

(1− α̌)
T

)

≤ O

(
d

s′ − s
T

(
κ2
s

R4
∞
L2
s

log

(
dT

δ

))
s2 +

d

s′ − s
σ2log

(
dT
δ

)
L(θ0)− L(θ∗)

R2
∞
Ls

T 2s

(1− α̌)
T

)

= O

((
κ3
slog

(
dκs
δ

log

(
L(θ0)− L(θ∗)

ε

))
log

(
L(θ0)− L(θ∗)

ε

))
R4
∞
L2
s

ds2

s′ − s

+
σ2κ2

slog
(
dκs
δ log

(
L(θ0)−L(θ∗)

ε

))
log2

(
L(θ0)−L(θ∗)

ε

)
L(θ0)− L(θ∗)

R2
∞
Ls

1

(1− α̌)
T

ds

s′ − s


= O

((
κ3
slog

(
dκs
δ

log

(
L(θ0)− L(θ∗)

ε

))
log

(
L(θ0)− L(θ∗)

ε

))
R4
∞
L2
s

ds2

s′ − s

+σ2κ2
slog

(
dκs
δ

log

(
L(θ0)− L(θ∗)

ε

))
×log2

(
L(θ0)− L(θ∗)

ε

)
R2
∞
Ls

ds

(s′ − s)ε

)
= Õ

(
κ3
s

R4
∞
L2
s

ds2

s′ − s
+ σ2κ2

s

R2
∞
Ls

ds

(s′ − s)ε

)
= Õ

(
κsR

4
∞

µ2
s

d

s′ − s
s2 +

κsR
2
∞

µs

d

s′ − s
σ2s

ε

)
.

This is the desired result.

B Analysis of Algorithm 2

Here, we provide the proof of Theorem 4.3.
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Proof of Theorem 4.3. Let η = 1
4Ls

and S = supp(θ0). Since s ≥ |supp(θ0)| ∨ |supp(θ∗)|, by the
restricted smoothness of L, we have

L(θt)− L(θt−1) ≤ 〈∇L(θt−1), θt − θt−1〉+
Ls
2
‖θt − θt−1‖2

= 〈gt, θt − θt−1〉+
Ls
2
‖θt − θt−1‖2 − 〈gt −∇L(θt−1), θt − θt−1〉

≤ 〈gt, θt − θt−1〉+
Ls
2
‖θt − θt−1‖2 +

η

2
‖gt|S −∇SL(θt−1)‖2 +

1

2η
‖θt − θt−1‖2

= − η

2
(1− ηLs)‖gt|S‖2 +

η

2
‖gt|S −∇SL(θt−1)‖2.

(6)

Also, using the argument of bounding ‖gt −∇L(θt−1)‖2∞ in the proof of Proposition A.1, we can
show that

P

‖gt|S −∇SL(θt−1)‖2 ≤
4s(s+ s∗)R

4
∞log

(
2s
δt

)
Bt

‖θt−1 − θ∗‖2 +
4σ2sR2

∞log
(
s
δt

)
Bt

 ≥ 1− 2δt

(7)

for any δt > 0.

Special Case S∗ ⊂ S:

From (6) and (7), we have

L(θt)− L(θt−1) ≤
2s(s+ s∗)R

4
∞ηlog

(
2s
δt

)
Bt

‖θt−1 − θ∗‖2 −
η

4
(1− ηLs)‖∇SL(θt−1)‖2

+
2σ2sR2

∞η(2− ηLs)log
(
s
δt

)
Bt

,

with probability ≥ 1− 2δt.

Suppose that Bt ≥ 2s(s+ s∗)R
4
∞ηlog

(
2s
δt

)
4

η(1−ηLs)
4
µ2
s

. Applying Lemma A.5 to this inequality
yields

L(θt)− L(θt−1) ≤ µs
η

4
(1− ηLs)(L(θ∗)− L(θt−1)) +

2σ2sR2
∞η(2− ηLs)log

(
s
δt

)
Bt

with probability ≥ 1− 2δt. Rearranging this inequality gives

L(θt)− L(θ∗) ≤ (1− α̌)(L(θt−1)− L(θ∗)) +
ct
Bt
,

where α̌ = 1
32κs

≤ µs
η
4 (1 − ηLs) and ct = 2σ2sR2

∞η(2 − ηLs)log
(
s
δt

)
.

Therefore setting Bt ≥
⌈
max

{
2s(s+ s∗)R

4
∞ηlog

(
2s
δt

)
4

η(1−ηLs)
4
µ2
s
, ct∆

T
(1−α̌)T

}⌉
=

O

(
R4
∞log(Tsδ )

µ2
s

s2 ∨ σ2R2
∞log(Tsδ )
Ls∆

T
(1−α̌)T

s

)
, where δt = 1

2T δ, we obtain

L(θT )− L(θ∗) ≤ (1− α̌)
T

(
L(θ0)− L(θ∗) +

1

T

(
T∑
t=1

(1− α̌)t−1

)
(1− α̌)T∆

)
≤ (1− α̌) (L(θ0)− L(θ∗) + ∆)

with probability ≥ 1− δ.
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General Case:

Summing (6) from t = 1 to T , we get

L(θT )− L(θ0) ≤ − 1

2η
(1− ηLs)

T∑
t=1

‖θt − θt−1‖2 +
η

2

T∑
t=1

‖gt|S −∇SL(θt−1)‖2.

Also observe that

‖θt−1 − θ∗‖2 ≤ 2‖θt−1 − θ0‖2 + 2‖θ0 − θ∗‖2

≤ t
t−1∑
t′=1

‖θt′ − θt′−1‖2 +
4

µs
(L(θ0)− L(θ∗))

≤ t
T∑
t=1

‖θt − θt−1‖2 +
4

µs
(L(θ0)− L(θ∗)).

Using (7), we have

L(θT )− L(θ0) ≤ −

 1

2η
(1− ηLs)−

T∑
t=1

2ts(s+ s∗)R
4
∞ηlog

(
2s
δt

)
Bt

 T∑
t=1

‖θt − θt−1‖2

+

T∑
t=1

16s(s+ s∗)R
4
∞ηlog

(
2s
δt

)
µsBt

(L(θ0)− L(θ∗)) +
2σ2sR2

∞ηlog
(
s
δt

)
Bt



Suppose thatBt ≥ max

{
4ts(s+s∗)R

4
∞η

2log( 2s
δt

)
(1−ηLs) ,

16s(s+s∗)R
4
∞η(1−α̌)log( 2s

δt
)

µs
T,

2σ2sR2
∞ηlog( s

δt
)

∆ T

}
=

O

(
R4
∞log(Tsδ )

µ2
s

Ts2 ∨ σ2R2
∞log(Tsδ )
Ls∆

Ts

)
, where δt = 1

2T δ. Then we obtain

L(θT )− L(θ∗) ≤
1

1− α̌
(L(θ0)− L(θ∗)) + ∆

with probability ≥ 1− δ.

Combining the both results and noting that required Bt in the both cases is

O

(
R4
∞log(Tsδ )

µ2
s

Ts2 ∨ σ2R2
∞log(Tsδ )
Ls∆

T
(1−α̌)T

s

)
complete the proof.

C Analysis of Algorithm 3

In this section, we give the proofs of Theorem 4.4 and Corollary 4.5.

C.1 Proof of Theorem 4.4

Proof of Theorem 4.4. First we show that Algorithm 4.4 at least achieves the rate of Algorithm 1 in
any case.

Combining Theorem 4.1 (with T = T−k = 3, ∆ = ∆−k = 1
2 α̌(1 − α̌)k−2(L(θ̃0) − L(θ∗)) and

δ = δk = 3
π2k2δ ) and Theorem 4.3 (with T = Tk =

⌈
1

log((1−α̌)−1) log
(

d
Θ(κ2

s)(s
′−s) ∨ 1

)⌉
, ∆ =

10



∆k = 1
2 α̌(1− α̌)k(L(θ̃0)− L(θ∗)) and δ = δk = 3

π2k2δ ), we get

L(θ̃k)− L(θ∗) ≤
1

1− α̌
(L(θ̃−k )− L(θ∗)) + ∆k

≤ 1

1− α̌
(1− α̌)3(L(θ̃k−1)− L(θ∗) + ∆−k ) + ∆k

≤ (1− α̌)2(L(θ̃k−1)− L(θ∗)) + α̌(1− α̌)k(L(θ̃0)− L(θ∗))

≤ (1− α̌)4(L(θ̃k−2)− L(θ∗)) + α̌(1− α̌)k (1 + (1− α̌)) (L(θ̃0)− L(θ∗))

≤ (1− α̌)2k(L(θ̃0)− L(θ∗)) + α̌(1− α̌)k
k∑

k′=1

(1− α̌)k
′−1(L(θ̃0)− L(θ∗))

≤ 2(1− α̌)k(L(θ̃0)− L(θ∗))

(8)

with probability ≥ 1 − δ. Hence choosing K = 1
log((1−α̌)−1))O

(
log
(
L(θ̃0)−L(θ∗)

ε

))
is sufficient

for achieving L(θ̃K)− L(θ∗) ≤ ε.
Next we show that Algorithm 4.4 can identifies the support of the optimal solution in finite iterations
with high probability.

Applying restricted strong convexity of L to (8) yields

‖θ̃k − θ∗‖2 ≤
4

µs
(1− α̌)k(L(θ̃0)− L(θ∗))

for any k ∈ N. Let rmin = minj∈supp(θ∗)|θ∗|j |. Assume that there exists k > ǩ =
1

log((1−α̌)−1)) log
(

4(L(θ̃0)−L(θ∗))
r2
minµs

)
such that supp(θ∗) 6⊂ supp(θ̃k). We can easily see that

r2
min ≤ ‖θ̃k − θ∗‖2. Hence we have

r2
min ≤

4

µs
(1− α̌)k(L(θ̃0)− L(θ∗)).

This contradicts the assumption k > ǩ. Hence we conclude that supp(θ∗) ⊂ supp(θ̃k) for k ≥ ǩ+ 1
with probability ≥ 1− δ.

Thus using Theorem 4.3, we have

L(θ̃k)− L(θ∗) ≤ (1− α̌)Tk(L(θ̃−k )− L(θ∗)) + (1− α̌)Tk∆k

≤ (1− α̌)Tk+T−k (L(θ̃k−1)− L(θ∗)) + (1− α̌)Tk((1− α̌)T
−
k ∆−k + ∆k)

≤ (1− α̌)
1+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉
(L(θ̃k−1)− L(θ∗))

+ α̌(1− α̌)
k+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉
(L(θ̃0)− L(θ∗))

≤ (1− α̌)
(k−ǩ)

(
1+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉)
(L(θ̃ǩ)− L(θ∗))

+

{
α̌(1− α̌)

k+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉

×
k−ǩ∑
k′=1

(
(1− α̌)

(k′−1)

(⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉))
(L(θ̃0)− L(θ∗))

}

≤ 2(1− α̌)
k+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉
(L(θ̃0)− L(θ∗))

for every k ≥ ǩ + 1 with probability ≥ 1− 2δ.

Therefore running
K =

⌈
1

log((1−α̌)−1))

((
log
(
L(θ̃0)−L(θ∗)

r2
minµs

)
+ log

(
(L(θ̃0)−L(θ∗))(̌s

′−s)
α̌2dε

))
∧ log

(
L(θ̃0)−L(θ∗)

ε

))⌉
=
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⌈
1

log((1−α̌)−1))

(
log
(

(L(θ̃0)−L(θ∗))(s
′−s)

r2
minµsα̌

2dε

)
∧ log

(
L(θ̃0)−L(θ∗)

ε

))⌉
iterations is sufficient for achiev-

ing L(θ̃K)− L(θ∗) ≤ ε. This completes the proof.

C.2 Proof of Corollary 4.5

Proof of Corollary 4.5. We need to bound the number of total observed samples to achieve L(θ̃K)−
L(θ∗) ≤ ε. The number of total observed samples is given by

O

 K∑
k=1

 Tk∑
t=1

Bt,k +

T−k∑
t=1

d

s′ − s
B−t,k

 .

O

(
K∑
k=1

Tk∑
t=1

Bt,k

)
= O

 K∑
k=1

Tk∑
t=1

κ2
s

R4
∞
L2
s

log

(
Tks

δk

)
Tks

2 +
σ2log

(
Tks
δk

)
∆k

R2
∞
Ls

Tk
(1− α̌)Tk

s


= O

 K∑
k=1

T 2
kκ

2
s

R4
∞
L2
s

log

(
Tkk

2s

δ

)
s2 +

σ2log
(
Tkk

2s
δ

)
∆k

R2
∞
Ls

Tk
2

(1− α̌)Tk
s


= O

(
K∑
k=1

(⌈
1

log ((1− α̌)−1))
log

(
d

Θ(κ2
s)(s

′ − s)
∨ 1

)⌉2

×κ2
s

R4
∞
L2
s

log


⌈

1
log((1−α̌)−1)) log

(
d

Θ(κ2
s)(s

′−s) ∨ 1
)⌉
k2s

δ

 s2

+

σ2log

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉
k2

δ


L(θ̃0)− L(θ∗)

R2
∞
Ls

×

⌈
1

log((1−α̌)−1)) log
(

d
Θ(κ2

s)(s
′−s) ∨ 1

)⌉2

α̌(1− α̌)
k+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉ s



= O

(
K

⌈
1

log ((1− α̌)−1))
log

d

Θ(κ2
s)(s

′ − s)

⌉2

×κ2
s

R4
∞
L2
s

log


⌈

1
log((1−α̌)−1)) log

(
d

Θ(κ2
s)(s

′−s) ∨ 1
)⌉
K2s

δ

 s2

+

σ2log

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉
K2s

δ


L(θ̃0)− L(θ∗)

R2
∞
Ls

×

⌈
1

log((1−α̌)−1)) log
(

d
Θ(κ2

s)(s
′−s) ∨ 1

)⌉2

α̌2(1− α̌)
K+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉ s


= Õ

Kκ4
s

R4
∞
L2
s

s2 +
σ2

L(θ̃0)− L(θ∗)

R2
∞
Ls

κ4
s

(1− α̌)
K+

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉ s
 .

12



Similarly we have

O

 K∑
k=1

T−k∑
t=1

d

s′ − s
B−t,k


= O

 K∑
k=1

T−k∑
t=1

κ2
s

R4
∞
L2
s

log

(
td

δk

)
ds2

s′ − s
+
σ2log

(
td
δ−k

)
∆−k

R2
∞
Ls

t2

(1− α̌)T
−
k

ds

s′ − s




= O

 K∑
k=1

T−k κ2
s

R4
∞
L2
s

log

(
T−k k

2d

δ

)
ds2

s′ − s
+
σ2log

(
T−k k

2d

δ

)
L(θ̃0)− L(θ∗)

R2
∞
Ls

T−k
3

α̌(1− α̌)k
ds

s′ − s




= Õ

(
Kκ2

s

R4
∞
L2
s

ds2

s′ − s
+

σ2

L(θ̃0)− L(θ∗)

R2
∞
Ls

κ2
s

(1− α̌)K
ds

s′ − s

)
.

Combining these results, we obtain

O

 K∑
k=1

 Tk∑
t=1

Bt,k +

T−k∑
t=1

d

s′ − s
B−t,k


= Õ

(
Kκ4

s

R4
∞
L2
s

s2 +Kκ2
s

R4
∞
L2
s

ds2

s′ − s

+
σ2κ2

s

L(θ̃0)− L(θ∗)

R2
∞
Ls

1

(1− α̌)K

 κ2
s

(1− α̌)

⌈
1

log((1−α̌)−1))
log

(
d

Θ(κ2
s)(s′−s)

∨1

)⌉ s+
ds

s′ − s




= Õ

(
κ5
s

R4
∞
L2
s

s2 + κ3
s

R4
∞
L2
s

ds2

s′ − s
+

σ2κ2
s

L(θ̃0)− L(θ∗)

R2
∞
Ls

1

(1− α̌)K
ds

s′ − s

)

= Õ

(
κ3
s

R4
∞
µ2
s

s2 + κs
R4
∞
µ2
s

ds2

s′ − s
+ σ2κs

R2
∞
µs

(
κ2
ss

µsr2
min

∧ ds

s′ − s

)
1

ε

)
,

which complete the proof.
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