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In this supplementary material, we provide the proofs of Theorem [{.T]and Corollary 42| (Section [A),
the one of Theorem [4.3](Section|B) and the ones of Theorem[4.4]and Corollary [4.5] (Section[C)).

A Analysis of Algorithm ]|
In this section, we give the comprehensive proofs of Theorem [.T]and Corollary .2}

A.1 Proof of Theorem [4.1]

The proof is essentially generalization of the one in [[1]] to stochastic and partial information settings.
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Proposition A.1 (Exploration). Suppose that ) < 5—, s > max {2 (i+ 2 ) -1,-% + 1} Sk
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. Then for any 6; € (O, %) Algorithm|l|satisfies

£(00) = £(68.) < (1= a)(£(011) ~ £0.) +
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with probability > 1 — 20;, where «
40?5 (2 + nLs) nlog (%)

Proof. We denote Sy, S;—1 and S, as supp(6:), supp(f;—1) and supp(6.) respectively. Also we
define St = St U St—l @] S*
Since 0; and 6,_, are s-sparse, restricted smoothness of £ implies
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L(0) — L(Or—1) <AVL(O-1),00 — 0r—1) + 7“91& —0i1|?

Ly
=(gs,0 — Or—1) + 7”01& - 9t71||2 — gt — VL(Or-1),0; — 0,—1)
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Using Cauchy-Schwarz inequality and Young’s inequality, we have

1
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< Eﬂet — 01 |I” + 2snllge — VL(O:—1) 1 2-

Here the second inequality follows from the fact |S; U S; 1| < 2s.

Thus we get
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Also we have
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< i 0 2 7 2 2
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n
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Here, the second inequality is due to Cauchy-Schwartz inequality. The third inequality follows from
the fact that |S;_1 \ S¢| = |S; \ S¢—1]| and the definition of hard thresholding operator. The third
equality is by the fact that 0; _1[g,\s,_, = 0.

If 1/2 — nLs > 0 is assumed, combing (1) with this fact yields
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£0) - 200 < (3 + 5 ) (1= 601+ nadls 12 = ] )
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= (5~ 9e) Blardscosi P+ 2l - VLG

1 7
- (2 + 77Ls> §||9t\st71us*
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Now we bound ||0; — 0:—1 + g3, 12 - 772||gt|§t\(st_1us*) ||%. We need the following three lemmas.

Lemma A.2.
Se\ St—1 =5\ (Sp—1USs) & (S NSy) \ Se—1.
Lemma A.3.
AR C Si—1\ St : |R| = |5\ (Si—1 US,)|.
Proof. Note that [S;_1 \ S¢| = |S¢ \ Si—1] since |S;| = |S;—1|. Thus by Lemma[A.2] we have
1Se-1 \ S| = |5\ Se—1] =[S\ (Se—1 U S)[ 4+ [(Se N Si) \ Sen| 2 [Se \ (Se—1 U Sl

This gives the desired result. O



Lemma AA. Forany S C [d], 0,0, € RIS and s, s, such that s, < s < S|, if [|04]l0 < s it
follows that
S| —s

Ho(0) — 0| < =
I7,0) ~ 07 < 1= —

16— 6.]1°.

The proof is found in [1]].
Observe that

=0,

_ 2
‘St\(st—lus*)
2

2
1 Mgelg,\ (s, us.)

= [10¢]s,\(S:_1Us.)
= [|0—1]5,\(8:_10S.) — N9tls\ (50108 |I?
> [16s—1|r — ngelrl?

= [|0¢|r — Or—1|r — n9¢| ]I

Here the first inequality is due to the definition of hard thresholding operator. The last equality
follows from the fact that R C S;_1 \ S;.

Hence we get
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= ||/Hs(9t—1|§t\R - ngtlgt\R) - et—l‘gt\R + 779t|§t\R||2-

Here the second equality is due to the fact that S, C S \ R. If |S; \ R| < s, then \|7—Ls(0t_1|§t\R _

ngt|§t\R) - Gt_1|§t\R + 779t|§t\R||2 = 0. Thus, we can assume that |S; \ R| > s. From Lemma

[A-4] we have
”7{8(91571‘@\3 - 779t|§t\3) - et*1|§t\R + 779t|§t\R||2
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Observe that

1S \ R < [Se] +[(Si—1 \ Se) \ B| + [S.]
= |S¢| + [St—1 \ St — [R| + | S|
=[S + 18\ Se—1] — |R| + |S.]
= [Se] + [Se \ Se—1| = [Se \ (Se—1 US|+ [Ss]
=S| + S N Si \ Se—1] + S|
< S+ 8x + S
=5+ 2s,,

Noting that (z — b)/(z — a) < (a2t —b)/(z" — a) forany x < 2" and a < b < x and applying the
above inequality to (3)) yield

”’sttfl‘@\]g - 779t|§t\3) - et*1|§t\R + 779t|§t\R||2
< 25,

oo 1015, — Oi-1l3, + 1945, 11>



Therefore we get

I
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28,
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25,
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25,
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Sk o ,
- (.
+ S+S*77 ||gt|St71US* Vgtflus*ﬁ( n 1)”
28,
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28,
S S+ 5, (2”9t—1 - 9*“2 —+ 772||gt|§t HQ) + 25*772“91& B VE(Gt_l)HiO

Here, the second inequality is due to Cauchy-Schwarz inequality and Young’s inequality. The third
inequality follows from the convexity of £ and the fact that |S;_1 U S,| < s+ s,. The last inequality
is due to the optimality 6,.

Combining (2) with this inequality results in

4s, 1 Ly 25, 1 Ly
L(0) — L(O—1) < ( + 2) 10:—1 — 0.]]* + ( + N ) 77H9t|§tH2

S+ S, % s+ s, \ 4 2
1 n 1 7
= (5+922) Bhords s = (5 - oL.) Dlordsosi P
1 Ly
w2 (s (34750 ) 5 )l - VLG

By choosing appropriate s and 1 so that i - % - jf;‘ (i + "é) > 0, we have

4s, 1 L,
L(0) — L(B;—1) < ( + 2) [10:—1 — 9*||2

25, 1 nLg
(1= z
< 8+8*> <4 + 5 )77|9t|st_1us*

1 7L,
+2 (s + <4 + 7’2 ) s) nllge — VLO-1)|%-
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Since [|[Vg,_,us. L(0—1)I> < 2llgls,_ius. I + 2llgels,_yus. — Vs, qus. L(O:i—1)|* <
2||9t|Sf,_1uS*

2+ 2(s+ s4)|lgr — VL(O,—1)|%, we have

25 1 nLs
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nLs

1
+ (s —s4) (4 + 5 ) nllge — VLO—1)||%-
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Using this inequality, we get

4s 1 L
— < * - =S _ 2
L(0:) — L(O;—1) < St s, <477 + 5 > 161 — 0.

1 28, 1  nLg
-5 (1- ) (3475 ) 9 saus £ )IP

9 nLg 1 77Ls 9
((4 ! )s+(4+ ! >S*>n||gt VL6 )2

4s, 1 L,
< 2 (e )1 -0
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8+5* 4’[7
1 25* 1 nL‘B 9

— 1= L : 0, 4
2 ( s+ S*> (4 + 2 ) n||vSt—1US*£( t 1)” ( )

5
+ 5 (2 + an) nllge — VLO-1)]%-

Here the last inequality is due to the fact that s > s..

Next we bound the term || g; — VE(Qt 1) ||%,. Observe that we can rewrite

b b
9t|J B E El(b) 92;133([ )/j T)x( )j |j
b=1 1 s 5T

/ —s

for j € [d]. Hence we have

|9t] Vﬁot )] =
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1 & 1 &
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where X, < (6,1 — 0,)72", 2" — Eopy [(0i—1 — 6,)Tax|;] and V3,

AT A 1|j
§<b 2®

sl—s
s/ —s
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)
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. Observe that

. 1 By
First we bound ‘E b1 Xb,j.t

|(Oer = 0) ;| < [ (B = 0) "] |
< 0e—1 = Oullall=l1Z
< [10p-1 = 0.1 R,
< V5 + 8. RZ |01 — 0.]fo-
Here the second inequality follows from the Cauchy-Schwarz inequality. The first inequality is

due to the assumption ||z||cc < R for & ~ Dx almost surely. The last inequality holds because
|supp(fi—1 — 04)| < 5+ 5.



From this inequality, we have | X}, ;| < 2¢/s + s, R2_||0;—1 — 0. ||. Applying Hoeffding’s inequality
0 { Xy e}t we get

1
P<B

By
E Xb,j,t
tp—1

>t ]|0i—1 — 0] =7 | < 2ex —L
- =1 B - P 2(s+ s«)R& 1

for every t > 0. Using union bound property for j € [1, d], this implies

10i—1 — 0P =7 | >1-46

¢ 2(s + s4) R4 log (E)
. 1 0 Ot
P|Vjell,d]: |Bt E Xpit| < z,
b=1

for any d; > 0. Since this bound holds for any specific value of ||6;_1 — 0.]|%, we have

2(s + s4)R% log ( )
By

Plvien,d: < 101 — 0,]12 | > 146,

Zijt

for any 6; > 0.

By
Next we bound ‘B% S Yw,t‘. Note that given {azt(rb)ljw |j} AYs4 12, is a set of indepen-
7= 4

dent mean zero sub-gaussian random variables with parameter x(

By 2
® < _ Bt
P( { Tr il }H) —exp< 233002)'

Since the right-hand-side of the above inequality is not dependent on any specific values of

B, t?
50

/\

|202 < R?_ 0% Hence we

have

1 &
B, D> Y| >t
b=1

B;
{ \ j } , we can conclude
B

P R
(Bt_

! Z Yot
b=1

This gives
1 B, 2R2_o2%log (i)
Plvjed:|=S Yiul<y\ — | 514
Vie| B, bzzjl b t| < B, > t
for any d; > 0.
Combing these results yields
) 4(s + s4) R4 log ( ) ) 402 R?% log (51)
P — VL0, < Or—1 — 0. — Y >1-2
llge = VLO-1)I5 < B [16¢—1 17+ B, 2 ¢
for any 6; > 0.
Applying this inequality to (@), it holds that
5 4 2d
4s 1 L (5 + 7]LS) R _nlog (§>
0;) — L(O;—1) < =+ ) 44 . ‘ 011 — 0.2
£0) -2 < |2 (G ) Hasts ) s 01— 0.]

1 25* 1 T]Lg 9
-5 (1= - 0,
2< +> (4+ 2 )nllvsuus*ﬁu ]

(%-i—nL )R2 nlog( )

Ao?
+40°s B,




with probability > 1 — 26;.

) (5+nLs)RE nlog(32) <

By selecting appropriate s, Bt and 7 so that 43* (L + LQ) +4s(s + s« B <

4n
Bt 2) (34 2 ot we ave

1 2. \ (1 nL, 2
£0) - 20 < 5 (1= 22 ) (347550 0 (5000 = 017 = Vs s L0 )

(2 + L) nlog (%)
B,

+ 4025

&)
with probability > 1 — 24;.

To bound the term %ﬁ 10:—1 — 0.11* = || Vs,_,us. £(0:—1)||?, we need the following lemma.
Lemma A.5. For any 6 and 0, such that |supp(0)|, |[supp(6.)| < s, it follows that

2
K
B0~ 0.1 — | Vsus. £O)IP < 1a(£(6.) — £(0)),

where S = supp(0) and S, = supp(6.).
Proof. From the restricted strong convexity of £, we have

L(6) = £(8.) < (VL(©),6 - 0.) = £20— 0.
= (Vsus. £(0),0 = 0.) = 20— 0.

1 s
< IVsus. LO)I = 10 - 0.1

Here the last inequality is due to the Cauchy-Schwarz inequality and Young’s inequality. This
immediately implies the desired inequality. O

Applying Lemma([A.5]to (3)), we obtain

L(6;) — L(6;1) < ; (1 - si‘ss) fhs (i + ”5) n(L(0s) — L(0;-1))

(g + an) R?_nlog (6%)
By ’

+40°s

and rearranging this inequality results in

L£(0) ~ £(0.) < (1 - a)(LOr—1) — L(0.)) + 4

with probability > 1 — 2§;, where a = %(1— jfs**),us (i%—"és)n and ¢ =
s (3nL.) R nlos()
4252 B £l

Parameters choice

In the above argument, we have assumed the following conditions:

5 nLs > 0,
1 LS 2 * 1 LS
1*%*%(1*%) >0,
4s. (1 o L, (S+nLs)Rimog(3) _ 1 25 1, 0L\, n
sJ:s* (HJ’_T) +4S(S+S*> B S 5(1_ s;s*) (Z+ 772 ),’77
These conditions are satisfied by choosing
n=1n< g,
WL L os(3)
B > 48 S * ( S¢ ,
S E= oy
lJr nLs
s>max{ <;ﬁ)71,7]ﬂz +1}S*,
for example. O
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1 1 14nks 64
ProofofTheorem Letn = ;7 = @(L ), s > max{(2(i_é) —1) Pl +1}8*

S 4nLs)RE nlog( 22 S4nLs)R2 nl .
O (k3s:). By = [max{gj(s_i—s*)z(z n(;Jr%z;g( t>74025(2 & )Anog(ét)(l—E)T}—‘ N

log(ﬂ) R 5 a2Riolog(ﬂ) T B Ta ) ﬂzRiclog(ﬂ) S
O( '*”@5 Iz s v L.A : (1—;)T =0 ( KsT% IOg(T))S A .M : (1_(;)T

and §; = %(5 . From Proposition we have

L(0) — L(0x) < (1 —a)(L(Or—1) — L(0)) +

with probability > 1 — 26;, where & = 32 —. Recursively using this inequality and applying union
bound to the resulting inequality yield

L(07) = L(0.) < (1= a)T(L(0o) = L) + A)

with probability > 1 — §. This gives the desired result. O

A.2  Proof of Corollary

Proof of Corollary[d.2] From Theorem[d.1] the necessary number of observed samples to achieve
P(L(Or) — L(0,) <€) >1—¢is given by

o(S ) o (g (5 ()
o (s sn (1) 2 s (91) )
= 0 ( (o (g (D)) g (ELL—EL2) ) R 4

22log ( elog (ELZE0 ) ) log? (M) .
5(90) - £(9*) Ly 1 V) s’ —s
4

o (2 o 1)
+0%k2log (dgs log (M))
«log? (Wﬁ(a)) RS ds)

~ R:  ds? R? ds
=0 3 ttoo 2 2+1%0
(HS L2 3’75+0H3 Ly (s —s)e
2

~ (ksRY d ksR% d s
=0 ( 2°° T 2+ = — ) .
w2 s’ —s s s —s €

T 210g i) R2 Ts
) —SZE 60) (1 a)T>

+

This is the desired result. O

B Analysis of Algorithm

Here, we provide the proof of Theorem.3]



ProofofTheorem Let = o+ and S = supp(6y). Since s > [supp(6o)| V [supp(6s)|, by the
restricted smoothness of £, we have

L
L(6:) — L(Or—1) <(VL(O—1),0, — Or_1) + ?Hgt — 9t—1||2
L
= (g¢,0r — Or—1) + 7“915 - 91571”2 — (gt — VL(t-1),0; — 0:_1)

Ly 1
<{gt,0 — Or—1) + ?||9t — 01 * + gHgth — VsL(0:1)|]> + %H@t — 0|7

n n
= - 5(1 —nLs)|lgels|* + §Hgt|S — VsL(f—1)].

(6)

Also, using the argument of bounding |lg; — VL(6;_1)||% in the proof of Proposition we can
show that

45(s + s.) R log (%—:)
By

402sR2 log (5—1)

P | llgels = VsL(Be-1)]1* < 5
t

10;—1 — 0.]* + >1-26

(7

for any 6; > 0.

Special Case S, C S:

From () and (7), we have

25(s + s4)R2_nlog (%—:)
B

202sR% n(2 — nLs)log (i)
B, ’

L(0:) = L(6r—1) < 16e—1 — 0.7 ~ g(l = L)V L(Or—1)|?

+

with probability > 1 — 24;.

Suppose that B; > 2s(s + s.) R nlog (%—f) m %. Applying Lemmato this inequality
yields

202sR2,n(2 — nLs)log <%)

L(8:) = £(8i-1) < o (1= L) (L(6.) = L(p—1)) +

B,
with probability > 1 — 24,;. Rearranging this inequality gives
¢
L£(0:) — L£(0.) < (1= @) (L(0r—1) — L£(6)) + gt»
t
where & = g— < pf(l - nly) and ¢ = 207°sRZn(2 — nL)log (i)

Therefore setting B; > {max {23(5 + 5. )R3_nlog (%f)

Riolog(%) 2 JZRgolog(%) T 1 .
O ( 2 sV T A a7 , where 6; = ﬁé, we obtain

4 4 ct T _
n(l—nLs) p2’ A (1-a)” B

s

with probability > 1 — 6.



General Case:
Summing () from ¢ = 1 to T', we get

T T
1
£(6r) = £60) < =5, (L= nLa) 310 = bl + 5 3 lorls = VL)

Also observe that

16e—1 — 0.7 < 2H9t 1= Ool* + 2[|6p — 0.

<tZ||et~9t/ 1 + ( (00) — L(6.))

t'=1

< tz 10, — 01| + ui(c(oo) —£(0.).
t=1 s

Using (7), we have

T 2ts(s + s.)R: nlog

! () & :
L(0r) — L(0g) < — 277 (1 —nLs) Z B, ; 10: — 01|

t=1

+y et f;nbg( >(£(00)—£(9*))+20 5R2220g< ‘)

t=

—

4ts(s+s.)RE n?log(22) 16s(s+s.)RE n(1—&)log( 22 20%sR> nlog( &
Suppose that B; > max = (5‘), o (5‘)T, X (Et)T

4 log(Ts 2R2 )
O (R""(;E(J)TSQ vV UR""L:i()Ts> , where §; = %5. Then we obtain

L(0r) — L(0) <

with probability > 1 — 4.
Combining the both results and noting that required B; in the both cases is

o o2 R2 log(ZLs
(0] (ng()T v e 2(%) L Ts) complete the proof. O

w2 LA (1—ea)

C Analysis of Algorithm 3]

In this section, we give the proofs of Theorem #.4]and Corollary [4.5]

C.1 Proof of Theorem 4.4]

Proof of Theorem First we show that Algorithm [4.4]at least achieves the rate of Algorithm [I]in
any case.

Combining Theorem. with T =T, =3, A = A, = sa(l —a)k- (5(90) L(6.))

0 =0, = m) and Theorem 4.3| (with T' = T}, = 1) , A =

1
[log«l—a)fl)k’g( CAIEED)

10
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0) — £(6)) and § = &), = —25=), we get

L)~ £6.) < T (L)~ £(0)) + Dy
< - 8P (LF) - £ + A7) + A
< (1= @) (£0-1) = £(0)) + a1 = &) (L) — £(0.) .
< (1= A ML) — £0.)) + (1 — &) (L+ (1 - ) (£(0)) — £(0.))

with probability > 1 — §. Hence choosing K = WO <log (M)) is sufficient
for achieving £(0x) — L£(6,) < e.

Next we show that Algorithm [4.4]can identifies the support of the optimal solution in finite iterations
with high probability.

Applying restricted strong convexity of £ to (8) yields

1B — 0.2 < i“ — ML) - £(6.))

for any k € N. Let rpjn = min; «|;].  Assume that there exists k > k =

log((l a) l))log( (£ (f?n)m;i(e ))) such that supp( .) ¢ supp(dr). We can easily see that

72 < Hek — 0.|%. Hence we have
4 -

This contradicts the assumption k > k. Hence we conclude that supp(6,.) C supp(6y) for k > k+ 1
with probability > 1 — 4.

Thus using Theorem 43| we have
L(B)) = L£(0.) < (1— @)™ (L(6,) — £(6.)) + (1 — @) * Ay,
< (1= @)™ (L) — £0.)) + (- @) (1 - )7 Ap + A1)

g(1_a)”Logwf@*»l°g<@<~%>‘?s' ﬂ( Ok-1) — L(0.)

L(
+d(1—a)k+[l°g<“ s (st 1)

(L0 0.))
<(1- d)(k‘i‘)(1+Lg((lfarl))1°g<@<n§><sus>“ﬂ> (E(ak) 0.
+ {d(l - a)’”[logm—lw—m‘°g(e<ng>?’sus>”ﬂ

X_Z ( ““'”(Log«ll@1>)1°g(e<nz>‘fsf_s>“ﬂ)) (£(Bo) - c(em}

k+[

1 o d ~
< 2(1 o él) log((l—d)*l))1 g((—)(ﬁg)(S’—-§>V1>-‘ (‘C(HO) _ £(0*))
for every k > k + 1 with probability > 1 — 26.

Therefore running B - ) -
K= [m ((10g (z:w:zg;ﬁe*)) +log (w(eo)—éggz))(s ,S)>> A log (5(90)25(9*)>)—‘ —

mi
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[m (log <(£(§°);£(0*))(S’78)> Alog (M))—‘ iterations is sufficient for achiev-

. 52
Tminks G2 de

ing L(0x) — L(0.) < . This completes the proof. O

C.2  Proof of Corollary

Proof of Corollary We need to bound the number of total observed samples to achieve E(gK) —
L(0.) < e. The number of total observed samples is given by

K Tk T, d
O\ | 2B+ B
t=1

k=1 \t=1

K T K Ty 4 o2log ( Les 9
R Tks g ( Ok ) R Tk
_ 2 “loo 2 00
0 ( E E Bt7k> =0 E Ks T2 log <5k > Trs” + AL I, A= aym s

k=1t=1 k=1t=1 s
s 2] (Lek’s )
R4 Tkk28 o Og( 5 ) R2 Tk
— T2 2 “too LENS 2 2
0 ’;(Mng 0g< 0 >S i Ay L, (1—a)f°
i 2
1 d
=0 [ - log ( Vv 1)}
<kz_1 ( log (1 —a)~1)) O(k2)(s' — s)
1 d 2
2R§Ol ’VIOg((l_d)il))log (@(K%)(s'—s) \/ 1>—‘ k S 9
XKy Lg og 5 s
[ e log(_ i v1ﬂk2
log((1—5)~1)) B2 (s~
o?log .
+ R
ﬁ(ao) - ‘C(Q*) Ls

1 d 2
[log«ka)-l))log (e(mzxsf—s) v 1)1

k+ L —lo < 54 \/1)-‘
a(l — &) [log(u—a) ) %8\ 8T —s)

1 d 2
=9 (K hog((l — &)1 () (5 — SJ

1 d 2
, R Log«l—@)fl))k’g <®(m3)(s'—s) v 1)1 Ko\
2% og :

XK

2
LS

1 d 2
2 [log(u—a)*l))log(®<m§>(s/—s>V1ﬂK °
o<log 5

R2
+ _ =)
L(0o) — £(6.) Ly

2
1 d
[log«kd)—l))log (ewz)(sus) v 1”

K+ 1 —lo ( 4 vlﬂ
6z2(1—6z) ’VIQg((lfa) 1)) %8\ 8= (' —5)

S

4
s

s T2
L2 L(0o) — L£(6,) Ls )K+[log((ljd)fl))lo%@@cgs_s)v1)]

K

S

—
—
|
jo)



Similarly we have

d _
o ZZ s — SBt,k
k=1t=1
K T, 2log 2 2
-0 Z /@fR—‘x’l td\ ds gk)Roo t ds
prrier il B O/ 8" —s Ay Le (1-a)h s'—s
T, k%d .
0|3 (1w B Tk s log () 2, 1t s
B — ks o2 5 s'—s  L(6y) — £(6,) Ls a(l—a)ks —s
4 2 2 2 2
ol x 3RC>2C /ds o R, K: _ /ds
L2 s' =5 [£(6y)—L(0,) Ls 1—a)fs —s

Combining these results, we obtain

K

01> ZBtHZ

k=1

st s’ —s
1 d —
) ’VIOg((l—[x)*l)) IOg((—)(ﬁ-,g)(s/_.g V1>—‘

—
\
Q¢

o%k? R? 1 ( K2 ds
(
o2

~ [ 5 3R4 ds? K2 R% 1 ds
=0 | K73 s + k] 2 = NE o
5 L2 L 8" —s  L(6y) —L(0,) Ls 1—a)fs' —s

~ [ JRY RY ds? R? 2 d 1
O<nj§ 3052+ns > /S + 02k °°< RS\ ,5 )),

H2 p2 s —s fs \psT2y, S —s)e¢
which complete the proof. O
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