Additional Material

Lemma 2. (Gluing Lemma, [4, 31]) Let 7V and 72 be two discrete probability measures in
R? x R? such that

Z w(l)(al, vy Qg b1y bg) = Z 7T(2)(b1, cnbaicry e cq)
(b1,.--,ba) (b1,...,ba)
Then there exists a discrete probability measure ™ on R% x R x R? such that
Z (@1, oy @d; b1, ooy by €1y ey cq) = 71'(1)((11, ey Qg b1, ey bg)
(c1,-e5¢a)

and
Z 7T(Cl1, ...,ad;bl, ...,bd;Cl, ...,Cd) = 7T(2)(b1, ...,bd;cl, ...,Cd).

(a1,...,aa)

Let us take p, v two probability measures and a ground distance of the form

d
c((ar, ey aq), (bry oy ba)) = > Ai(ag, by). (15)
i=1
We can then define
d
R Fl»---: Z Z (027 )ftgi), bi—1,ai,..,aq,b; | (16)

=1 [b1,....bi—1,ai,...,a4,b;

where
_ (Z)
{f bi—1,ai,..,a4,b; }

are a N%*1_plet of real values satisfying the two congruence conditions

1
Z C(Ll? Hag,br 'u(al’ ""ad)’ (17)
Zfzn ..... by gty = V(0155 0a) (18)
and the following d — 1 connection conditions
(i+1)
Zfbh obi1,ai,...,a4,b Z‘fh Hbisait1,.,aq,bi01 (19)
7.+1

fori =1,..,d — 1. We will call the d—plet of (F, ..., F;;) a flow chart between p and v.

The set of all possible flow charts between two measures p and v will be indicate with F(u, /). We
will then define

Rlusv) = gmin R(Fy, ., Fa). (20)

Theorem 3. Let ;1 and v be two probability measures over the grid G = {1,..., N}, c: G x G —
[0, 0] a separable ground distance, i.e. of the form (2?). Then, for each 7 transport plan between p
and v there exists a flow chart (Fy, .., Fy) such that

R(Fy,..Fg) =Y c(a,b)m(a,b). 1)
GxG
In particular
R(p,v) = We(p,v). (22)
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Proof. Let us consider 7 a transport plan, then we can write

Z cla,b)m(a,b) = Z ZA (@i, bi)m(a1, ..., aq,b1,....,bq) =

GxG A1yeens@a,b1,.,bg 1=1

d
Z Z Ai(ai,bi)ﬂ'(al,...,ad,bl,...,bd) =

1=1a1,...,aa,b1,...,ba

d
Z Z (am )fbl Bi1,ai,e.ad.b; | 2 (23)

i=1 [b1,....bi_1,04,...,a4,b;

where @
fb:’ i anbs = Z (a1, Qg b1, ey ba). (24)

Q1,30 —1,b0i4 1,000,040

To conclude, we have to prove that those f (z)
??

All of those follow from the definition itself, indeed

Z é}) aub = Z (a1, .oy @g, b1, .0y bq) = pla, ..., aq),

bio 1 s, abi satisfy the conditions (??), (??) and

b1s...,ba
(d) _ _
g Jor ba v anby = E (a1, ..., aq,b1,...;bq) = v(b1,...,bq)
ay,...,aq
and
(2) _ _
E For b an b = g (a1, .y Ay b1, .oy bg) =
a; Q1500505 —1,85,0i41,---,0d
(i+1)
= Z Z (a1, N, b1, e b Zfl, b bis”
bit1a1,.-ai,bi12,....bN bit1

Let now (FY, ..., Fy) be a flow chart. We have that, for each ¢ = 1, ..., d, the F; define a probability
measure over {1, ..., N}41. For i = 1 we easly find that

(1) (1) _
D far ik = Z D arraan = 2o #lan . aa) =1
Aiye.aq,b1 ALy, ,aq by ai,...,aq

If we assume that F; is a probability measure, then, using condition (??), we get that

Z f(z+1) _ Z Z (1+1) _
bi,sbis@it 1, s@a,bivs T Sbisaitt,..ad,bivr T

b1,...,biaiq1,...,04.bi01 b1,....biyaiq1,...,04 it
f(7) — 1
Z : z : b1,.bi—1,ai,...,a4,b; ’

b1,.eybis@ig,..aq Qi

Thus, by induction, we get that all the F; are actually probability measures.

Since we showed that f(l) ag.by and fbw2 ay.by are both probability measures and relation (??)

holds we can apply the glumg lemma and find a probability measure (1) (a1, ..., ag, by, ba) such that

Z W(l)(aly ooy A,y bla b2) - fii?maad,bl

and
( ) (2)
Tat,eaabiby — Jbi,az,.,aq.b2°

ai

Let us now consider f\* and 7 (aq, ..., ag, by, ba), we have
bi1,ba, b3

A3,..5Qd ;00

(1) (2) Z
ZZT" (al»-"»ad?bhbz bl,az, Lag,bas fb1,b9 as,...,aq,bs?
a2 al



so we can apply once again the gluing lemma and find a probability measure () (a1, ..., ag, by, ba, b3)

such that
Zﬂ-(z)(a:h .oy Ad, b17 b27 b3) = 7T(l)(a], ...,ad,b]_,bQ)
b

and ) @)
Z ﬂ-( )(al""’ad’bl’bg’b?’) = Jbiba,as,aa,bs

a1,a2

We can iterate this process for d — 1 times and find a probability measure 7, ... a,.b,.....b, SUCh that

Z (a1, ..., g, b1, ..., bg) = Z Zﬂ(al,...,ad,bl,...,bd)z Z W(N_Q)(a,l,...,a,N,bl,...,bN_l):

bi,...,ba b1,...,ba—1 bg bi,...bn—1

= ZZﬂ'(”(al,...,aN,bl,bg) = Zf(l)(al,...,aN,bl) = u(ay,...,an).
by

b1 b2

Similarly, we have
Z 7T(CL1, -ees Ad, b17 ) bd) = I/(bh ceey bd)7

a1,...,Qd

thus proving that 7 transports g into v.

For such a 7, we now prove that

R(Fh "'7Fd) = Z Ai(aivbi)ﬂ-(alv -y Qg b17 ceey bd)

A1,..504,b1,...,bq =1

We start with

d d
Z ZAi(ai,bi)w(al,...,ad,bl,...,bd) == Z Ai(ai,bi)w(al,...,ad,bl,...,bd).

a1,...,ad,b1,...,bq i=1 =1 ai,...,aq,b1,...,bq

Let us consider the term

Z Ai(ai,bi)n(al,...,ad,bl,...,bd) =

Z Az(az,bz) Z W(al,...,ad,bl,...,bd)

bi,..bio1,ai,..,a4,b; Q1,50 —1,bi,..0,b4

but, thanks to the Gluing Lemma, we have that

Z 7T((Z1, "'vadvblv ~-'7bd) = Z ﬂ(d_Q)(al,-'-,adabla '-'7bd—l) = =

@1,y @i—1,bi,.00,b4 a1,...,ai—1,bi,....ba_1

i+1 _ (@
Z 7T( )(al""’aN’bl""’bi)_ bi,obio1,ai,..,aN,b;i

A1,..5Q5—1

So the proof is complete. O
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