A Proof of Theorem 1
A.1 Concentration of ﬁopt and ]:Iemp

The performance of ﬁopt and Hemp in terms of Shannon entropy estimation is collected in the
following lemma.

Lemma 3. Suppose o = 0.001, &' = 0.01 and one observes n i.i.d. samples X1, Xo, ..., X, it p,

Then, there exists an entropy estimator Hope = Hopt (X1, ..., X,,) € [0,1n.5] such that for any t > 0,
] S 2, 11—«

P(Hopt—H(P) Zt—i-chlnS) §2exp(—clt n ), 21

where ¢y, co > 0 are universal constants, and H(P) is the Shannon entropy. Moreover, the empirical
entropy Hemp = Hemp(X1, Xo2,..., X,,) € [0,1n 5] satisfies, for any t > 0,

P <f[emp —H(P)|>t+ CQS> < 2exp (—cthnl_“) . (22)
n

Consequently, for any 5 > 0,

S CQS ,3 2
_ > < =
P <|H H(P)| 2 e+ n) < @3)

P <|Hemp) _apy > 2 P ) <2 (24)

and

~n cyni—o

Proof. The part pertaining to the concentration of ﬁopt follows from [45, 19, 1]. The part pertaining
to the empirical entropy follows from [2],[31, Proposition 1],[20, Eqn. (88)]. O

A.2 Analysis of ﬁopt and H'emp

Next we define two events that ensure the proposed entropy rate estimator Hopt and the empirical
entropy rate Hemp is accurate, respectively:

Definition 2 (“Good” event in estimation). Let 0 < ¢4 < 1 and c3 > 20 be some universal constants.
We take c4, = 0.001.

1. Foreveryi,1 <1 < S, define the event

1 il
5¢{|ﬁiﬂi|§03max{m, T nn}} (25)
ny ny

2. Foreveryi € [S] such that 1; > n+~1 v 1000%12—,7, define the event H; as

N CQS B
‘Hopt(WthiQ,"'aWim)7Hi| S minS +\/Cl’fnj7 (26)
2
for all m such that nm; — %M@ < m < nm A+ c3y/ M,Y& where 8 = 55,

1, co, o are from Lemma 3.

Finally, define the “good” event as the intersection of all the events above:
Goe = | [) &N ( N Hi> . 27)
i€ls] iy >nea=1v100c3 B2

Analogously, we define the “good” event Gemp for the empirical entropy rate ﬁemp in a similar
fashion with (26) replaced by

. S
|Hemp(Wir, Wiz, ..., Wim) — H;| < %Jr\/%- (28)
1
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The following lemma shows that the “good” events defined in Definition 2 indeed occur with high
probability.

Lemma 4. Both Gop and Gemp in Definition 2 occur with probability at least

25 4e3(10)? S

T T T e 29
where 3 = 4+0173063703 > 20.
Proof of Theorem 5. Pick ¢4 = 0.001,a’ = 0.01. We write
s
H=7 mH, (30)
i=1
S A~
Hope = > _ 7 Hj, 31)
i=1

where H; = H(X3|X1 = 4), Hi = Hopt(X?) = Hopt(Wis, ..., Wiy, ). Write

Hope — H = Zw(H H)—i—ZH ). (32)

E1 E2

Next we bound the two terms separately under the condition that the “good” event G, in Definition 2
occurs.

. T . . . 100¢21
Note that the function 7; — nm; — ¢34/ ”’T,Y& is an increasing function when 7; > % Thus

we have
1 1 9
nmw; — C3 O AR nm | 1—c3 nn > —nmy, (33)
~ nm;y 10

1000% Inn
ny

Let ¢(m) 2 nffs + ’/clmfif&” which is decreasing in m. Let nf £ nm +

€3 max {1“7”, \/ ”“7&} Note that for each i € [S],

1 1
{|H H;| < e(n;) D{I (ni)a|ﬁi—ﬂi|§max{m» ﬂnn}}

whenever w; >

ny ny
|Hopt 117'~'7Wini)_Hi| SG(TLl)ﬂ’L; Snzgnj}

D ﬂ {|Hopt(Wit, - . ., Wi) — Hy| < e(m)}.

mnl

The key observation is that for each fixed m, Wy, ..., W;,, are i.i.d. as T4 Taking the intersection
over i € [S], we have

{|I§Q ~H| < e(ny), i = 1,...,5} S Gopt.

“Note that effectively we are taking a union over the value of n; instead of conditioning. In fact, conditioned
onn; =m, Wi, ..., Wiy, are no longer i.i.d. as 7T;.
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Therefore, on the event G, we have

S
|Eq| < g 7| H; — H;
i=1
< E mi|H; — Hi| + E mi|Hi — Hi
iim; >nc4=1v100c3 Lo itm;<nca=1v100c3 oo
e e
) S o es 3
- '\ 0.9nm;InS c1(0.9nm;)1—o
i:'n'i27134*1\/1005%l::—_:1

=+ Z m; InS

e cyg—1 21lnn
iim; <n4 =1 Vv100cs oy

<
~nlnS

S <S> JrSlnSvSlnSlnn’ (34)

n nl—ca ny

where the last step follows from (33) and the fact that ;7" < S1=« for any o € [0, 1]. As for
Es, on the event Gy, we have

s s / 2
. 1 i1 InS1 Innl
|E2|SZHi|ﬁi—Wi|S1DSZC3maX ﬁ’ m;lnn 5Sn5 nnv Slnnln S.
i=1 i=1 ny n ny ny

(35)
Combining (34) and (35), and using Lemma 4, completes the proof of (11). The proof of (12) follows
entirely analogously with Gp: replaced by Gemp. O

B Proof of Theorem 3

We first prove Theorem 3, which quantifies the performance limit of the empirical entropy rate.
Lemma 13 in Section F shows that
_ 1 1

H.pp = n— (36)
e Pxpix, (X7 X0)

= min —
PeMy(S) N
where M3(.S) denotes the set of all Markov chain transition matrices with state space X of size S.

Since

H:EP —1n

L) 1] , @37)

we know H — E[Hemp] > 0.

We specify the true distribution Pxz (zf) to be the i.i.d. product distribution [;_, P(z;), and it
suffices to lower bound

1 1 . 1 1
B P (K1Y pebiie n " P, <X?|Xo>] .
=H(P)-Ep [H(PX1X2) - H(le)} (39)
= (H(Px,x.) = Ep[H(Px,x,)]) = (H(Px,) ~ Ep[H(Px,)), (40)

where le X, 1s the empirical distribution of the counts {(z;,z;4+1) : 0 < ¢ < n — 1}, and le is
the marginal distribution of Px, x,.

It was shown in [20] that for any Px,,

0 < H(Py,) ~ Ep[H(Px,)] <n (1 n Sn‘l) . @1
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Now, choosing Py, to be the uniform distribution, we have

1 1 1
Erl-N——— —— — min -ln—— (42)
P n PX{L|X0 (X{L|X0) PeMa(S) N PX{L|XO (X{L|X0)
—1
> 1n(S?) - Inn — In <1+ 5 ) 43)
n
S2
>In| —— 44
> (%) (44

where we have used the fact that the uniform distribution on S elements has entropy In(.5), and it
maximizes the entropy among all distribution supported on S elements.

C Proof of Theorem 4

We first show that Lemma 2 and Theorem 6 imply Theorem 4. Firstly, Theorem 6 shows that as
S — o0, under Poisson independent model,

N _ 52 1
inf sup ]P’<HH >C >201 45)
H ReR(Sxy*7.q) | | 'nlnS 2 M)

1
5vVnIn S’

models, we may always assume that v* = 1 — Cy %35 For this choice of v*, the assumption

where 7 = S, q = Moreover, since a larger v* results in a smaller set of parameters for all

2
> S5° — 1 czlnn
n > jogensures ¢ = ————s > RN,

and thus Lemma 2 implies

. _ 2 1 3 1
inf  sup P (IH “H>0-2 ) > 2 o(1) — 28n" 5 0m — §p—s/2 =  _ o(1)
H TeMs o (S,7*) nlnS 2 9

under the Markov chain model, completing the proof of Theorem 4.

C.1 Proof of Lemma 2

We introduce an additional auxiliary model, namely, the independent multinomial model, and show
that the sample complexity of the Markov chain model is lower bounded by that of the independent
multinomial model (Lemma 5), which is further lower bounded by that of the independent Poisson
model (Lemma 6). To be precise, we use the notation Pyc, Pim, Pip to denote the probability measure
corresponding to the three models respectively.

C.1.1 Reduction from Markov chain to independent multinomial

Definition 3 (Independent multinomial model). Given a stationary reversible Markov chain with
transition matrix T = (T;;) € Mo rey(S), stationary distribution m;, i € [S] and absolute spectral
gap v*. Fix an integer n > 0. Under the independent multinomial model, the statistician observes
Xo ~ m, and the following arrays of independent random variables

Wi, Wia, ..., Win,
War, Waa, ..., Wap,
:7 :7 ) :
Ws1, Wsa, ..., Wsmg

,y*7

where the number of observations in the ith row is m; = [nm; + c3 max { Inn \/ "”1/751” }] for some

i.id.

constant cg > 20, and within the ith row the random variables Wi, Wia, ..., Wim,, ~ T.

Equivalently, the observations can be summarized into the following (sufficient statistic) S x S
matrix C' = (C};), where each row is independently distributed multi(m;, T;), hence the name of
independent multinomial model.

The following lemma relates the independent multinomial model to the Markov chain model:
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Lemma 5. [f there exists an estimator H, under the Markov chain model with parameter n such that

s Puc (| - H|>¢) <5, (46)
TGsz,w(S,’y*)

then there exists another estimator Ho under the independent multinomial model with parameter n
such that
N _ 25
swp P (-] =) <6+, @7)
TEMZ‘rr\'(Sv'Y*) n

where 3 = > 1, and c3 is the constant in Definition 3.

4+10c

C.1.2 Reduction from independent multinomial to independent Poisson

For the reduction from the independent multinomial model to the independent Poisson model, we
have the following lemma. Note that

S
_ —q Rij
H(T(R)) = Ry oy, 2 o (48)
R..
1<ij<S Z] 1Rw K
=1 Ryt (49)
1<Z,j<S
:1 Z RZJln —1—27" Inr; | . (50)
T
1<4,5<8S =

Lemma 6. If there exists an estimator H, for the independent multinomial model with parameter n
such that

sup P (1 - H| =€) <5, (51)
TGngrev(S,’y)

then there exists another estimator Ho for the independent Poisson model with parameter A\ = 4¢"

such that
s Pp (Il ~ H(T(R)| = ¢) <5+ 50772, (52)
RER(S,7,7,9)

03 lnn

provided q > , where cg > 20 is the constant in Definition 3.

C.2 Proof of Theorem 6

Now our task is reduced to lower bounding the sample complexity of the independent Poisson model.
The general strategy is the so-called method of fuzzy hypotheses, which is an extension of LeCam’s
two-point methods. The following version is adapted from [40, Theorem 2.15] (see also [14, Lemma
11]).

Lemma 7. Let Z be a random variable distributed according to Py f()r some 0 € O. Let uq, s

be a pair of probability measures (not necessarily supported on ©). Let f f (Z) be an arbitrary
estimator of the functional f(0) based on the observation Z. Suppose there exist ( € R, A > 0,0 <
81, B2 < 1 such that

mled: fO)<(-A)>1-75 (53)
(0 €©: f(0)>C+A)>1—ps. (54)
Then

1=TV(F, Fy) — B1 — B2
2 9

where F; = | Pg 1i(dB) is the marginal distributions of Z induced by the prior u;, for i = 1,2, and
TV, Fp) = 5 f |dFy — dF>| is the total variation distance between distributions Fy and Fy.

infsupPy (1f — £(6) = A) > (55)
f 6eco
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To apply this method for the independent Poisson model, the parameter is the S x S symmetric
matrix R, the function to be estimated is H = H (T'(R)), the observation (sufficient statistic for R) is

C=XoU{C;j+Cji:i#71<i<j<S}U{C;:1<i<S}
The goal is to construct two symmetric random matrices (whose distributions serve as the priors),
such that
(a) they are sufficiently concentrated near the desired parameter space R(S,~, 7, ¢) for properly
chosen parameters v, 7, ¢;
(b) the entropy rates have different values;
(c) the induced marginal laws of C are statistically inseparable.

To this end, we need the following results (cf. [45, Proof of Proposition 3]):
Lemma 8. Let L
¢(z) 2 xIn—, z€][0,1].
T

Let ¢ > 0,D > 100 and 0 < ng < 1 be some absolute constants. For any o € (0,1),n € (0,n9),
there exist random variables U, U’ supported on [0, an~'] such that

E[¢(U)] — E[¢p(U")] = ca (56)
EWH_EWﬂ,j_lﬂwuw5ﬂ (57)
E[U] = E[U'] = a. (58)

Lemma 9 ([45, Lemma 3]). Let V1 and V> be random variables taking values in [0, M]. IFE[V]] =
E[VY], j=1,...,L, then

17 (59)

where E[Poi(V')] = [ Poi()\)Py (d\) denotes the Poisson mixture with respect to the distribution of
a positive random variable V.

L
TV(E[Poi(V1)], E[Poi(V2)]) < (W ) .

Now we are ready to define the priors p1, po for the independent Poisson model. For simplicity, we
assume the cardinality of the state space is .S + 1 and introduce a new state O:

. . 2
Definition 4 (Prior construction). Suppose n > lf—s Set

S 1
Y= Ims =S 60)
%:ahm$2 (61)
-[2)

and D > 0 is the constant in Lemma 8.

where dy = %,

Recall the random variables U, U’ are introduced in Lemma 8. We use a construction that is akin to
that studied in [4]. Define S x S symmetric random matrices U = (U;;) and U’ = (Uy};), where
{Uij 11 <i<j <S5} beiid. copies of U and {Ui’j 11 <1 <j < S}beiid. copies of U,
respectively. Let

; (63)

where

a=vVaS, b=35. (64)
Let i1 and o be the laws of R and R/, respectively. The parameters v, T, q will be chosen later; and
we set X = 47" in the independent Poisson model (as in Lemma 6).

The construction of this pair of priors achieves the following three goals:
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(a) Statistical indistinguishablility. Note that the distributions of the first row and column of R
and R’ are identical. Hence the sufficient statistics are Xo and C = {C;; +Cj; 1 i # 7,1 <i < j <
St U{Cy,1 < i < S}. Denote its the marginal distribution as F; under the prior y;, for i = 1, 2.
The following lemma shows that the distributions of the sufficient statistic are indistinguishable:

Lemma 10. Forn > we have TV (Fy, F5) = o(1) as S — oo.

IS’

(b) Functional value separation. Under the two priors p1, ug, the corresponding entropy rates of
the independent Poisson model differ by a constant factor of Here we explain the intuition: in

view of (50), for ¢(x) = —z Inx we have s
) 1 (& s
H(T(R)) =~ > B(Ri) = > d(rs) (65)
i,5=0 i=0
where r; = Zf:o R;jandr = Zf j—o Itij; similarly,
_ 1 3
H(T(R) = — Z O(Rij) = o(r)
2,7=0 =0

We will show that both r and / are close to their common mean b+ 2aS + 5% = S(1+V aS)2 ~
Furthermore, r; and 7 also concentrate on their common mean. Thus, in view of Lemma 8, we have

TR - HETR)| ~ SEl)] - Elo)]| =250 =0 (15) . @9

The precise statement is summarized in the following lemma:

Lemma 11. Assume that n > 52 and Inn <

s
some ¢ € R, such that as S — oo,

o 5 - There exist universal constants C1 > 0 and

P (ﬁ(T(R)) >+ ClnijS) =1-0(1),

P (H(T(R’)) <¢-0 *19 s) =1-o(1).

(c) Concentration on parameter space. Although the random matrices R and R’ may take values
outside the desired space R (S, , 7, ¢), we show that most of the mass is concentrated on this set
with appropriately chosen parameters. The following lemma, which is the core argument of the lower
bound, makes this statement precise

Lemma 12. Assume that n > 2. There exist universal constants C > 0, such that as S — 00,
IP’(R €ER(S,7,7,9) =1—o(1),
P(R' € R(S,7,7,q) =1—o(1),

SIHSS 1

,T=2S5,and q = VS

where v =1 — Cy

Fitting Lemma 10, Lemma 11 and Lemma 12 into the main Lemma 7, the following minimax lower
bound holds for the independent Poisson model.

Proof of Theorem 6. For the choice of ( and A = 01 ~T-g in Lemma 11, a combination of Lemma
11 and Lemma 12 gives

2
P (Re R(S,v",7.q), H(T(R)) > <+clnils> —1—o(1) ©7)

as S — o0, so that 81 = o(1). Similarly, 2 = o(1). By Lemma 10, we have TV (F}, F3) = o(1).
Now Theorem 6 follows from Lemma 7 directly. O
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D Experiments

The entropy rate estimator we proposed in this paper that achieves the minimax rates can be viewed
as a conditional approach; in other words, we apply a Shannon entropy estimator for observations
corresponding to each state, and then average the estimates using the empirical frequency of the
states. More generally, for any estimator H of the Shannon entropy from i.i.d. data, the conditional
approach follows the idea of

S
HCond = Z 7¢‘-zf{()((l))7 (68)
=1

where 7 is the empirical marginal distribution. We list several choices of H:

1. The empirical entropy estimator, which simply evaluates the Shannon entropy of the empir-
ical distribution of the input sequence. It was shown not to achieve the minimax rates in
Shannon entropy estimation [20], and also not to achieve the optimal sample complexity in
estimating the entropy rate in Theorem 3 and Corollary 1.

2. The Jiao—Venkat—-Han—Weissman (JVHW) estimator, which is based on best polynomial
approximation and proved to be minimax rate-optimal in [19]. The independent work [45]
is based on similar ideas.

3. The Valiant—Valiant (VV) estimator, which is based on linear programming and proved to
achieve the % phase transition for Shannon entropy in [43].

4. The profile maximum likelihood estimator (PML), which is proved to achieve the % phase
transition in [1]. However, there does not exist an efficient algorithm to even approximately
compute the PML with provably ganrantees.

There is another estimator, i.e., the Lempel-Ziv (LZ) entropy rate estimator [47], which does not lie in
the category of conditional approaches. The LZ estimator estimates the entropy through compression:
it is well known that for a universal lossless compression scheme, its codelength per symbol would
approach the Shannon entropy rate as length of the sample path grows to infinity. Specifically, for the
following random matching length defined by

Ly =14+max{l1<l<n:3j<i—1st (X;, -, Xiyi—1) = (X5, -+, Xjpu-1)}, (69)

it is shown in [46] that for stationary and ergodic Markov chains,

lim —~ = H a.s. (70)

We use alphabet size S = 200 and vary the sample size n from 100 to 300000 to demonstrate how
the performance varies as the sample size increases. We compare the performance of the estimators
by measuring the root mean square error (RMSE) in the following four different scenarios via 10
Monte Carlo simulations:

1. Uniform: The eigenvalue of the transition matrix is uniformly distributed except the largest
one and the transition matrix is generated using the method in [17]. Here we use spectral
gap v = 0.1.

2. Zipf: The transition probability T7; o< %

3. Geometric: The transition probability T}; oc 271731,

4. Memoryless: The transition matrix consists of identical rows.

In all of the four cases, the JVHW estimator outperforms the empirical entropy rate. The results of
VV [43] and LZ [46] are not included due to their considerable longer running time. For example,
when S = 200 and n = 300000 and we try to estimate the entropy rate from a single trajectory of
the Markov chain, the empirical entropy and the JVHW estimator were evaluated in less than 30
seconds. The evaluation of LZ estimator and the conditional VV method did not terminate after a
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month.’ The main reason for the slowness of the VV methods in the context of Markov chains is that
for each context it needs to call the original VV entropy estimator (2000 times in total in the above
experiment), each of which needs to solve a linear programming.

Entropy Rate Estimation Error for Various Entropy Rate Estimation Error for Various Estimators
T T T T T T T

RMSE

—s— Empirical
—©— JVHW(conditional)
.

—w— Empirical
=& JVHW(conditional)
.

102 10° 10* 10° 108 107 10° 10° 10 10° 10° 107

Number of samples Number of samples
(a) Uniform (b) Zipf
Entropy Rate Estimation Error for Various Entropy Rate Estimation Error for Various Estil s
T T T T T T T

107" E J 10k

w w

(%2} 1%}

= s

o o
102E q 102k
10°F J 108k

—+— Empirical
—©— JVHW(conditional)
104 104

102 10% 10* 10° 10° 107 102 10° 10* 10° 10° 107
Number of samples Number of samples

(c) Geometric (d) Memoryless

—w— Empirical
—©— JVHW(conditional)

Figure 2: Comparison of the performances of the empirical entropy rate and JVHW estimator in
different parameter configurations

E More on fundamental limits of language modeling

Since the number of words in the English language (i.e., our “alphabet” size) is huge, in view of the
% result we showed in theory, a natural question is whether a corpus as vast as the IBW corpus is
enough to allow reliable estimates of conditional entropy (as in Figure 1). A quick answer to this
question is that our theory has so far focused on the worst-case analysis and, as demonstrated below,
natural language data are much nicer so that the sample complexity for accurate estimation is much
lower than what the minimax theory predicts. Specifically, we computed the conditional entropy
estimates of Figure 1 but this time restricting the sample to only a subset of the corpus. A plot of the
resulting estimate as a function of sample size is shown in Figures 3 and 4. Because sentences in the
corpus are in randomized order, the subset of the corpus taken is randomly chosen.

To interpret these results, first, note the number of distinct unigrams (i.e., words) in the 1BW corpus
is about two million. We recall that in the i.i.d. case, n > S/ In S samples are necessary [41, 45, 19],
even in the worst case a dataset of 800 million words will be more than adequate to provide a reliable
estimate of entropy for S ~ 2 million. Indeed, the plot for unigrams with the JVHW estimator in
Figure 3 supports this. In this case, the entropy estimates for all sample sizes greater than 338 000

SFor LZ, we use the Matlab implementation in https://www.mathworks.com/matlabcentral/
fileexchange/51042-entropy-estimator-based-on-the-lempel-zivalgorithm?focused=
3881655&tab=function. For VV, we use the Matlab implementation in http://theory.stanford.edu/
“valiant/code.html. We use 10 cores of a server with CPU frequency 1.9GHz.

21


https://www.mathworks.com/matlabcentral/fileexchange/51042-entropy-estimator-based-on-the-lempel-zivalgorithm?focused=3881655&tab=function
https://www.mathworks.com/matlabcentral/fileexchange/51042-entropy-estimator-based-on-the-lempel-zivalgorithm?focused=3881655&tab=function
https://www.mathworks.com/matlabcentral/fileexchange/51042-entropy-estimator-based-on-the-lempel-zivalgorithm?focused=3881655&tab=function
http://theory.stanford.edu/~valiant/code.html
http://theory.stanford.edu/~valiant/code.html

1]- T T T T T T T
unigrams, JVHW
10.9 - unigrams, empirical -

sl 1

10.7 .

10.6 + i

10.5 i

10.4 + .

10.3 + i

conditional entropy estimate

10.2 + i

10.1 + i

10 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8

sample size x108

Figure 3: Estimates of conditional entropy versus sample size for IBW unigrams; dotted lines are the
estimate using the entire corpus (i.e., the final estimate). Note the zoomed-in axes.
Table 1: Convergence points for IBW conditional entropy estimates (within 0.1 bit of final estimate)

JVHW estimator empirical entropy

k || sample size | % of corpus || sample size | % of corpus
1 338k 0.04% 2.6M 0.34%
2 7™M 10.0% 230M 29.9%
3 400M 54.2% 550M 74.5%

words is within 0.1 bits of the entropy estimate using the entire corpus. That is, it takes just 0.04% of
the corpus to reach an estimate within 0.1 bits of the true value.

We note also that the empirical entropy rate converges to the same value, 10.85, within two decimal
places. This is also shown in Figure 3. The dotted lines indicate the final entropy estimate (of each
estimator) using the entire corpus of 7.7 x 10® words.

Results for similar experiments with bigrams and trigrams are shown in Figure 4 and Table 2. Since
the state space for bigrams and trigrams is much larger, convergence is naturally slower, but it
nonetheless appears fast enough that our entropy estimate should be within on the order of 0.1 bits of
the true value.

With these observations, we believe that the estimates based on the 1BW corpus should have enough
samples to produce reasonably reliable entropy estimates. As one further measure, to approximate
the variance of these entropy estimates, we also ran bootstraps for each memory length k = 1,...,4,
with a bootstrap size of the same size as the original dataset (sampling with replacement). For the

Table 2: Points at which the IBW entropy estimates are within 0.1 bit of the final estimate

k || sample size | % of corpus

1 338k 0.04%
2 7™ 10.0%
3 400M 54.2%
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Figure 4: Estimates of conditional entropy versus sample size for IBW bigrams and trigrams; dotted
lines are the estimate using the entire corpus (i.e., the final estimate)

Table 3: Bootstrap estimates of error range

PTB 1BW
k || estimate | st.dev. | range || estimate | st.dev. | range
1 10.62 | 0.00360 | 0.0172 10.85 | 0.000201 | 0.00091
2 6.68 | 0.00360 | 0.0183 7.52 | 0.000152 | 0.00081
3 3.44 | 0.00384 | 0.0159 5.52 | 0.000149 | 0.00078
4 1.50 | 0.00251 | 0.0121 3.46 | 0.000173 | 0.00081

1BW corpus, with 100 bootstraps, the range of estimates (highest less lowest) for each memory length
never exceeded 0.001 bit, and the standard deviation of estimates was just 0.0002—that is, the error
ranges implied by the bootstraps are too small to show legibly on Figure 1. For the PTB corpus, also
with 100 bootstraps, the range never exceeded 0.03 bit. Further details of our bootstrap estimates are
given in Table 3.

F Auxiliary lemmas

Lemma 13. For an arbitrary sequence (zo, 1, ...,T,) € X" X ={1,2,...,S}, define the em-
pirical distribution of the consecutive pairs as Px, x, = ~ Z?:_Ol O(ai i) Let Px, = % Z?:_Ol O,
be the marginal distribution of ]5X1 X,, and the empirical frequency of state i as

1 n—1
fi= =S 1z = 1). 1)
n =
Denote the empirical conditional distribution as Px.,|x, = Pﬁ;x"‘, ie.,
1
n . .
- . N =7, Cm-1 =1
Pyi(j) = =t L = e 20) (72)

nm;



whenever 7;. Let Hemp = Zle ﬁiH(PXﬂXl:i) and H (-) is the Shannon entropy. Then, we have

Hemp = H(Px,x,) — H(Px,)
1

mn —-In—————

PeM(S) - Pxrnx, (}]x0)

(73)

(74)

where in (74), for a given transition matrix P, Pxy x,(z7|7o) = ?:_01 P(xiqq,x¢).

The following lemma gives well-known tail bounds for Poisson and Binomial random variables.
Lemma 14. [29, Exercise 4.7] If X ~ Poi(\) or X ~ B(n, 2), then for any § > 0, we have
§

A
PX > (140N <[5 ) <e 83y emoV3 (75)
(1+6)1+5

e=8M/2, (76)

IN

e~d A
P(X < (1-06)\) < ((16)15)

The following lemma is the Hoeffding inequality.

Lemma 15. [/5] Let X1, Xo, ..., X, be independent random variables such that X; takes its value
in [a;, b;] almost surely for all i < n. Let S, = >, X;, we have for any t > 0,

2
P{|Sn, — E[Sy]| = t} < 2exp <—W> : 77
=10 = @i

G Proofs of main lemmas

G.1 Proof of Lemma 4
We being with a lemma on the concentration of the empirical distribution 7 for reversible Markov
chains.

Lemma 16. Consider a reversible stationary Markov chain with spectral gap . Then, for every
1,1 <1 < S, every constant c3 > 0, the event

| il
&:{ﬁi—mbcamax{”,,/m}} (78)
ny ny

2
C3

happens with probability at most n%, where 3 = e

Proof of Lemma 16. Recall the following Bernstein inequality for reversible chains [33, Theorem
3.3]: For any stationary reversible Markov chain with spectral gap v,

Plp—m > L <2e ty (79)
T, — Ty = — ~ X - .
n b dnm;(1 — m;) + 10t

We have 1%’ >/ ’”nl% if and only if m; < 12—3 We split the proof of (78) into two parts.

Inn
vy

21n%n
~ Inn YC3 7
P, (|7ri—7T1203) <2exp | —— X —

1. m < 1;‘—,;1: Invoking (79) and setting ¢t = c3-—=", we have
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2. mw > 1;‘—7": Invoking (79) and setting t = ¢34/ w, we have

o Inn yc3 2n7rblnn
Pﬂ— <|7ATZ—7T,L| 263 ! ) §2exp —
VY 4dnm; + 10cg, [ 2 1“”

cgmrZ Inn
< 2exp
4n7rl + 10c3nm;
2
=

O

Now we are ready to prove Lemma 4. We only consider Gop: and the upper bound on P(Gemp)
follows from the same steps. By the union bound, it suffices to upper bound the probability of the
complement of each event in the definition of the “good” event G (cf. Definition 2).

For the first part of the definition, the probability of “bad” events £/ in (25) are upper bounded by

. 2
> P& <8 % (80)

where 8 = as in Lemma 16. Since we have assumed that ¢3 > 20, we have 5 > 1.

6‘2
3
1+10c3
For the second part of the definition, applying Lemma 3, the overall probability of “bad” events H¢
in (26) are upper bounded by

1
3 P (n > o~ 1v1003n")

i€ S] w

il 2 1
<Zz cgy | T ﬁ1<wLch4 1v100c3n”)
i Y (nﬂ" — ¢y nﬂ'ilnn) ny

v V. v

nm; lnn 2 olnn
2. c. d 5 > nf71v 1002
N (Onm,/10)7 (” " “ v)

1
1 (m > no=1 v 100c2 n”)
Sy

<.
=

o

7

2c3nm;

hE

2
(9nm;/10)8
4esnm 1 oInn
711 i >n“ V1 —
(9nm;/10)8 (W =" 00¢3 ny

S

nea(B—1)°

1

.
Il

M

i=1

IA
S

8 )
where D £ 4639% and the second step follows from the fact that m; — nm; — ¢34/ m,yﬂ is

2lnn

increasing when m; > 100c3 ey

G.2 Proof of Lemma 5

We simulate a Markov chain sample path with transition matrix T;; and stationary distribution ;

from the independent multinomial model as described in Definition 3, and define the estimator H,
as follows: output zero if the event N;<;<s&; does not happen (where &; are events defined in
Definition 2); otherwise, we set

Ha(Xo, (Wij)ieqs)j<ms:) = Hi(Xo, (Wij)iels]j<n:)-
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Note that this is a valid definition since N1<;<s&; implies n; < m; for any i € [S]. As a result,

Pim (|Ff2 —H| > 6) < Pm ((M<i<s&)®) + P (Mi<i<s€i) Pm (Uﬁfz — H| > €| M<i<s &') .

(81)

It follows from Lemma 4 that
P ((M<i<s€)?) < 727?7 (82)
where 3 = ﬁ > 1. Now, it suffices to upper bound Py (|f12 — H| > €| M<i<s €i>. The

crucial observation is that the joint distribution of (Xo, (1:)ic(s], (Wij)ie[s],j<n,) are identical in
two models, and thus

Pim (|ﬁ2 — H| > €| M<i<s 5i> = Puc <|ﬁ1 — H| > €| M<i<s 5i> (83)
Pim (NMi<i<s&i) = Puc (M<i<s&i) - (84)

By definition, the estimator H 1 satisfies
Puc (Misics€i, |Hy — H| 2 ¢) <0, (85)
A combination of the previous inequalities gives
Piu (|ﬁrH|ze)si—§+5. (86)
as desired.

G.3 Proof of Lemma 6

We can simulate the independent multinomial model from the independent Poisson model by con-

ditioning on the row sum. For each i, conditioned on M; = Zle Ci; = m,, the random vector

C; = (Ci1, Cia, . .., Cig) follows the multinomial distribution multi (m;, T;), where T' = T'(R) is
1

the transition matrix obtained from normalizing R. In particular, T; = ST R (Ri1, Ry, ..., Ris).
j=1"vj

Furthermore, C1, ..., Cg are conditionally independent. Thus, to apply the estimator H, designed
for the independent multinomial model with parameter n that fulfills the guarantee (51), we need to
guarantee that

87)

Inn nm;lnn
v v

M; > nm; —i—@,max{

for all i with probability at least 1 — Sn~¢3/2. Here c3 > 20 is the constant in Definition 3, and

s
> Ry
T = Z]_l J , (88)
r
wherer =3, _,; j<s Rij. Note that M; ~ Poi()\;), where \; £ 47” Zj R = 47_ﬂﬂ'i > 4nmr;, due
to the assumption that > 7. By the assumption of m; > i > C‘”’i%, we have
Inn [nmlnn
N > C3mMaX{ ——\| — 5 (- (89)
Y Y
Then
1 il .
P <MZ < nm; + c3 max{ nf, n *nn}> < P (Poi(4nm;) < 2nm;)
0 0
(a)
< exp(—nm;/2) (90)
(b)
<n %/, ©1)

where (a) follows from Lemma 14; (b) follows from 7; > 7, > 63711% > 631% This completes
the proof.
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G.4 Proof of Lemma 10

The dependence diagram for all random variables is as follows:

U—R— 7(R) — X

|

C

where 7(R) = (mo(R), 71 (R),- - ,ms(R)) is the stationary distribution defined in (17) obtained by
normalizing the matrix R.. Recall that for ¢ = 1, 2, F;; denotes the joint distribution on the sufficient
statistic (Xo, C) under the prior y;. Our goal is to show that TV(Fy, F») — 0. Note that X, and C
are dependent; however, the key observation is that, by concentration, the distribution of X is close to

a fixed distribution P, on the state space {0,1,--- , S}, where Py £ W(Sv aS,1,1,---,1).

Thus, X, and C are approximately independent. For clarity, we denote F; = Px, c, > = Qx,.c.
By the triangle inequality of the total variation distance, we have

TV(Fl, FQ) < TV(PXO,c, Py® Pc) + TV(P() ® Po, Py ® QC) + TV(QXU,C> Py® Qc) (92)

To upper bound the first term, note that C — R — X, forms a Markov chain. Hence, by the
convexity of total variation distance, we have

TV(PXOQ7 Py® Pc) =Epg [TV(PXO\C7 Po)] (93)
< Epr [TV(Px,r: Fo)]
= E[TV(r(R), )]

1 1
:2<E S(1+\/oTS)D'

We start by showing that the row sums of R concentrate. Let r; = Zfzo Rij = a+ Ziszl Uij,
where a = v/ aS. It follows from the Hoeffding inequality in Lemma 15 that

B

provided that u >

(94)

S
7o(R) — 1+1¢$‘ +YE[m®) -

ri—(\/aS—f—aS)’Zu, i:1,...,5)§25exp =0, (95

(S1n5)3/?
n :

Next consider the entrywise sum of R. Write r = 37, . Rij = b+2aS + 3, ;g 2Ui; +

> <icg Uii- Note that E[r] = b+ 2aS + S%a = S(1 + Va5)?, by (64). Then, it follows from the
Hoeffding inequality in Lemma 15 that

—25u?
P(‘r—S(l—&-\/aS)Q’Z\/Eu) < 2exp 2u 5| —0 (96)
S(Sfl)4<d%SlnS> +S(d§51ns)
2 n n
provided that v > % Henceforth, we set
S1n? S)3/2
_ % ©7)

Hence, with probability tending to one, |r; — (V&S + aS)| <wufori=1,2,---,Sand |r — S(1 +
vaS)?| < v/Su. Conditioning on this event, fori = 1,2,--- , S we have

Vas 1 1 U 2u u
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Fori =0, mo(R) = M, we have

1

mﬁ

= 5(1+ Vas) | -

1 2u
R — — il 99
mo(R) 1+\/$’ NG ©9)

Therefore, in view of (94), we have

TV(Px,.c, Py ® Pc) < <+Z< >> +2-0(1):%+u+0(1):0(1)

(100)
as S — oo. Similarly, we also have TV(Qx,.c, Po ® Qc) = o(1).

By (92), it remains to show that TV(Py ® Pc, Py ® Qc) = o(1). Note that P, Q¢ are products of
Poisson mixtures, by the triangle inequality of total variation distance again we have

TV(P ® Po. Py Qo) = TV(Po.Qe) < 3 Tv( Poi( U)]E[Poi(“zf;p]).
1<i<j<8 T
(101)

We upper bound the individual terms in (101) For the total variation distance between Poisson
mixtures, note that the random variables ” U;; and " Uj; /. match moments up to order

D
— =Dd;InS, (102)
Vi
and are both supported on [0, an ™! - 42] = [0, % 48] = [0, 4d? In S]. It follows from Lemma 9
that if
Dd;1In S > 8¢%d?1In S, (103)
we have
[ 4n [ 4n 1
1
< e (105)
1e2
< 1
< G100 (106)
where we set d; = % and used the fact that D > 100. By (101),
1 1
TV(Py ® Pc, Py ® Qc) < S*- 5100~ 598 = o(1) (107)
as S — oo, establishing the desired lemma.
G.5 Proof of Lemma 11
Let A = o log g = CO‘SS , where c is the constant from Lemma 8. Recall that ¢(x) = z log % In view
of (65), we have
B s s
AT®R) = | Y oRy) = > o)
4,7=0 1=0
S S
= —(6(b) +28¢(a) + ¢(b+aS)) + — > $(Rij) =~ > _6(ri)
i,j=1 i=0
1 1 1<
= ~(¢(0) +25¢(a) + 6(b +aS)) + — | 2 S ooUN+ DY 6Un) | - - > o(ri),
1<i<j<S 1<i<S i=0
Hy —_———
Hy Hs
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where the last step follows from the symmetry of the matrix U.

For the first term, note that |¢(b) +2S¢(a) +¢(b+aS)| = |#(S) +2Sp(VaS)+(S(1+vVaS))| <
10S'log S. Thus, conditioned on (96), we have

1 1 U
o <X 108
r  E[r]|~ §3’ (108)
where E[r] = S(1 4+ vaS)2 Put hy £ d)(b)ﬁfﬂf}%ﬁ)(fms), we have
10uln S
|Hy —h| < Nl (109)

with probability tending to one.

2
For the second tergm, by Definition 4, for any i, j, U;; is supported on [0, W] Thus, ¢(U;;) is
supported on [0, dlsnln Sln 73]
1

Lemma 15 that

for any ¢, j. Hence, it follows from the Hoeffding inequality in

AS
P2 ’ 2 — §2 22
> W)+ D éUa) — SEle(U)]| = (110)
1<i<j<sS 1<i<S
—2(AS/4)?
< 2exp 4251 § ( 2 & 4251 S 2 (i
D1<icj<s (2 S n dgsﬁ) +Z1gigs( S In dfs%)
SQ
<2 Q| — 112
<20 (-0 Gy e
—0 (113)
as S — oo, provided that Inn < % Put hy = WE[QS(U)] Using (108) and the fact that
d?SIn S n
0 S Qs(U) S 1# In m, we have
d2521n S n A

n @SS 4
For the third term, condition on the event in (95), we have |¢(r;) — ¢p(aS + VaS)| < Culn S and
|p(ri)| < C, for some absolute constant C. Put hg = mqﬁ(as + VaS). We have

|H3—h3|<\0/%+0u1n5. (115)

Finally, combining (109), (114), (115) as well as (97), with probability tending to one,

_ A 53/21 4S
|H(T(R)) — (h1 + ho — h3)| < ZJ’C/TH (116)

for some absolute constant C’. Likewise, with probability tending to one, we have

_ A 3/21 4
ATRY) ~ (4 1y~ b)) < 5 +0 25 117)
n

where h}, = ﬁE[gf)(U’)} In view of Lemma 8, we have

S
ho— WL > — Y2 S oA, 118
|2 2|—(1+\/$)2— ( )

This completes the proof.
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G.6 Proof of Lemma 12

We only consider the random matrix R = (R;;) which is distributed according to the prior /1, the
case of s is entirely analogous.
First we lower bound 7,;, with high probability. Recall the definition of u in (97), and (95), (96).
Since u < aS = %, we have S < r < 55 and r; > VS for all ¢ € [S] with probability tending
to one. Furthermore, ro = S(1 + vaS) > vaS. Consequently,

1 vasS 1

MTmin = — min r; > =

ro<i<s ' = 58 5vVnin S’

as desired.

Next, we deal with the spectral gap. Recall T = T(R) is the normalized version of R. Let

D = diag(ro,...,rs) and D, = diag(mo,...,ms), where r; = Zf:o R, r = Zij:o R;;, and
T = % Then we have T = D! R. Furthermore, by the reversiblity of T',
T' 2 DY*rD;Y/? = p~Y2RD™1/?, (119)

is a symmetric matrix. Since 7" is a similarity transform of 7', they share the same spectrum. Let
1=XM(T)>... > Ag+1(T) (recall that T'is an (S + 1) x (S + 1) matrix). In view of (63), we have

Crucially, the choice of @ = V&S, b = S in (64) is such that ba = a?, so that E[R] is a symmetric
positive semidefinite rank-one matrix. Thus, we have from (119)

T/ _ D—I/QLD—l/Q +D_1/2ZD_1/2.

Note that L’ £ D~1/2LD~1/2 is also a symmetric positive semidefinite rank-one matrix. Let
ML) > 0=X(L) =--- = Ag11(L'). By Weyl’s inequality [38, Eq. (1.64)], fori = 2,...,S+1,
we have

1

minogigs r;

X(T)| < |ID7V2ZD712y < [DT23)1 22 = U - E[U]ll2. (120)

Here and below || - ||2 stands for the spectral norm (largest singular values). So far everything has been
determinimistic. Next we show that with high probability, the RHS of (120) is at most (1 / %35)

Note that U — E[U] is a zero-mean Wigner matrix. Furthermore, U;; takes values in [0, an™!] =

2
[0, %], where d; is an absolute constant. It follows from the standard tail estimate of the spectral

norm for the Wigner ensemble (see, e.g. [38, Corollary 2.3.6]) that there exist universal constants
C,c,c > 0 such that

P (IIU —E[U]|2 > 121)

CS3/? lnS) < Jo-cS
Combining (95), (120), and (121), the absolute spectral gap of T' = T'(R)) satisfies

S1n® S
n

P(y(T®)>1-C S,

as S — oo. By union bound, we have shown that P (R € R (S,~, 7,q)) — 1, with y, 7, ¢ as chosen
in Lemma 12.
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G.7 Proof of Lemma 13

The representation (73) follows from definition of conditional entropy. It remains to show (74).
Let P denote the transition matrix corresponding to the empirical conditional distribution, that is,
P;; £ Px,—j|x,=i- Then, for any transition matrix P = (P;;),

1 1 1 n S S
—ln—n:— (zm-1=1%2m =7)In
n Pxnix,(zf|zo) 7 mZ:l;j:l i
s S
1 oA 1
= E Z Z(TUQP”) In PU
1=1 j=1
S S 1
=S w> By
i=1  j=1 v
S

= Hemp + Y _ i D(PL||Py),

i=1

where in the last step D(pl|q) = >, pi In £- > 0 stands for the Kullback-Leibler (KL) divergence
between probability vectors p and g. Then (74) follows from the fact that the nonnegativity of the KL
divergence.
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