A Proofs of Section 3
A.1 Proof of Theorem 1

To prove the correctness and sample complexity of Algorithm R1, we need to prove Lemma which
describes the set G, that the TEST returns. This proof uses the following multiplicative forms of the Chernoff
bounds (proved as in Theorems 4.4 and 4.5 of [12]).

Lemma A.1 (Chernoff Bounds). If X is the average of n independent random variables taking values in
{0,1}, then

Pr{X < (1 - 5) B[X]] < exp (- SEXIT), 1)
82 n

PriX > (1+s)E[X]] <exp ( — ETX]), (2)

PI[X > (1+ ) EIX]] < exp (- SE[?‘)X}"), 3)

where the latter inequality holds for s > 1 and the first two hold for s € (0,1).

Lemma A.2. TEST(f(T), k,€',8") is such that the following two properties hold, each with probability at least
1—0', for alli € [k] and for a given round r € [t].

(a) If errp,(fT)) > ¢, theni ¢ G,.
(b) If errp, (") < 52/, then i € G,.

Proof of Lemma[A-3 For this proof we assume that the number of samples |T;| for each i € [k] must be at
least 22 In (%) = O(} In (%)) For a given round r € [t]:

(a) Assume errp,(f(")) > ¢ for some i € [k]. Then

2 exp (~ 4(2) errn, (/)T
< exp ( - :%26/|Ti|>

< exp ( - 31*26/%2111 (5))

<4

Hence, by union bound, errp, (f() > € = i ¢ G, holds for all i € [k] with probability at least 1 — ¢’
(b) Assume errp,(f()) < % for some i € [k]. We consider two cases and we apply the Chernoff bounds
m. Note that if errp, (f(") = 0 then err, (f(") = 0 and the property holds. So we

only need to consider errp, (f (")) £ 0. First, we need to prove that

8 2 (Lt s)errp, (/)
3e >1 + €

with s =

= derrp, (f(M) = derrp, (f(7)
6’
2errp, (f(’r~)) Z 17

which is true.



Case 1. If errp,(f)) > %, which implies s < 1, then
Pr [2 ¢ G,«}
=Pr {errTi(f(r)) %6/}

>
< Pr {errTi (f)) > (1 + S)GYTDi(f(T))}

2] , 2
< exp ( - %(m) erI"Di(f(T))|Ti|)

6/2
= exXp ( - 48€eri(f(T)) |TZ|)
< exp ( — 4—%26’26—‘,11n (%))
6/
<%
Case 2. If errp, (f(") <
Prli¢ G,|
=Pr {errTi(f(

which implies s > 1, then:

‘|

E/

)
r))
r

>
2

Rl

< Pr {errTi(f( ) 1+ S)eer,-(f(r))}
@ /
< exp ( = 3 Temp GO O D (f(r))|Ti|)
—exp (- §/71)
<ew (- 52m(¥))

6/
<2

Hence, by union bound, errp, (f{") < % = i € G, holds for all i € [k] with probability at least 1 — 4.
O

Proof of Theorem 1. First, we prove that Algorithm R1 indeed learns a good classifier, meaning that for
every player ¢ € [k] the returned classifier fr; has error errp,(fr1) < € with probability at least 1 — 6.

Let egr) denote the number of rounds, up until and including round r, that 7 did not pass the TEST. More
formally, egr) =|{r'|r €lr]and i ¢ G, }|.

Claim 1. With probability at least 1 — %‘5, el(»t) < 0.4¢ Vi € [k].

From Lemma a) and union bound, with probability at least 1 — ¢’ =1 — %, the number of functions
that have error more than € on D; is the same as the number of rounds that ¢ did not pass the TEST, for
all i € [k]. So, if the claim holds, with probability at least 1 — (3 + £)d = 1 — 4, less than 0.4¢ functions
have error more than € on D;, for all i € [k]. Equivalently, with probability at least 1 — §, more than 0.6t
functions have error at most ¢ on D;, for all ¢ € [k]. As a result, with probability at least 1 — ¢, the error of
the majority of the functions is errp, (fr1) < 53¢ = € for all i € [k].

Let us now prove the claim.

Proof of Claim[1 Recall that o) = Zle wlm is the potential function in round r. By linearity of
expectation, the following holds for the error on the mixture of distributions:

errpon (f) = gobm S (wgpl)ermi (f0)
2 ¢<r1—1> Eiggc,, (wgril)eeri (f(r)))

From the VC theorem, it holds that, since f(") = Ox(S()) and [S(")| = Mer 16,5, With probability at least
1=, errpn (fM) < %. From Lemma M(b), with probability at least 1 — ¢, errp, (f(")) > %/ for all

(4)



1 & G,.. So with probability at least 1 — 2’ the two hold simultaneously. Combining these inequalities with
1l we get that with probability at least 1 — 24", 1% 2 ﬁ Zi—;l (wgrfl)%) =N Zigcr wgrfl) < %(1)(7'—1).
Since only the weights of players i ¢ G, are doubled, it holds that for a given round r

R N R gq)(r—l)_
i¢G,

Therefore with probability at least 1 — 2t6’ =1 — %5, the inequality holds for all rounds, by union bound. By

induction: . .
oM < (9) 30 _ (?) I
—\8 8
Also, for every i € [k] it holds that wgt) = 2"‘5”, as each weight is only doubled every time ¢ does not pass
the TEST. Since the potential function is the sum of all weights, the following inequality is true.
w(t) < (I)(t)
PR
® 9\!
= 2% S (g) k

=l < tlog (%) + log(k)

(2

= e <017t + 0.2t < 0.4t

éo with probability at least 1 — 22, egt) < 0.4t Vi € [k]. [ ]

As for the total number of samples, it is the sum of TEST’s samples and the m /16,5 samples for each
round. Since TEST is called ¢ = 5[log(k)] times and each time requests O(§ In (%)) samples from each of
the k players, the total number of samples that it requests is O(log(k)g In (%)) Substituting ¢’ = €/6 and
8" =6/(3t) = 6/(15[log(k)]), this yields

oW () o5 (4)

samples in total.
In addition, the sum of the m /16, samples drawn in each round to learn the classifier for the mixture

for t = 5[log(k)] rounds is O(M (d In ( 1) +In (%))) Again, substituting ¢ and ¢’, we get:

€ €’

o= (am (7) + 1 (5))

samples in total.
Hence, the overall bound is:

o (am (3) + 1 (5))

A.2 Proof of Lemma 2.1
Proof of Lemma 2.1. For this proof, we assume that the number of samples |T;| for each i € [k] must be at
least 148 = O(%) For given r € [t] and i € [k]:
(a) Assume errp,(f()) > ¢. Then
Prliec,]

=Pr [errTi(f(r)) < %€/:|



< Pr [errT (f) < (1 — —)eer (f(r))}

1

< exp( %(%) errp, ( f() |T|>
< exp( 3¢ | T )

< exp( 3% = )

< 0.01.

Hence, errp, (") > ¢ = i ¢ G, holds with probability at least 0.99.

(b) Assume errp, (f()) < % We consider two cases and we apply the Chernoff bounds with s = m.
Note that if errp, (f(")) = 0 then erry, (f(")) = 0 and the property holds. So we only need to consider
errp, (f(") # 0. First, we need to prove that

3> (1 4 s)errs, (f™)
>1+

= 4eer (f(T)) 461"1"D (f(r))

A 2eer (f(’)) -
which is true.

Case 1. If errp, (f)) > %, which implies s < 1, then
Prli¢ Gl
— Pr {errTi(f(”) > 3
< Pr [orer, (/) > (14 s )errp, (£0))]

(2) ’ 2
S exp ( - %(m) errp, (f(’"))|Ti|>

= o ( = s 7y 1T
Sexp(— le32 ’164,8)
< 0.01.

Case 2. Tf errp,(f()) < %, which implies s > 1, then

Pr [z ¢ GT]
d

=Pr {errTi(f( )
1+s>eer (f(r))]

T Rl

>
< Pr {errTi(f( )) >
“ exp ( - %merrm (f(’“))|Ti|)
e (- 11
< exp ( — 6—2%)
< 0.01.

Hence, errp, (f() < '

5 =1 € G, holds with probability at least 0.99.



B Algorithms and proofs of Section 4
B.1 Algorithm NR1

Algorithm NR1
1: Initialization: Vi € [k] wgo) =1; o == a/35; t ;= 2[In(k)/a’®]; € 1= €/60; &' := &§/(4t);
2: forr=1,...,tdo
3 DUU ¢ L DO (wgrfl)Di), where (1) 1= %4, ("7,
4:  Draw a sample set S() of size O(a,le, (dln (5) + In (%))) from D1,
5 f) « OF(SM);
6: fori=1,...,kdo

7 Draw a sample set T; of size O(ﬁ In (%)) from Dy;
errr. (£0)a’?

8: Sgr) <+ min ((1+3a,);;2f(r) ()Jc(T))+35/ 5 a/)

9: Update: wl(r) — w?ﬁfl)(l + sgr))

10:  end for

11: end for

12:

13: return  fyr1 = maj({f}_,);

The algorithms of this section share many useful properties. We will first prove some of these properties
and then prove each one of the Theorems 3, 4, 5, and 6.

Corollary (of Lemma|A.1). If X is the average of n independent random variables taking values in {0, 1},
then:
Pr[X < (1 —«a)E[X] — ¢ < exp(—aen) Ya,e € (0,1) (5)

Pr[X > (14 a)E[X] + ¢ < exp ( - %) Yo, e € (0,1) (6)

Proof. We first prove inequality . Note that if E[X] < € then the inequality is trivially true so we only

need to consider E[X] > e. Let s =a + grx]- Notice that 52 > ]EQ[O‘XE]. Thus, by inequality ,

Pr[X < (1 - a)E[X] — €] < exp(—s>E[X]n/2) < exp(—aen).

Next we prove inequality (@) Again let s = a + ﬁ. If s < 1 then by inequality

Pr[X > (14 a)E[X] + ¢] < exp(—s*E[X]n/3) < exp(—2aen/3).
If s > 1 then by inequality ,
Pr[X > (1+ a)E[X] + €] < exp(—sE[X]n/3) < exp(—en/3) < exp(—aen/3).
O

Lemmaproves that the error of the classifier f(") of each round on the weighted mixture of distributions
is low. It holds due to a known extension of the VC Theorem and Chernoff bounds, but we prove it here for
our parameters for completeness.



Lemma B.1. With probability at least 1 — §/2, for all rounds r € [t]:

(a) (1+3a’)errge (f0)) + 3¢ < (1 + 7a’)OPT+ 19¢'.

(b) errpe—n (f) < (1+a')errge (F7) + €.

Proof. Let S() be a set of samples of size C -

(dln( ) + ln( )) drawn from D=1 where C is a

constant. We will prove that for large enough Constant C the two statements hold simultaneously for all
rounds, each with probability at least 1 — #4’. It suffices to prove that each statement in each round holds
with probability at least 1 — ¢’. For a given round r:

(a)

By f*’s definition it holds that errp, (f*) < OPT + €' Vi € [k], so it must also hold that errps.—1) (f*) <
OPT + ¢, since D"~V is a weighted average of the distributions. From the Corollary it holds that
Pr[errs(,,-) (f*) > (1 +aerr - (f*) + €] < exp(—a’e’|S]/3) < ¢’ and since o/ < 1, it is easy to see
that with probability at least 1 — ¢,

errg (f*) < (1 + o')OPT + 3¢ (7)

Since f(") is the error minimizing classifier for the sample S it holds that errg) (f() < errge (f*)+¢€'.
Therefore,

(1 + 3a")errgem (f7) + 3¢ < (14 3 )errgen (f*) + 7€ < (14 7a/)OPT + 19¢'.

We prove the second statement for all f € F, using Theorem 5.7 from [I]. The theorem states
that for every h € H, it holds that errp(h) < (1 4 ~v)errg(h) + § with probability at least 1 —

4114 (2m) exp (&;’ﬁ’{g), where S is a sample of size m drawn from a distribution D on X x {0,1},

v > 2f, and Tl3(n) = max{|Hs| : S € & and |S| = n} is the growth function of H.

We apply Theorem 5.7 for v = o/, 3 =¢, D =DV & =80 H = F. Since the VC-dimension
d

of F is d, from [[I], Theorem 3.7] it holds that IIz(2m) < (29—"’) . In our setting, the theorem

d
states that, given round r, for every f € F, it holds that errpe—1(f) < (1 + &)errgem (f) + €

d ’ !
with probability at least 1 — 4(2edm) exp <ﬁ) It remains to prove that, for large enough C,

d
(dln ( ) +In ( )) samples suffice to guarantee that 4(23”1) exp ( Ta ’+1)) < ¥’ so that
the statement holds with probability at least 1 — ¢’. It suffices to prove that for the given m:

In(4) + dIn(2e) 4+ d1n (%) - §e m < —In (6')
& In(4) +din2e) +dln (2) +1n (3) < Sdn (1) + S (F).

‘We consider two cases:

i If dln( ) > In (%) then 7 < 2C In (%) <% (5) So to prove the statement, it suffices

— a’ée €

to prove that

In(4) + d1n(2e) +d(ln(C) +2In ( ) +1Inln ( )) +1In (51,) < %dln (%) + % (l)
The latter inequality holds for large enough C.

ii. If dln ( ) <In ( ) then % < 2¢ 1n(1/6 ) « 6,02 (/8 g4 to prove the statement, it suffices to

a’e d

prove that

In(4) + dIn(2e) + d( In(C) +21n<1) +In (@)) +1n (;) < Cdln (:) +%m (5)



If we prove that d1n ( 1/ &) ) n(1/¢"), then the inequality holds for large enough C. Indeed, it
holds that In ( In(1/0" >) /1

) < 1, since maxgcr{In(z)/z} = 1.

Thus the second statement holds too with probability at least 1 — 4.

Lemmas [B.2) and B3] give us two inequalities that are useful for all the proofs of Section 4.
Lemma B.2. Let L, = {i € [k] | |errr,(f7)) — errp, (f)| < o' - errp, (f)) + €'}. With probability 1 —6/2,
it holds that

3 (ng> errr. ( f("))) < [(1+ 30" )errge (F7) + 3¢100~D < [(1 + 7a/)0PT + 19¢]0 ).
i€ L,

Proof. By linearity of expectation,
eer(,,.,l)(f(T))_ Py Z( “errp, f(r)))
- r—1 (r)
= q><r—1> > (wiVerrn, (/7))

1€ L,
’

“Ura) q>(r D Z( "Ven, f(r))) 1—|€—a"

Therefore, (wl(rfl)errn (f(r))) <[+ aerr g (f7) 4 €]@—D. By Lemma (b)> it follows that

€L,
with probability 1 — /2,

5> (wl Verrr, (f0)) < [(1+ a")(1 +a)errgen (F) + (1 +a!)e’ + €]
1€L,.
< [(1 4 3a/)errge (f<")) + 36']613(”*1)

Lemma a)
< [(1 4 7a/)OPT + 19¢/]| @ 1),

Lemma B.3. For alli € [k] it holds that

Proof. In every round r, wgr) = (7 Y+ 5(7 ). Therefore for any i € [k],

t
w =TT +s")

r=1
t

> [ exp(si” — (s7)2/2)
r=1

(M <y’

> exp ((1—04/2)§: ET)>7

where the second to last inequality holds since (1 + z) > exp(z — 22/2) for z € Ry. The inequality follows
since w”) < ®® for all i € [k]. O



We will now give the proof of Theorem 3.
Proof of Theorem 3. By the Corollary, for a given round r and player i,
Pr(lerrr, () —errp, (f7)| = o - errp, (f7) + €] < 2exp(—a’é|Ti|/3).

1T = A (&) =0

(%) ) , the inequality

Jexrr, () = erep, (/)] < o - errp, (/) + ¢ (®)

holds with probability at least 1 — 24’ /k. By union bound, it follows that holds for every i and every r
with probability at least 1 — 2§t =1 — /2.

With probability at least 1 — § inequality and the inequality of Lemma hold for all rounds and
players. We restrict the rest of the proof to this event. It holds that,

) — lr— 1)+Z( r—1) (_r))

12

< (I)(r—l) @ (r 1) )
B ! (1+3a)errgn (f)) + 3¢ ; ( errT (f ))

Lr:[k] (b( 1) O/2
< " 1
- < * (14 3a’)errge (f()) + 3¢

_ @(7"—1)(1 +a/2)

(14 3a’)errge () + 36/])

By induction, ®® < ®©) (1 + a?)* = k(1 + o/?)* < kexp(ta’?). From Lemma and t = 2[In(k)/a’?],
it follows that

) o k) +ta?  1+a’
Z = 170//2 SToap ©)
Let G; be the set of rounds r such that sgr < o'. We consider these to be the “good” classifiers. Because
of @) we have [[t]\ G;| < =7 Zre[t]\ci of <L Z:Zl SET) < %a’t. For the classifiers of the rounds r € G,
it holds that
Z errr, (f(T)) _ Z (r) < Z (rn 2 @? 1+ d o2
(14 3a’)errgm (f(M)) + 3¢ 1-a'/2

reG;

Thus O T / 19¢]. From inequali 'f11~h~
us, Y ,.cq, errr (f17) < tl_a'/z[(1+70‘ )OPT + 19€¢']. From inequality (8]), it follows that:

X 1 !
(1—a') Y errp, (f7) = |Gil¢ < t%[(l + 7a/)OPT + 19¢€/]

reG; OZI/Z
- 1+a te’
= Y errp,(f7) < a0 —a) [(1+7a/)0PT +19¢] + ——
reG;
= Z errp, (f(r)) < [(1 + 12a/)0PT + 25¢']t,
reG;

which holds for o’ < 1/12.
For each example e that is a mistake for fyri, it must be a mistake for at least /2 — |[t] \ G;| members of
G;. Thus the fraction of error of fygr; is at most

Sreq, oo () _ (14 120/)0PT + 25¢

t/2—|t\Gi| ~1/2—(1+a)a'/(1—a'/2) < (2 + 35a)0PT + 60¢’.




Having set o' = /35 and € = €/60 we get that errp, (fxr1) < (2 + @)0PT + €.
As for the total number of samples, it is the sum of O(:£ In(k/¢’)) and O(ﬁ (d In (5) +In (%)))

samples for each round. Because there are O(In(k)/a/?) rounds, the total number of samples is

0(ng (e () v am () =0 (5 (s (5) + m ()

O
B.2 Algorithm NR2
Proof of Theorem 4. By the Corollary, for a given round r and player 1,
Prfjerrr, (f)) —errp, (f7)] = o - errp, (f7) + €] < 2exp(—a’¢|T3[/3).
T = 8 () = 0 n (), then
Pr(lerrr, (f™)) — errp, (f)| > o - errp, (f™)) + €] < o2 (10)

Assuming that the inequality of Lemma holds, which is true with probability 1 — §/2, it follows that
E[q)(r) ‘ q)(r—l)}

04/2

<E |00 4 (wlgr—nerrﬂ (f(r))) i (ng—l)SEr—l)) =1
i (1 + 3a)errgen (7)) + 3¢ z‘eZLr / iger

05/2

< q)(’rfl) 1 3 / . (r) 3 / q)(rfl) / (7'_1) (p(’r’fl)
<E + (1 + 3 )errgo (f0)) + 3¢ (14 3 )errgem (f17) + 3¢€] +a 1¢ZL w;

()
2 (I)(’r‘fl)(l +a12 +a/3)

By the definition of expectation, E[®()] < E[®"~V](1 + o/? 4+ «/?). So by induction and the fact that
®O) =k, E[®®)] < kexp(ta’?(1 + «')). Markov’s inequality states that Pr[®(*) > E[%Z)]] < /4. So with

overall probability 1 — /4 — §/2 = 1 — 3§/4 it holds that ®®) < % exp(ta?(1+ a')).
From Lemma and t = 2[In(4k/06)/a’?], it follows that

(1+2a)
a2 o (11)

IN

IN

Z ) _ In(4k/8) +ta?(1 + )
% 1-a'/2

r=1

For G; = {r € [t] | SET) < o'}, we have |[t] \ G;| < fjj,%a’t because of .

Let R; = {r € [t] | |erry, (f™)) — errp, (f))| < o' - errp,(f") + €'}. For the classifiers of the rounds
reG;NR;:



(r) . P
Z eeri(f(’”))S Z errr, (f )+|GZﬁRz|e

reG;NR; reGiNR; ! ° ! )
. Z (1 + 3a’)err5(7-> (f(r)) + 3¢ erry, (f(r))a/2 . te
eGinR, a2 (1= a)[(1+ 3a")errge (f)) +3¢'] 1o
e Z (1 + Sa/)errs(r) (f(r)) + 36/ S(T) + te,
o (1 — a/)a/Q i 1—ao
(147a)0PT +19€' (1 +2a)),
B (1-a)a? 1—a'/2 1-of

< [(1+4 15a/)0PT + 25¢€']t

which holds for o < 1/15.

We will now bound |[t] \ R;|. For every round r, let m(") be the indicator random variable of the set
[t] \ R; and let (") = /2. Tt holds that for all rounds r, |m() — 4| < 1 and m),y() > 0. In addition,
from inequality it follows that E[m™ —y™ [, m) ¥ _ ¢ =a? —a? <0.

Using [[9], Lemma 10], with ¢ = 1/2 and A = o’?, we get that

¢
Pr me > 20/t + 20/%t| < exp(—a'?t/2) < §/4k.
r=1

So |[t]\ Ri| = 32'_, m(") < 4a’?t for all i with probability at least 1 — §/4, by union bound.
For each example e that is a mistake for fyra, it must be a mistake for at least /2 — |[t] \ (G; N R;)|
members of G; N R;. Thus, with probability at least 1 — 4, the fraction of error of fxgrs is at most

>recinn, oo (F7) _ (1+ 150/)0PT + 25¢
12— [\ (G N R = /2= 42t — (1 + o)t/ (1 — o' J2)

< (2 +40a")0PT + 64¢€'.

Having set o' = /40 and € = €/64 we get that errp, (fxr2) < (2 + @)0PT + €.
As for the total number of samples, it is the sum of O(-£; In(1/a’)) samples and O(ﬁ (dln (%) +

a’e’

In (%))) samples for each round. Because there are O(In(k/§)/a’?) rounds, the total number of samples is

O (5) (e (3) +m (3) +1(5))

10



B.3 Algorithm NR1-AVG

Algorithm NRI-AVG

1: Initialization: Vi € [k] wgo) =1; o == a/12; t :=2[In(k)/(a'?)]; € = ¢/25; &' := &/(4t);
2: forr=1,...,t do

3. D=1 =y ZZ 1 ( (r= 1)DZ>, where (=1 = Zf 1w(r RE
4:  Draw a sample set S() of size O(
F0 Of(S“));

e (dln( )Jrln( ))) from D=1,
fort=1,...,k do

7 Draw a sample set T; of size O(a,e/ In (%)) from Dy;

r errr, (£ e o
8 s’(' ' (1+3a')e;r(§(r) ()f(r>)+36’
9: Update: wl( R w(r D+ sz(-r))
10: end for
11: end for
12:

13: return fyri-ave, where fyri-ave(z )<— {fO(2)}_y;

Proof of Theorem 5. The expected error of the returned classifier fxriavg on player i’s distribution is
et p, (fNri-AVG) = + Zi L€ITD, (f)). We will prove that with probability at least 1 — &, &t p, (fxri-ava) <
(14 «)0OPT + € for all i€ [k].

By the Corollary, for a given round r and player ¢,

Prllerrr, (f) —errp, (f7)] > o - errp, (f7) + €] < 2exp(—a’¢|T3|/3).

If |T;] = 25 1n (%) = O(e,la, In (%)), the inequality holds with probability at least 1 — 2¢’/k. By union
bound, it follows that it holds for every ¢ and every r with probability at least 1 — 26t =1 — 6/2.
With probability at least 1 — § the previous inequality as well as the inequality of Lemma hold for all

rounds and players. We restrict the rest of the proof to this event.
It holds that,

k
) — lr— 1)+Z<w£r—1)sg,-)>
p k

/
< q)(rfl) e (r— 1) ")
B * (1 +3a)errgen (f(7) + 3¢ ; (wz rr, (f ))

=[k] -1 (1 ea’ .y " g
- Jr(1+3a’)errs(r)(f(7“))_|_3€/[( +3a’)errgin (f17) 4 3€]

<d=D(1 4 o)

By induction, ®*) < kexp(te’a’). From Lemma and since t = 2[In(k)/(¢'a’?)], it follows that

() < k) +te'a < 1+o , ,
teal. 12
Z = 170//2 1—a 2 (12)

11



Therefore, the total error is:

t t

- errr, f(r te
Zeer,;(f( )) Z t i
r=1

< zt: (1+ 30’ )errge (f)) + 3¢’ errr, (f0))e' o n te’
Bt ea (1—a[(1+3a)errgon (f() +3€¢]  1—a
_ L (143 )err g (fM) + 36’8@ n te’

— (1-a)eo! ! 1—o
) (14 7a/)0PT 4 19¢' (1 + o) v te’
- (1-a')eo 1-a'/2 11—«

< [(1 + 12a/)0PT + 25€']t
[(1 4 «)0PT + €]t,

where the last inequality holds for o’ < 1/12 and we have set @/ = /12 and ¢’ = ¢/25.
k_In(k/6")) samples and O(a,e, (dln (Ei,) +

a’e’

As for the total number of samples, it is the sum of O(=%;

In (i))> samples for each round. Because there are O(In(k)/(¢’a’?)) rounds, the total number of samples is

o221 (£) +am (1))

B.4 Algorithm NR2-AVG

Algorithm NR2-AVG

1 Initialization: Vi € [k] w®) = 1; o/ := a/15; t := 2[In(4k/5)/(a'2)]; € = ¢/295 &' = 6/(41);
2: forr=1,...,t do

3 DU« <I>(r ) Ez 1( ;o UD%)v where ®("1) _Elew(ril);

K2

4 Draw a sample set S(") of size O(a = (dln ( ) + In (%))) from D=1,

5 ) O}'(S(T));

6: fori=1,...,kdo

7 Draw a Sample set T; of size O(a,e/ In (5)) from D;;
. (r) errr; (FNe o

8: S; (IF3a")err g () (F(M)+3€

9: Update: w!” « w" V(1 + s{")

10: end for

11: end for

12:

R .
13: return fxro.avg, where fyrooave(z) & {f(T)(x)}ﬁzl

Proof of Theorem 6. The expected error of the returned classifier fxr2.avg on player ¢’s distribution is
e p, (fNr2-AVE) = + Zi 1 €Irp, (f(r ). We will prove that with probability at least 1 — 4, eTTp, (fNr2-ava) <
(1+ a)OPT + ¢ for all i€ [k].

By the Corollary, for a given round r and player ¢,

Prllerrr, (f) — errp, (f7)] > o - exrp, (f7) + €] < 2exp(—a’¢|T3|/3).

12



If |T;| = E,a/ In (E,i,) a'z2¢ O(E,la, In (ﬁ)), then

Pr(lerry, (fT) —errp, (f™)| > o' - errp, (f) + €] < €. (13)

Assuming that the inequality of Lemma holds, which is true with probability 1 — §/2, it follows that
E[@™ | &1

! !
=E |2V - (r=1) " (=1 (=) | g (r=1)
B e G 7 2 (i Verrn (7)) + 32 (w50 |

1€L, ¢ L,

e€a’

<E|®"V
~E * (1 + 3a)errgem () + 3¢

[(1 4 3a")errge (fT) + 3€100Y 4 o/ Z w1
¢ L,

< (1 4+ o 4 €a'?)

By the definition of expectation, E[®] < E[®"~D](1 + o’ + ¢a’?). So by induction, E[®®)] <
kexp(te'a’(1+a’)). Markov’s inequality states that Pr[®®) > ]E[q)/ d ] < 6/4. So with probability 1—§/4—§/2 =

1 — 35/4 it holds that ®®) < 2E exp(te'a/(1+ ')).
From Lemma and t = 2[In(4k/8)/(¢'a’?)], it follows that

‘ r) n(4k/d) +te'a’ (1 + o 1+ 2d/
S J8) +tea/(1 o) _ (1+2)

tea. 14
1—a//2 ca (14)

r=1

Let R; = {r € [t] | |errz, (f™)) — errp, (f))| < o' - errp,(f) + €'}. For the classifiers of the rounds
r € R;:

S ermp, (f0) < 30 ey, (f7) | |Rile

o —
reR; reR; 1 a 1 «
Z 1+ 3 )errgom (f) 4 3¢ errr, (f))e o n te’
et e (1—a)[(1+ 3 )errgem (f()+3€¢]  1—of
B Z (1+3a")errge () + 3e’s(r) n te’
/ i /
et (1-a)a e
? (14 7a")0PT + 19¢' (1 + 2o/)t6,a, n te’
- (1—-a)eo! 1—a//2 1—o

< [(1 4 15a/)0PT + 25¢€']t

which holds for o/ < 1/15.

We will now bound |[t] \ R;|. For every round r, let m(") be the indicator random variable of the set
[t]\ R; and let y") = €’a’. Tt holds that for all rounds r, |m( — y(™| < 1 and m(),y() > 0. In addition,
from inequality it follows that E[m(™) — ¢y [, m™) Y,y =€a’ —€a/ <0.

Using [[9], Lemma 10], with ¢ = 1/2 and A = ¢/a/, we get that

Pr Zm(r) > 2t + 2 a’t| < exp(—€'a't/2) < §/4k.

o |[t]\ Ri| = 2F_, m") < 4¢’a’t for all i with probability at least 1 — §/4.

13



Thus, for the expected error it holds that:

S errp (f7) X emp, (fO) + X errp, (f0)
r=1

reER; ré¢R;
4 t
< (14 15a/)0PT + 25€¢' + 4€'a’ < (1 + 15a)0PT + 29¢'.

Having set o/ = /15 and € = €/29 we get that et p, (fnr2-ave) < (1 + «)0PT + € with probability at least
1-9.
As for the total number of samples, it is the sum of O(=£; In(1/€')) samples and O( L (d In (%) +

a’e a’e’

In (y))> samples for each round. Because there are O(In(k/d)/€'a’?) rounds, the total number of samples is

0zt (5) (@+m () +1 ()
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