Multi-Objective Non-parametric Sequential
Prediction

1 Proofs of helping lemmas

Lemma 2 (Continuity and Minimax). Let Y, A, X be compact real spaces. 1 : 'Y x A x X — R
be a continuous function. Denote by P(X) the space of all probability measures on X (equipped with
the topology of weak-convergence). Then the following function L* : P(X) — R is continuous

L*(Q) = inf supEg [I(y, A, 2)] . (1)
Y€V AeA

Moreover; for any Q € P(X),

inf sup Eq [[(y, A, z)] = sup inf Eq [I(y, A, z)] .
Jf, sup o[y, A, )] sup inf oy, A @)]

Proof. Y, A, X are compact, implying that the function [ (y, A, ) is bounded. Therefore, the function
L:Y x A x P(X)— R, defined as

L (y7 A Q) = EQ [l (ya A, $)] ) ()

is continuous. By applying Proposition 7.32 from [2], we have that sup,c, Eg [[(y, A, X)] is
continuous in Q x ). Again applying the same proposition, we get the desired result. The last part of
the lemma follows directly from Fan’s minimax theorem [3]]. O

Lemma 3 (Continuity of the optimal selection). Let Y, A, X be compact real spaces, and let L be as
defined in Equation (|2). Then, there exist two measurable selection functions hX,h* such that

hY(Q) € argmin (max L(y, )\,Q)) ,

yeY \ A€EA
Q) € in L(y, \,
(Q) € argmax (;rg)r} (y Q))
Sor any Q € P(X). Moreover, let L* be as defined in Equation . Then, the set

Gr(L*) 2 {(u*,v*,Q) | u* € h(Q),v* € h*(Q),Q € P(X)},
is closed in Y x A x P(X).
Proof. The first part of the proof follows immediately from the minimax measurable theorem of [§]
due to the compactness of ), A, X and the properties of the loss function L. The proof of the second
part is similar to the one presented in Theorem 3 of [[1]]. In order to show that Gr(L*) is closed, it
is enough to show that if (i) Q, — Qs in P(X); (ii) u;, — uee in YV; (i) v, — Voo in A and (iv)
un € hY(Qy), v, € h*(Q,,) for all n, then,

Uso € hY(Qoo), Voo € B (Qoo)-

The function L(y, A, Q), as defined in Equation , is continuous. Therefore,

lim L(un,vn,Qn) - L(uoo>vOOaQOO)'

n—oo
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It remains to show that us, € h¥(Qs) and vs, € h*(Qs ). From the optimality of u,, and v,,, we
obtain

L(uoovvooaQoo) = lim L(unvvna(@n) = lim L*(Qn) 3)

n— oo n—oo

Finally, from the continuity of L* (LemmaZ), we get
@) = L*(lim Qu) = L*(Qwo),
which gives the desired result. O

Corollary 1. Under the conditions of Lemma 3. Define L, (y, \,Q) = L(y, \, Q) + w and
denote h?]{n (Qn), hi (Qy,) to be the measurable selection functions of L. If Q, — Q weakly in
P(X) and u,, € by (Qn), vy € hy (Qy), then

Ln(“na Un7 Qn) _> L(Uoo7 UOO7 QOO)
almost surely for use € h¥(Qoo) and v € I (Qoo)-

Proof. Denote i, € h¥(Qs) and 9, € h(Qx)

|Ln(un7vna(@n) - L(UOO7UOO7QOC)|
S |Ln(unavn7(@n) - L(anyﬁnv(@n)‘ + |L(an7@n7(@n) - L(uooavooa(@oo)‘- (4)

Note that for every n and for constant £ > 0,

2
minmax L(y, A, Q) — [PAmax| < minmax L, (y, A\, Q)

y€Y AEA n T yeY AeA
[yl * = [IAI1?
= Eo [l(y, A\, X -

= migma (B0 15,3 +

< Ly, A
min max (v, A, Q) +

Thus, for some constant C, | Ly, (tn, U5, Qr) — L(teo, Voo, Qoo )| < % and from Lemma 3, the last
summand also converges to 0 as n approaches oo, we get the desired result, and clearly, if h¥ (Qo)
and h*(Q., ) are singletons, then, the only accumulation point of {(v,,, %,)}5% 1 i8S (Voo, Uso). [

2  Proof of Theorem[

Theorem 1 (Optimality of V*). Let { X;}°°, be a y-feasible process. Then, for any strategy S € S.,,
the following holds a.s.

N
. . 1 1—1 *
hmlnfﬁ g u(S(X77H), Xi) > V™.

N —o00 .
=1

Proof. For any given strategy S € S, we will look at the following sequence:
fZl (X171, X5 X3). (5)
where \¥ € h? Py, Xi—l) Observe that
N . .
I Z( S(X{TH, %, X0) — E [US(xi™), %, x) | x17))

N
Z (SO x X | X7



s Ngy IRV

Since 4; = I(S(X71), A%, X;) — E [Z(S(Xffl) 25X | Xffl] is a martingale difference se-
quence, the last summand converges to 0 a.s., by the strong law of large numbers (see, e.g., [9]]).
Therefore,

N
- 1 , - A
i 1 2* IS I i—1 * . i—1
hmlnf— g I(S(X179), A, X)) = l}\r}riglof— g E [Z(S(Xl ), A5 X)) | X

N—o0 —
1 N
> lim inf in E [1(y, X7, X;) | X{7'] 6
= il 2. e (y, A7, Xa) | Xy ©6)

where the minimum is taken w.r.t. all the o(X fﬁl)—measurable functions. Because the process is
stationary, we get for A7 € WA (Py -1 ),
1—1i

N
o1 . N -1
H =ty 3 g B 0 "
71}\?3?572L Xo|X! 1 ®)

Using Levy’s zero-one law, P Xo| XL P, weakly as ¢ approaches co and from Lemmane know
that L* is continuous. Therefore, we can apply Lemma 1 and get that a.s.

@) =E[L"(Po)] = E[Ep, [l (y5, Ade: Xo)]] = E[£ (y50, Ases Xo)] - ©)
Note also, that due to the complementary slackness condition of the optimal solution, i.e.,
Ao (Ep. [c(yh, Xo)] — ) = 0, we get

@) =E[Ep.. [u(yk, Xo)]] = V.

From the uniqueness of \%_, and using Lemma )\Aj — A% as 4 approaches co. Moreover, since [ is
continuous on a compact set, [ is also uniformly continuous. Therefore, for any given ¢ > 0, there
exists 6 > 0, such that if |\ — A\| < 4, then

|l(y,)\/,117) - l(y7>\,l’)| <€

for any y € Y and z € X. Therefore, there exists io such that if i > g then |I(y, A\, z) —
Iy, s, x)] < eforany y € Y and z € X. Thus,

N
1 ) N
hmmf—E 1(S(XIh) ;,Xi)—lr\rrnianE I(S(X{ ), A, X))
—00

N—o0

—I(S(XTl% X;kﬂ Xl)

MZE

S D 1 i—1 * : 1
= 1}521?5 i Z:Z(S(X1 ), Asos X;) + limsup N

i=1 N—oo i=1
| X
. . 1—1 A* 71— 1 *
> l}gggofNZ;Z(S(Xl ), A5, X, Zz (X7, N5, X)) > —€ a.s.,
=

and since € is arbitrary,
1 N
- i 1 A* N> liminf — i—1) yx Y
lim inf Zl (Xi71), A%y Xi) > lim inf ;MS(Xl ). X1, X))
Therefore we can conclude that

hmlnf—Zl S(XITH N, X)) >V as.

N—o00

We finish the proof by noticing that since S € &, then by definition
N

1 .
lim sup i ZC(S(X{_l),Xi) <7 a.s.

N—o0 i—1

and since A% is non negative, we will get the desired result. O



3 Proof of Theorem 2

Theorem 2. Assume that {X;}°° is a y-feasible process. Then, it is possible to construct a

countable set of experts {Hy 1, } for which

N
1 .
lim lim lim —g LWk p» Aons Xi) =V as,,
i=1

k—o00 h—oon—oo [N 4

where (yt ., \i ;) are the predictions made by expert Hy, j, at round i.

Proof. We start by defining a countable set of experts {Hy 5} as follow: For h = 1,2,..., let
Py, ={An; | j =1,2,...,my} be a sequence of finite partitions of X such that: (i) any cell of
Py is a subset of a cell of P, for any h. Namely, P, 1 is a refinement of P; (ii) for a set A, if
diam(A) = sup, ,c ||z — y|| denotes the diameter of A, then for any sphere B centered at the
origin,

li diam(Ap ;) = 0.

e a0 A0
Define the corresponding quantizer g5 (z) = j, if ¢ € Ay, ;. Thus, for any n and X', we define
Qn(X7) as the sequence ¢p,(x1), . . ., gn(z,). For expert Hy, 5, we define for & > 0, a k-long string
of positive integers, denoted by w, the following set,

B;:a}fl,n—l) S {z; | k <i<mn, Qh(XZ’:;) = w}.

We define also
By (xn—t Y 3 71 E l A
k,h( 1 711}) = argmin ma{{( w,(1,n—1) k,h-,n(y’ 7xi)
VEY N ASM BT | w,(1,m—1)
’ fcieBk,’h ’
hp (X271 w) £ argmax | min _ E U (Yy Ay ;)
k,h\21 - ; Tn—1 Jhyn\Ys Ay L
AGA yey |BIZ:U}-E " )| w,(1,n—1)
’ ZiEBk7}l ’
for

1 1 1
e 22) 2 02 + (Il = INP) (5 4+ 5+ 1)

and we will set hyl , (X{""', w) = yo and by , (X7'~',w) = Ag for arbitrary (yo, do) € Y x A if

B;:”}El’nfl) is empty. Using the above, we define the predictions of H}, 5, to be:

HY J(XP7Y) =Ry (X771 Q(X00), n=1,2,3....
HYp (XY = (XPLQ(X1TH), n=1,2,3....

We will add two experts: Hy o whose predictions are always (Yo, Amax) and H_1 _; whose predicti-
ons are always (yo, 0).
(k-h

i ) that is the measure concentrated on

Fixing k, h > 0 and w, we will define a (random) measure P
the set B}C””h(o’lfj ) defined by

(k,h) ZX%'EBZ’}EM_” La(X)
Piw (A) = 0, (01=))
By |

Jw ’

where 14 denotes the indicator function of the set A C X'. If the above set By’;, is empty, then let
plkh)

iw (A) = 0(z") be the probability measure concentrated on arbitrary vector z’ € X'



In other words, P;f‘;’jh) (A) is the relative frequency of the the vectors among X _ j+ks -+ -5 X0 that
fall in the set A. Applying Lemma 1 twice, it is straightforward to prove that for all w, w.p. 1

ptn ) Pxocix = P(Gy(X ;) =w) >0
i 5(z) otherwise

weakly as j — co, where P Xo|G1(X~)=w denotes the distribution of the vector X conditioned on
—_k)=

the event G (X :]1) = w. To see this, let f be a bounded continuous function. Then,

1
/f P(k W (dr) = T 2=, ey 01D J(Xi)
w 01—‘)
[1- J+k\|Bkh ]|

[ £(Xo0) 1, x )Xo
P(Gi(XZ}) = w)

and in case P(|| X~} — s|| < ¢/l) = 0, then w.p. 1, ]P’;ﬁ;h) is concentrated on 2’ for all j. We will
(k h) yy prlkh).

=E[f(Xo) | GuXZ}) = w],

denote the limit distribution of lP’

1-n) W

By definition, (h% WXL, w), hip (X1 1 )) is the minimax of [, y, p, W.r.t. Pg‘i’uh)' The sequence
of functions I, . 5, converges uniformly as n approaches oo to

1 1
ey, M) =y ) + (lyl2 = IA?) (h + k) |

Note also that for any fixed Q, Ly 1, (y, A\, Q) = Eq [lx,n(y, A, X)] is strictly convex in y and strictly
concave in A, and therefore, has a unique saddle-point (see, e.g., [7]). Therefore, since w is arbitrary,
and following a Corollary [T|of Lemmal[3] we get that a.s.

n * n *
Yk = Yo Meoh —> Mho

*(k, h) . Thus, we can apply Lemma 1 and conclude

—ls

where (yk ns N h) is the minimax of Ly p w.r.t. P’

that as N approaches oo,

N
Z Vi Mo Xi) = B LWk p> Mons Xo)] -

a.s.. We now evaluate
lim [ [l(yZ,h,AZ,tho)] :

h—o0

Using the properties of the partition P, (see, e.g., [4,15]), we get that

weakly as h — oo. Moreover, the sequence of functions I, , converges uniformly as / approaches oo
[yl — [IAl1?
A .

Note also, that for any fixed Q, Ly (y, A\, Q) = Eg [lx(y, A, X)] is strictly convex-concave, and
therefore, has a unique saddle point. Accordingly, by applying Corollary [T|again, we get that a.s.

lk(ya A,J?) = l(y7 )\,1‘) +

y?;,h = Yk Ao = Ak
where (y5, Af) is the minimax of Ly w.r.t. P [Xolx~1}- Therefore, as h approaches oo,
—k

l(yz,hv )‘Z,ha XO) —1 (yZv >‘27 X(])

a.s.. Thus, by Lebesgue’s dominated convergence,
hhﬁr{olo E [l(ylt,hv )‘It,ha XO)] =K [l (y27 )‘;;7 XO)] .



Notice that for any Q € P(X), the distance between the saddle point of Lj, w.r.t. Q and the the saddle
point of L w.r.t. Q converges to 0 as k approaches co. To see this, notice that

[ A |
L(y, A, —FF < L A
Sy e L M @) = T < i L 2.Q)

E
< Ly, A —
I;égglgg (y, A\, Q) + -

for some constant E, since ) is bounded. The last part in our proof will be to show that if (yk, X; ¥)is
the minimax of L w.r.t. P{XolXj,i}’ then as k approaches oo, E {l (yk, /\k, XO)] will converge a.s.
to V* and so E [l (y;, A, Xo)].

To show this, we will use the sub-martingale convergence theorem twice. First, we define Z, as

Zr 2 min E | max E [I (y, \, Xo) | X_2 Xl],
¢ £ min B max B [1(y, 2 Xo) | X71) | X7

where the minimum is taken w.r.t. all o(X ~}})-measurable strategies and the maximum is taken w.r.t.

all o(XZ ;o)—measurable strategies. Notice that Zj; is a super-martingale. We can see this by using
the tower property of conditional expectations,

EZir1 | X) = E[E[Zi | XDy | X5]
and since Zj_; is the optimal choice in ) w.r.t. to X _ k 1
<E[E[Z | XT3 4] | XT4] =E[Z | X 73] = Zk.
Note also that E[Z] is uniformly bounded. Therefore, we can apply the super-martingale convergence
theorem and get that Z;, — Z, a.s., where,
Zoo = E [y, Xos Xo) | X250 = V7,

and by using Lebesgue’s dominated convergence theorem, also E[Z;] — E[Z.] = V*. Using the
same arguments, 7, 1> defined as

Z, & max E [min E [ (y, A, Xo) | X=X | X_,i] ,

yeY()

where the maximum is taken w.r.t. all o(X_ ,i) measurable strategies and the minimum is taken

w.rt. all o(X_ éo) measurable strategies, is a sub-martingale that also converges a.s. to Z, and thus

E[Z,] —» E[Zs] = V*.
We conclude the proof by noticing that the following relation holds for any &,

E[Z/]=E E | min E [l (y,\, Xo) | X2 Xl”
741 = | o B | i B 10, X0) | X24] X

< [ B[ ) 1x22] x|
=F L@%{()E {l (zJZ,A,Xo) | X;H =E [Z (yAZ’XZ’XO)} ’

and using similar arguments we can show that also
E (1 (v, X Xo) | < ElZ)

and since both E[Z}] and E[Z} ] converge to V*, we get the desired result.



4 Proof of Theorem

Before proving the main theorem regarding MHA, we now state and prove the following lemma,
which is used in the proof of the main result regarding MHA.

Lemma 4. Let {Hy, 1,} be a countable set of experts as defined in the proof of Theorem Then, the
following relation holds a.s.:

N
inf lim sup — L( i, Xi) <V*
k,h naoop ; ykh? v )
N
< supli = b X
il ! 0

where (y;, A\;) are the predictions of MHA when applied on {Hy, 1, }.

Proof. Set

We will start from the LHS,
N

inflimsup%Zl (y;i,h,)sz‘) ) (10)

h
v m—oo i—1

and similarly to Lemmal[I] by using the strong law of large numbers we can write

QID mfhmsup — Z]E ykﬁh, )\i7X0) | Xf_li]

1 n—oo i=1
1N
< 1nfhmsup— g , a.s. (11
st = 1f ykh XolX ! )

For fixed k, h > 0, from the proof of Theorem , y}c h — Yg p &. as i approaches oo, and from
Levy’s zero-one law also P Xo|X1 P, weakly. From Lemma we know that f is continuous,
1—i

therefore, we can apply Lemma 1 and get that
(1) = inf E (B [f (s Poo)]] < Jim Jim E £ (g7 p,Poo)] (12)

k—o00 =00

From the uniqueness of the saddle point and from the proof of Theorem (2)), for fiked & > 0,
hlim Ykn — Y
—00
a.s.. Thus, from the continuity of f we get that
i f (s Poo) = f(yr Poc)

and again by Lebesgue’s dominated convergence,

|) = leEOE[f(yZ,IP’OO)] = lim E {mapr [l (y};,)\,Xo)]} . (13)

k—o0 A€EA

Now, from Theoremwe know that every accumulation point of the sequence {y; } is in the optimal
set
arg min (mapr [ (y, A, Xo)]) .
yey

Therefore a.s.
lim maxIE]p [ (yis A, Xo)] = Ep_ [T (yie, Asy, X0)]

k—oo AEA
and using Lebesgue’s dominated convergence,

(13) = E[Ep,. [ (v, A%, Xo)]] = V"
Using similar arguments, we can show the second part of the lemma.



We are now ready to state and prove the optimality of MHA.

Theorem 3 (Optimality of MHA). Let (y;, \;) be the predictions generated by MHA when applied
on {Hy, 1, } as defined in the proof of Theorem|2| Then, for any ~y-feasible process {X;}>°..: MHA is
a y-bounded and ~y-universal strategy.

Proof. We first show that
lim sz (yis Aiy X;) = V* (14)

Applying Lemma 5 in [6]], we know that the o updates guarantee that for every expert Hy, 3,

al Crn
l(ym)‘wxz <= Z yk h7)\z>$z \/N (15)

==
e

@
Il
_

2|~
1=

N
Uyi, Miswi) > — Z (Yis Nl 1) — —m (16)

=1

where Cy, , C}. ,, > 0 are some constants independent of N. In particular, using Equation l|

1 < N C
T 13/\17x1 S ,)\1,581 +7kh .
e < (5 S t0ka e + )

Therefore, we get

N
lim sup — Zl Yir Nir Ti)

N—oc0 1

al Chon
Z yk ha)\uxz \/—>

C
l<yk h7)‘i7xl> h)

2=

N —oc0

< lim sup mf <

=] =
‘Mz H

< inf lim sup (

kah N—o0 i=1 ’ \/7
1
< knﬁllj{fnj;lop (N ;l(y,’c7h,)\i,xi)> , (17)

where in the last inequality we used the fact that lim sup is sub-additive. Using Lemma (@), we get
that

.<V*

< 5uphm1nf— Zl Yis 2,h7Xz') . (18)

kh n—oo

Using similar arguments and using Equation (I6) we can show that
LN

< T VY

ib < lim inf = E_l Uyi, Ny )

1
limsup — > 1(yi, \i, 2:) < V* <hm1nf—Zl(yi,)\i,xi).

: N—o00
=1 =1

Summarizing, we have

=2



Therefore, we can conclude that a.s.

lim —Zl i Mi, Xi) = V*.

N—oco N

To show that MHA is indeed a y-bounded strategy and to shorten the notation, we will denote

g(y7 )‘a .T) £ /\(C(ya .T) - 7)
First, from Equation (IE[) applied on the expert Hy o, we get that:

N N
hmsup— Zg Yis Amax, T) < hmsup— Zg Yis Nis T). (19)

N—o0 i—1 N—o0 i—1

Moreover, since [ is uniformly continuous, for any given ¢ > 0, there exists § > 0, such that if
[N — Al < 6, then
|l(y7 )‘/7 {E) - l(yv >\a (E)| <e€

forany y € YV and x € X'. We also know that

lim lim lim /\;C h = Ano-
k—00 h—00 i—00

Therefore, there exist kg, hg, ig such that |)\k0 ho — An sol < dforany i > idg. Since limy_, o0 A} = A%
there exists kg such that |)\k — AL < <. Note that limy, /\,c = )\k , so there exists hg such
that |)\207h0 — )\}’;0| < g. Finally, since hmIHOO /\ko, lo = Mho.ly» there exists 4 such that if ¢ > i,
then |/\}CDJO — )\,”;OJD| < g. Combining all the above, we get that for kg, hg, ig if i > i, then

|/\20,h0 =Ml < |/\§co,h0 = Neohol + |/\§co,h0 = Mo | A%y — Al <0

Therefore,

N —oc0

N 1 N
limsup< Z Yis Asgs Ti —NZl(yi7>\i,xi)> <

i=1
1 1
limsup [ — Wy, Moy i) — — Wy, No ) |+
N_mop (N; (Z/ ) N; (y ko,ho ))
1 & 1 &
I%legop (N;l(yi, Zo,hwxi)—N;l(w,/\i,miO (20)

From the uniform continuity we also learn that the first summand is bounded above by ¢, and from
Equation (I6), we get that the last summand is bounded above by 0. Thus,

(20) <e,
and since ¢ is arbitrary, we get that
N LN
lim sup iy A - > Wy, Ai,xi) | <0
o (0 L

Thus,

. 1
lim sup —
N—o00

UWyi, A5, Xi) < V¥,

M=

i=1
and from Theorem 1 we can conclude that

li !

m —

N 1~>c>o N

WE

Uyi, Ao, Xi) = V5.

=1



Therefore, we can deduce that

hmsupNZg Yiy Niy Tj) — hmbup—Zg Yis Ao, Ti) =

N—oc0 N—o0
=1

N
1
lim sup — iy Niy L —|—hm1nf— iy Aoy
msup - zgy ) 2 9(yi, Moo, 1)

=
Mz

N
< limsup — Z (Yis Ay i) —

N—oc0

(yu Ao Ti)

Uy A =0,

N—oc0

=] =
H'Mz
i

| X
:limsupﬁzl(yi,&,% -
i=1

which results in
N

hmsupizg yw)\mx’b) < hmsupizg yzv oo7 )
N—00 1 N—00 i—1

Combining the above with Equation (I9), we get that

limsup — N Zg Yis maxaxz)

N—oc0

N
< hmsupfzg (Yis Noos ).

N—o00 i—1
Since 0 < A%, < Amax, we get that MHA is y-bounded. This also implies that
hmsup— Ni(e(yi, zi) — ) <0.
N—o00 Z v )

Now, if we apply Equation (16) on the expert //_; _;, we get that

N
1
1. . f ) . ) _ > .
}\Ifnm N E_l Xi(e(ys,zi) —v) >0
Thus,

lim —Z)\ c(yi, z) —7) =0,

N—oco N

and using Equation (T4), we get that MHA is also y-universal.
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