A Hoeffding’s Inequality for Sub-Gaussian RVs

Let X1, .., X, be independent, mean-zero, Jf-sub-Gaussian random variables. Then for all t > 0,

P (Z} X; > t> < exp{ s 01_2} (14)

B Optimal Policy

B.1 Proof of Lemma[2.1]

In this section we show that 7™, defined by Eq. (3) is an optimal policy for the RB problem.
Assume on the contrary, that 7™* is not an optimal policy. Thus, there exists a time horizon, 7', for
which there exists some other policy w49 that satisfies .J (T; wcand) > J (T 7).

Let m be the first time step in which 7€ deviates from 7™, since J (T; Wca“d) > J(T; ™) we
infer that m < T (i.e., there is such time step). Let 7 be a policy defined by,

wreand (4) | ift <m
7 (t) = S argmax;cip {u (Ni (m) + 1;07)}, ift =m
meand (+ 1), ift >m

where if there exist more than one member in argmax;c ) {¢ (N; (m) + 1;67)}, @ chooses the

same action as 7™, That is, 7 mimics 7" until time step m, then plays according to argmax rule,

and then re-mimics 7. Let j,,,, yur be the expected rewards of the arms that 7 chose at the m*"
time step, and that 7" chose at the 7" time step, respectively. It is easy to see that,

J(T;7) — J (T;7°") = py — pr >0 (15)

where the second transition holds by the argmax rule combined with the assumption that the expected
rewards are non-increasing (assumption . Thus, J (T;7) > J (T; 7). If we apply the above
logic steps recursively, we obtain a series of policies with non-decreasing values of expected total
reward J (T; -), where the series ends when there is no time step which deviates from 7™, i.e.,
J(T;7m) > J (T ; ﬂca“d), in contradiction to 7™** being non-optimal. Thus, we infer that 7™ is
indeed an optimal policy.

C Non-Parametric Case

C.1 Proof of Thm.[3.1]

We define,

M = [ad?/30?3K=2/3T?/3 10"/ (\2T)]

q — o~ 1/291/3,2/3 [r1/3p—1/31,1/3 (\/§T)
and start by making two useful observations:

Observation 1: By Hoeffding’s Inequality we have,

1

P(I Xy —E[Xum]|>q) <2

(16)

where X is the empirical average of M independent o2 sub-Gaussian samples.

Observation 2: Since the expected rewards of an arm only depends on the time it is being pulled (and
not on the time step itself), the expected total reward of a policy only depends on the number of pulls
of the different arms (and not on the order of pulls).

From now on we assume that | X, — E [X /] | < g (see Observation 1) for all arms throughout the
trajectory, and later address the case where it is violated.
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Step 1: bound the number of significantly sub-optimal pulls.

In what is following we prove by induction that for all the ends of time steps ¢ € [T'], by applying
SWA, there is no arm j for which,

{|n t (NJ’TSWA (t) — n) < ng[z}?] [ﬂi (NZTSWA (t))] —2q, ne NO} > M (17

where N e (t) is the number of pulls of arms i at time ¢ induced by policy 7SWA, which is defined
by the SWA algorithm. That is, following SWA ensures that for all time steps, no arm would be
pulled more than M times in which its expected reward is at least 2¢q lower than the expected reward
of the (current) optimal arm.

Basis: for all the ends of time steps ¢ € {1, .., KM} this holds trivially since, by the definition of
SWA we pull each arm exactly M times.

Inductive hypothesis: Assume that the above statement holds for the end of time step ¢’ such that,
KM<t<T.

Inductive step: We show that the above statement holds for the end of time step ¢’ + 1. By the
non-increasing Assumption 2.1 we note two things: (1) The RHS of the inner inequality in Eq.
is non-increasing in ¢, thus if the inequality did not hold for some arm j at the end of time step ¢’ it
can only hold for it at the end of ¢’ + 1 if SWA pulls arm j in that round. (2) The number of ns for
which the inequality holds for some arm j can increase only by one at each time step. Combining the
two with our inductive hypothesis we simply need to show that if for some arm j, Eq. holds with
equality (i.e., the number of ns is M), that arm would not be pulled in ¢’ + 1. By the non-increasing

Assumption 2.1 we know that the last M expected rewards of arm j are those who are at least 2¢
SWA

lower. Let ¢* € argmax;¢ [k [ul— (Nf o+ 1))} (if this set contains more than one arm, choose

arbitrarily). We have,

SWA / , SWA , ,
NTT(¢41) N7 (1)

1 3 nWp |2 3 .2

" 7 il ta s
M _NWSWA ’ y ! M _ 7rSWA ’ !

n=N7" (¢ 41)~ M +1 n=N7"A(¢/+1)~M+1
aSWA (3) aSWA (4)
#j(Nj (t+1)—M+1)+q<ui*(Ni* (t+1))—q§
N?;SWA(t’+1) NiSWA(t’Jrl)
1 ’ ®) 1 '
E |3 > i < 57 > o (18)
n=NZ" (¢ 4+1)—M+1 n=NTYA (¢4 1)~ M+1

where (1) and (5) hold by our assumption regarding | X — E [X1/] | < ¢, (2) and (4) hold by the
non-increasing Assumption and (3) holds by the definition of the inequality in Eq. . Since the
SWA algorithm chooses in the Balance step according to the empirical averages of the last M -pulls of
each arm, we infer that arm j would not be pulled (:* has higher empirical average). This concludes
the inductive step proof, and hence our statement holds.

Step 2: bound J (T; 7™) — J (T; 7SWA).
Let 7™ be a policy defined by,

T (t) € argmax{p; (N; ()} (19)
1€[K]
where we first pull each arm once using Round-Robin (before following the above rule), and in a
case of tie, break it using the smallest index.

Define .
™ (T) = { (i, ™) } (20)
t=1

max smax

to be the (deterministic) set of tuples induced by applying 7™, where ¢}"** is the arm chosen at time
step ¢, and ny"™ is the time it is being pulled. In the same manner, we define the (stochastic) set
ISWA(T), composed of (ifWA, n?WA) tuples, which induced by applying 75WA. We further define
IT, (T) = I™ (T) \{I™ (T) N VA (T)}, and IS¥ (T) = IV (T) \{(I™ (T) 0 1™ (T)},

\max
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and also pg* (T + 1) = max;e(x] [ui (NZTSWA (T + 1))} . By Observation 2, the difference in the

policies expected total rewards only depends on these number of pull sets. Since both policies start
with one Round-Robin pulls of the arms we have,

J (T, ﬂ_rﬁ) T 7_(_SWA Z l/[/Zmax ( mdx) Z /.L7SWA

(121|x7n|tmx)€1max ( -SWA n SWA)€ISWA
= Z /,L,Lmax ( max) Z /,LlSWA SWA
(Fa)erfa (@ n)ert @

< e (T + 1) % [Tl =0 x KM

— (1S (T +1) = 20) x (|FBal — KM)
< KM max u; (1) + 24T

i€[K]

The first inequality holds by: (1) the non-increasing Assumption [2.1]implies that all the tuples in
1 {nsa\)r(m correspond to expected reward upper bounded by pSWA (T + 1), and (2) by what we showed
in Step 1, there are at most K M members in I \SWA that are more than 2q below pSWA (T + 1), and
the positiveness of the expected rewards by Assumption [2.1] The second inequality holds by trivially

bounding pSWA (T + 1) < max;e(x] fi (1), and |I{“Sd\’,§,A| = |I\5r‘:]‘;’?(| <T.

Finally, we note that all the above analysis was done assuming that | X, — E [X M] | < ¢ for all
arms throughout the trajectory, and we now address the case where it is violated. By Observation 1,
the probability of the inequality to be violated < 1/72. The number of times this inequality is
tested throughout the trajectory is bounded by K'T' (for each of the arms, in every time step, during

the Balance step), and if the inequality is violated (even once) then J (T'; 7™X) — J (T'; wSWA) is
trivially bounded by 7' max; ¢ p1; (1) according to the non-increasing Assumption Thus, we
infer that in expectation we have,

J (T; w“‘A) — J(T; 7YY < KM max pi; (1) + 297 + K max 1z, (1) 22)
i€[K] i€[K]

Step 3: bound the regret.
We bound the regret using our previous obtained result for I by,
. SWA) _ . _ . _SWA
R(T; 7)) = Errlélﬁc{J(T,w)} J (T, m>)
=J(T;7™) - J (T; WSWA)
- (J (T; ™) — (T; nmA)) n (J (T; 71'"/“\‘“) —J(T; wSWA))
<K m[ax] i (1) + (J (T; w“/ﬁ> - J (T WSWA))
ie[K

<K ; KM ;(1) +2qT
< gg@ﬁu()Jr irg[f;g]u(Hq

= (a max t; (1) + a_1/2) 4213523 1323 1n1/3 (\/§T> +3K m[z% i (1)
i€

i€[K]
(23)

where the first equality holds by Lemma the first inequality holds by Theorem 3 in [Heidari
et al.|[2016], the second inequality holds by the bound we found in Step 2, and the last equality holds
by plugging in the definition for M and g. This establishes Theorem 3.1

C.2 Proof of Corollary[3.1.1]

For convenience, we define the following objects: R (t; — t2;7) is the regret accumulated between
time steps ¢ and ¢2 (included), by applying policy 7 consistently. R (t; — to; ma|my (t1)) is the
regret accumulated between time steps ¢ and t2, by applying 7 until time step ¢;, and then 75 for
the measured time steps. We define similar objects for the expected total reward, J.
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‘We note that,
J(tl — tQ;ﬂ_max) < J (tl — tg;’/Tma

T (tl)) , Vrell 4)

The above inequality can be understood by the following argument: consider a decreasing sorted list
of all the expected rewards across all arms. By Assumption[2.1] at each time step, 7™** simply pulls
an arm corresponding to the highest element in that list, that was not previously pulled (independently
of previous pulls).

Thus, J (t; — to; 7™) is the sum of the t{ to ¢ elements in this list, which is the lowest possible
sum of the |t2 — ¢; + 1| highest elements in the list, following any |¢; — 1| pulls.

Consider the n™ iteration of wSWA.. i.e., between time steps t; = 2"~ ! and ¢, = min [2" — 1, T.
‘We have,

R (t1 Sty 7TwSWA) @ J(t = to; ™) — J (t1 N tQ;ﬂ_wSWA)

(i) J (tl N t2;7TmaX grmax (t1)> —J (tl N tQ;WWSWA 7_‘_WSWA (t1)>

3)

< J <t1 N t2;7rmax 7TwSWA (t1)> —J <t1 N tQ;WWSWA ,R_WSWA (t1)>

.y (25)
(:) J <t1 N 252;7T,max 7_rwSWA (t1)> —_J <t1 _ tg;?TSWA 7_l,wSWA (t1)>

(5) R (tl — tg;?TSWA

TVSWA (t1)>

(6)
< Rpound (t2 — t1 + 1)

where (1) and (2) hold by definition. (3) holds by Eq. . ) by noting the wSWA applies SWA
between ¢ and to. (5) by definition. (6) by observing that it is the regret of a known horizon problem
that holds Assumption [2.1] thus we can use the upper bound from Theorem denoted by Ryound-

Let 71 = [log, T'| + 1, thus 2771 < T < 2™ — 1, and we have,

R ( WSWA Z R 2y— 1 39V _ 1; 7_[_WSWA) +R (2'I_L—1 N T, 7_[_WSWA)

< Z Rbound + Rbound (T 2n 1 ]-)

nl

< Z Rbound

= i [A22”/3 In'/? (2y+1/2) + B]

y=0

(5) =
< Alnl/3 (\FQT) 3" 22/3 4 B(logy T + 1)
=

(26)

(6)
< A25/372/31n1/3 (ﬁT) + B(log, T +1)

where (1) holds by dividing the horizon and noting that the regret is additive. (2) holds by
Eq . ) holds by noting that both Theorem 3 from Heidari et al., and Step I from
the proof of Theorem - hold for any t € [T, thus the upper bound Rpouna holds for any
€ [T)] (clearly, by plugging T in the bound). (4) holds by plugging Ryouna and defining
A = (amax;e(r) i (1) + a~1/2) 423623 K13 and B = 3K max;e(x) i (1). (5) holds by
monotonicity of the logarithm, and noting that A and B are independent of y. Finally, (6) holds as a
sum of a geometric series, and simple algebra.
Plugging back A and B, we establish Corollary
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D Parametric Case

D.1 Proof of Thm.[4.1]

Bounding number of steps to optimality

We first characterize the bound, and later show feasibility (i.e., that the analysis we show here indeed
holds within the horizon).

Similar to the definition of m (p;67) and mj (p), we define m* (p;0;) as the solution

to optimization problem using Eq. as the proximity rule to hypothesize 6, and
m* (p) = maxgee m” (p; 0)

Let T be some unknown horizon. We first show that m* (7=

is finite. Define,

m m
PGSR u(j;H)‘} 27)
. —
Thus we have, when we sample only from arm 4,

P (0 () #6;) = P (30 # 67 : ¥ (i, 0) | < |Y (6,07:67) |
> n (6
j=1
< Qexp{ — ! p }
- 8 X dety. o 7,) (m)

(28)

where the first inequality holds by inclusion of events, and the second inequality holds by Eq. (14)
and the definition of dete* 6

j:l j=1

Since trivially bal (n) > n, by assumption [4.2] there exists a finite 7, for which,

~ 1, 2
det <=1 2KT 29
o B { et () < 1o (oHT) 9

Therefore, if we plug m back in to the above equation we get,

1 1
2 - < 30
eXp{ 8 x det,. (m)} = K12 30)

Thus, we have a finite /2 that satisfies the constraints of optimization problem forp =1/KT?,

and by definition m* ( ) <m.ie.,m* (ﬁ) is finite.

1
KT?
Given a rotting model, 67 of arm ¢, we term that arm ‘saturated’ if it has been pulled at least
m* (=; 07 ) times, which is finite since, by definition, m* (s5z;6;) < m* (7= ). We assume
that once an arm is ‘saturated’, it is truely detected every time step, and omit th1s assertion from now
on (we deal with the misdetection case later). i.e., we assume that once arm 7 hypothesize its rotting

model to be §; and also has been pulled at least m* (77=;07) times, then 0; = 0.

We next bound the number of pulls of different arms, given the number of pulls of some other arm.
Let s be the first time step for which min;e g {N; (s)} = maxgee-{m* (z4=;06)}. We first note
that s is finite since by Assumption4.1|we have u (n;80) € o (1), combined with the argmax rule
CTOgpy follows and its tie breaking rule, at some finite time step all arms would be pulled the
specified amount of times. By our above assumption, from this point on, all the arms’ rotting models
are correctly detected. Thus, for any arm j, N; (s) can be upper bounded by the solution for,

min ;
tj eN
t; > maxgeor {m* (=;0)} (€29)

H (tj + 1;9;) < ming g |:M maxgee- {m* (ﬁﬂg) },é)]

S.t
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where the above optimization bound characterization holds since:

(1) For any arm j € argmin;c g {/V; (s)}, this holds trivially by the explicit constraint
t; > maxgee+ {m* (4=:0)}.

(2) For any arm j ¢ argmin;c g {NV; (s)}, clearly the constraint on the lower bound holds. As
for the constraint on the upper bound, it holds by noting that all the arms’ hypothesized mod-
els are correct and CTOgyy follows an argmax policy, thus j would not be pulled such that
1 (Nj (s);07) < mingeo [ (maxgco-{m* (z7z;0)})]. as the RHS is the lowest obtainable ex-
pected reward until time step s. In addition, since the tie breaking rule is least # of pulls, its expected
reward would not be equal to mingee [p (maxgeo-{m* (&r=:0)})].

Let fimin (5;0%) = minjepr) { (N; (s) ; 9;) }. Following CTOgpy policy we infer that there exists
5§ > s for which:

(1) o (N; (8) + 1;07) < piymin (s;0%), forall i € [K].

(2) 1 (N; (8);607) > pimin (s;0%), forall i ¢ argmin ;g {p (N; (5);65)}-

The above observation holds by noting that CTOgpy follows an argmax rule, thus it would
choose arms ¢ argmin,jx{u (N; (s) ;9;‘)} to be pulled as long as their expected reward is
strictly greater than already pulled minimal expected reward (i, (s; ©*), before the possibil-
ity of choosing arms with expected reward < pi,;, (s;0%). Since by Eq. we have that

min; e {p (N; (s);07)} > ming g [u (maxeec_)* (m* (s2:0)}; é)], we can upper bound 3
by the following,

min ||¢]1

t € NK
t; > maxgeo- {m* (s7pz:0)}, Vi€ [K] (32)

S.t
p(ti +1;07) < ming g {,u (maxeee* {m* (723 0) },é)} , VielK]

We turn to show optimality starting from time step 5. We start by showing for s.

Assume on the contrary that, J (§; 7™%*) # J (§ ; WCTOS'M). On the one hand, by Lemma we have,
J (8;7m) > J (5;7TOsm). On the other hand, Let {g; };c(x] be the set of the arms’ number of
pulls at time 5 following 7™** (respectively, {3;};c|x) for CTOsm), i.e.,

qi
T (@A™ = 0y w(hi0;) (33)

i€[K] j=1

We have that J (5; 7CTOM) — J (3;7™>) is a sum of pairs in the form of, 1 (1;607) — pu (h; 0;“)
where | < §;, and h > §;, for i # j € [K]. By definition of {5;} and the non-increasing
assumption we have that 11 (1;07) > fimin (5;0%), and fipmin (s;0%) > p (h; 07), resulting in
J (8; wCTOsm) > J (5; w™>). Hence, the regret vanishes in time step 3, achieving optimality.

We next show that the regret remains zero for § > s.

We showed optimality for time step s defined above. We next show optimality for s + 1. We examine
the two possible cases.

Case 1: Vi € [K] : ¢; = §;. Since CTOgy follows the argmax rule as 7™ does, we infer that
arms with equal expected reward would be chosen by both CTOgpy and 7#™**. Thereby, holding
J (54 1;am) = J (5 + 1;7°TOM)  ie., zero regret as stated.

Case 2: 3i : 5; # g;. Therefore, there is an arm, denoted as 74y, for which 8iyap < igq,- By the

LREZEE » Pigap
By the non-increasing assumption and the definition of 7™, since ¢;,,, > 3i,,, + 1, we

have p (qj§+1;0;‘§+1) <p (qi_qap; Gj‘gap) <p (51-9047 +1; Gj‘gap), where jz,1 is the arm chosen by
7™ Thus, on the one hand we have J (54 1;7™*) < J (54 1;7T%™). On the other hand,
by Lemma we have J (54 1;7™) > J (54 1;7T%m). Combining the two, we have
J(5+ 1;7m) = J (54 1; 7°TOm) e, zero regret as stated.

The above argument can be applied recursively for any § > 3, thus establishing optimality of CTOgspy
for all § > s, under true detection.

argmax rule, CTOgpy chooses an arm ¢34 such that, p (51“1 +1:0* ) >p (5,;9(”] +1:0* )
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If it happens to be that ||t||; < T, then for that T', CTOgpy will achieve zero regret (starting from §).
Since we require that the result will hold from some 7§}, onward, we need the above characterization

to also hold for any T >T. We thereby infer that the smallest 7" such that for any T > T, there
exists t for which the above stated result holds (i.e., the solution to the optimization problem is indeed

holds ||¢[|; < T)), can serve as an upper bound for T¢,,, resulting in 7¢;,; being upper bounded by
the solution for,

min T'
T,b € NU{0},¢ € NK
[ty <T+b
* 1 .
MU b, 3t { i = maxece: {m (rat9) }

p(t; +1;07) < mingg [u (maxeee* {m* (m;@) },é)}

(34)

Feasibility
In order to show feasibility, we wish to obtain,

{# of steps for Detection} + {# of steps for Balance} < T’

where Detection is a phase of pulling arms until the rotting models are detected with high
enough probability (defined below), and Balance is a phase which at the end of it there is no
arm which yields strictly higher expected reward than the minimal observed expected reward
so far, as explained in the former step, resulting in vanishing regret (similar to s and s dis-
cussed above). We require that the detection of each arm is w.p of at least 1 — ﬁ Define

W (T) = maxg, g, {detéfﬁz) (% In* (\/ 2KT)> } As shown in the beginning of this proof, af-

ter pulling an arm for W (T") times, the probability of misdetection its rotting model < K1T2 . We
refer to an arm that has been pulled at least W (T') times as ‘strongly saturated’. From now on we will
assume that any ‘strongly saturated” arm is truely detected at each decision point, and will discuss the

other case later on.

On the one hand, by the definition of bal (), the non-increasing assumption and the rule of
tie breaking applied by CTOgpy, we have that all arms become ‘strongly saturated’ after, at most,
W(T)+ (K —1) x bal (W (T)) time steps.

On the other hand, from the definition of bal (), and CTOgpy, we infer that no arm would be pulled
bal (W (T')) + 1 times before all other arms would become ‘strongly saturated’.

Combining the two above observations we have that, after at most W (T') + (K — 1) x bal (W (T))
time steps, there exists a time step in which all arms have became ‘strongly saturated’, but were
not pulled more than bal (W (T')) times. From that point, following the same flow at the former
subsection, the total number of pulls required in order to “balance" the arms (i.e., there is no pull that
would yield strictly higher reward than the minimal expected reward observed so far), is bounded by
K X bal (W (T)). That is under the worst case scenario, where every arm that becomes ‘strongly
saturated‘ is detected to be an arm that requires bal (W (T')) pulls to “balance" itself w.r.t to another
‘strongly saturated’ arm. Thus, we infer that,

{# of steps for Detection} + {# of steps for Balance} < K x bal (W (T'))

-1 ~
Lete = (K V2K ) . By assumption we have that there exists a finite 7},,,, for which,

. 1 . .
> Thnas - PP = <
VT > Tonas : bal (91;%3?@2 {detelﬁz (16 In (T)) }) <l (35)

-1 _
We denote 1" = (\/2K> T, and get,
T,

VT > 2% K xbal (W(T) <T 36

- V2K (W(T)) < (36)

which implies, under true detection, that V71" > Tmm /V2K, CTOgpy algorithm achieves zero regret.

Since by definition we have V0 € © : m* (14=:60) < m* (=), and by definition of m* (=)
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we have m* (=) < W (T), we infer that there exists (a finite) 7 that holds the optimization
problem characterization as stated above (i.e., V1" > Tg},, the optimization problem is feasible).

Misdetection and Expectation

So far, we assumed that each ‘saturated’ (or ‘strongly saturated’) arm is truely detected. By definition
each ‘saturated’ (or ‘strongly saturated’) arm probability of misdetection in any time step is upper
bounded by 1/KT?. Thereby, after all the arms are ‘saturated’, the probability of a misdetection
in each time step is upper bounded by 1/T2. The number of time steps where all the arms are
‘saturated’ (referred to as the ‘saturated step’) is trivially bounded by T'. Hence, the probability that a
misdetection occurs after the ‘saturated step’ is bounded by 1/7". Meaning that VT > T, sivi» CTOsiv
achieves zero regret w.p of at least 1 — 1/7.

Next, we note that, as for the case where we misdetect any arm,

K N™(T) K NiCTOSIM (T)
J(T;7™) = J (T; 7TOm) }{j j{j p(00) => " > (o))
i= i=1 j=1

N;nax (T)

K
e (3D
< Z {Nmax(T)>NCTOSIM (T)} Z 1% (]7 91 )
i=1 NfTOSIM (T)+1

Sanx{u<mm{N““M )LG)}

0cO* i€[K]

where the first inequality holds by only considering cases where N/ (T') > N, ZC TOsnv (T), and not
the other way around (since the expected rewards are positive by Assumption 4.1)).

By applying expectation over events (true detection or not), we get,

R (T;7TO™M) = R (T; 7T |true detection) x P (true detection)

+ R (T; 7" |misdetection) x P (misdetection)

(38)
< NCTOS‘M T\ 6
= fnax {H (gg[lgg]{ ;oMM
Finally,
K
T = Z NiCTOSIM (T)
=1
< min NZ.CTOSIM (T) + (K — 1) max NZCTOSIM (T)
i€[K] i€[K] 39)

< min NiCTOSIM (T)+ (K — 1) x bal (mln NCTOSIM (T))
1€[K] et

< K X bal (mln NCTOS'M
1€[K]

Hence, by assumption , min, g Ny O™ (T) 258° 50, resulting in R (T; 7€) € 0(1), and
trivially < maxgeo- p (1;6).
We Note that from the feasibility step, given a function U (¢) that satisfies ¥n > U (¢),

1
*J L 1 <
! <91§53§@2 {d o0 (16 = (”)> }) s en (40)
we have,
-1
U(Q«@K) )
T = V2K 1)
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D.2 Proof of Thm.

Decomposing the regret
First, we upper bound the regret by,

X ]E[ j"““(T)] X ]E[N,;’D Toues (T)]
R (T3 710w ) = 3~ HAOEDS i (4)
i=1 =1 i—1 j=1
(A7) T w B[N )]
< i () + Y pae () = 1i (5)
ita*  j=1 j=1 i=1 =1

E [NFD»CTOUCB (T)]

T i
=COAwH+ > =D, > w)
E[NZ™ (T)]+1 i#a* j=1
T B[Ny (1)
<CO {uh+ D, (e +u(165) - > > s
E[NT™(T)]+1 i#a* j=1
< C(O (i) + D E [N ()] ¢ (A 1 (1365))
i#a*

(42)

where E [Ni’r " (T)] is the expected number of pulls of arm ¢ at time 7" induced by the optimal
policy, 7™, and EN/] > touen (T) is the expected number of pulls induced by policy 7P-CTOuce The

first inequality holds by noting that 7™ pulls according to argmax rule, thus any arm 7 # a* would
not be pulled after yielding expected reward not greater than 1€, according to the behavior of p (-;-)

by assumption [2.1]

Detecting the models
Next, we show that mj (§/K) is finite. Define,
L5] n
D(p(0),L,n)=> u(i;0)— > n(i0) (43)
j=1 j=L3+1
and,
6 ) = angin { | G (567)  1,70) = D (u50). 1,70 |} (@)
0407

Thus, we have, when we sample only from arm ¢, and for an even m

P (o () # 9;) —PE0 0" |Z G ;0)| < |Z(i,m:0)))

(3

(45)

1
<2exp{ -
= eXp{ 8 x Ddety, (o (m)}

19



where the first inequality holds by inclusion of events, and the second inequality holds by Eq. (T4),
the definition of Ddet,. ., and noting that for an even 1 we have,

Z m
E[Y ri- > v =D(u(;6),1,m) (46)
Jj=1 j=2+1
By assumption@ there exists a finite, even, m for which,
N 1., (2K
o e {Ddeteh% () } sgh (5) “7)
If we plug m back to the above equation we get,
1 0
2 - < = 48
exp{ 8 x Ddety. g1 (1n) (m)} T K @

Thus, we have a finite m that satisfies the constraints of Prob. for p = §/ K, and by definition
mie (0/K) <. ie., miy (6/K) is finite.

Bounding number of pulls
We wish to bound E [N T PToues

to the Detect step), we pull each arm mJ;, (§/K) times, hence,

T
D-CTO; *
NF(T) = mg (0/K) + Z Liity=i} (49)
t=K xmj(6/K)+1
where 1.y is the indicator function. Similarly to the proof of UCB1 (Auer et al.| [2002a]) we have,

(T)} for all 4 # a*. Remember that in the exploration part (leading

D-CTOyCE

%) t—1 t—1
LR LD DD DR D 1 R AP SR T PN s O € )
t=1 s=mj,(6/K) si=l;

2
1) T

note that we assume that we have detected the true underlying rotting models (holds w.p of at least
1 — 6 as shown above).
The above indicator function holds when at least one of the following holds,
AE. (8) < HGe — ers
fii (si) = pg + ces, D
frg + 1 (8305) < pg + (535 07) 4 20,
Plugging c¢; s and c¢; ,, and using Eq. (@, we have,

where for some ¢; € (0, A;), we denote /; = max {m;‘iff (8/K), i (€50 }, and we

{P(ﬂZ* (S) S M’Z* - Ct’S) = t_4 (52)
P(ji§ (si) = p§ + ) =71
And for s; > [; we have,
tar + p(s305.) — pi — p (535 07) — 20,5, = pige — pi — (533 67) — 2ce.,
> e — i — € — 2, )

= (A, — EZ‘) — 2615731.
>0
where the first inequality holds by assumption the second inequality by s; > u*+ (¢;;07), and
the third inequality by s; > [ (332_1;)7; 1.
Thus, combining the above observations, we get,

oo t—1 t—1
EINT(DI<U+Y, Y > (PG < pge —cos) + P (AT 2 pf +crs,))
t=1 s=mj;(0/K) si=l; (54)
2
sli+3
Denoting C (0%, {u}) = C (0%, {us}) + D itar # (A; 4+ p(1;6%.)), and plugging back into
the upper bound on the regret, we achieve the stated result.
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E Example[4.1]

Next, we show an example for which the different assumptions hold; the case where the reward of
arm i for its n'™ pull is distributed as N (u§ + n_gi*,aQ). Where 0 € © = {61,02,...,0)}, and
VO € ©:0.01 <6 <0.49.

E.1 Assumption[4.1]

The assumption given by p (n; ) is positive, non-increasing in n, and p (n;0) € 0(1),V0 € O,
where O is a discrete known set. Indeed, for any 6 € {61, 0,, ..., 0, }, which is a discrete known set
where 0.01 < 0 < 0.49, we have n=? > 0 for all n > 1. Moreover, on? _ —On—?=1 < 0 for all

90
n>1,andn=f "=5°0.

E.2 Assumption[4.2]

The assumption is given by,

* 1. _
pat , max {aetit, (7 @) ) o) 55)

Without a loss of generality, assume 6 > 6,. We have for large enough n,

2

no
d€t91792 (n) = 5
noig noig
(Zj:lj ' Zj:lJ 2)
no?
S 3
(cint=% — ¢y — conl—02)
no? (56)
©En2201 4 2p2-202 — 2cicon2~ 102 — 2cInl =01 4 2ciconlf2 4 3
no?
- 5n27291
c
= i-26

where {c1, ¢2, ¢, ¢} are positive constants (independent of n). The first inequality holds by bounding
the sums by integrals and keeping in mind that #3 > 6, combined with 0.01 < 6 < 0.49. The second
inequality holds from large enough n (leading exponent, depends only on {61, 6>}, but finite).
Next, we have,
L) = n > (168 (¢) > (1621n (¢))P (57)
nl—201 " 16

Meaning that ( large enough,

1
>l —1 ~ 50
01;%3;(@2 {det91,92 (161n (C)) } < (16¢1n (¢)) (58)
Next, we have,
0670'1 S If(].49 — a Z 1,4.9 (59)
Hence, bal (x) = 2*. Since bal (+) is monotonically increasing, we have that for ¢ large enough,
1
- —1 1,245
bal (91;%??@2 {d6t01,02 (16 In (C)) }) < ¢In** (¢) (60)
where ¢ is a positive constant (independent of (). Finally, we note that,
1n** ()
lim ——== = 1
e C 0 (1)

Thus we infer that the assumption holds.
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E.3 Assumption{4.3

The assumption is given by,

*|
91;%32{@2 {Dalet‘gl,g2 (¢) } <B(e) <oo, Ve>0 (62)

Without a loss of generality, assume 6 > 6. We have for large enough n,

2
Pltones 0= S 2
<<Zj=21 - Z?—Lzmjel) - <Zjil j02 - Z?—L3J+1j92)>
< 710'2
B 2
(cl(_'1+'2L%J1_01—-”¢‘91) ) (2(L%j +—1)1_92_.n1—92))
no?
< G
é
= m

(63)

where {c;,co, ¢} are positive constants (independent of n). The inequalities hold by the same
arguments as in E.2. Again, following the same logic as the end of E.2, we have that the assumption
holds.
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