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The Supplementary Material is structured as follows: We give a outline
of the proof in Section 1. In Section 2, we proof Lemma 1, Theorem 1, and
Corollary 1 in the paper. In Section 3, we demonstrate the details and more
results of the experiments.

1 Outline of Proof

Below is the outline of our proof. We will ignore the subscript s in the proof of
Step 1, Step 2, Eq. (3) and Eq. (4) in Step 3, and Step 4, since the analysis are
in a single epoch and s is fixed in these steps.

Step: 1

We analyze x1. Through the optimal solution of x; in Eq (6) of the paper, and

the convexity of Fi(-), we can obtain:
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where we set X(x1,%z) = 0% (A1x1 + Agxy — b) + Ak,

Step: 2
We analyze x5. Through the optimal solution of x in Eq (7) of the paper, and
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the convexity of Fy(-), we can obtain:
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where E;, indicates that the expectation is taken over the random samples in
the minibatch 7 s, under the condition that y5, X, and x5 (the randomness in

the first sm+k iterations are fixed) are known and o = ﬁ. In step 2, we study

the point at w¥ = y& + 03(y5 — %) and 2"t = x5! 4+ 03(y5 — %2), where 63 is
an undetermined coefficient, which helps us eliminate the effect of the variance
in the stochastic gradient.

Step: 3
We consider the multiplier. Setting e = Nk o+ ﬁ(lTT)”(Alx’f + A2x’2€ —b), it
has the following properties:

AL = X(XIIH»1>X]2€+1)7 (3)
< < A
AL \E = 59—11 (x5 — (1= 01)x} — 01x] + Oa(xF — %1)),
A -
+/89712 (XSH — (1= 01)x5 — 01x5 + 02(x5 —%2)),  (4)
XS = A;n—l’ s> 1. (5)

Step: 4
Deﬁne L(X17X2, A) = Fl(Xl)_F1<XT)+F2(X2) —FQ(X§)+<}\, A1X1 +A2X2—b>.



Adding Eq. (1) and Eq. (2), and simplifying the result, we obtain Lemma 1:
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Step: 5
In step 5, we will first divide 8; on both side of Eq. (6) and then summing it
with k& from 0 to m — 1. Then after some simplifying, we can obtain
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where we use L(x¥, A*) and L(X,, A*) to denote L(x¥ |, x¥ 5, A*) and L(Xq,1, %52, A*),

respectively. Note that diving ; (not 62 ) on both side of Eq. (6) enables us to
achieve the non-ergodic O(1/S) result.

Step: 6
Summing Eq. (7) with s from 0 to S — 1, and simplifying the result, we obtain



Theorem 1:
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where C5 = 71_91’0;1(:1_1)92.
Step: 7
We prove Corollary 1:
. . 1
E|F(%s) ~ F(x)| < O(5),
- 1
E|A%s —b] < O(g) (9)

2 Proofs

Bound Variance. We bound the variance through [1, 4], namely:
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where [E;, indicates that the expectation is taken over the random choice of Zj, s,

under the condition that y5, X, and x5 are known, in equality < we use the
fact that each ¢ s is independent, and

Eir (V2. (¥5) = Vi, (X2)) = (V2(yh) = Vfo(R2)) = 0;



b
the inequality < uses the property that E||¢ —E(¢)||? = E||€]]? — |E¢||? < E||€]|%.
The proof is taken from [1, 4].

Proof of Step 1:
Set A(x1,%2) = % (A1x; + Asxy — b) + A*. For the optimal solution of x;
in Eq, (6) of the paper, we have

BIAT A, k1 k k Tx(k k k41
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Since f1 have Lipschitz continuous gradients, we have
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a
where u; is an arbitrary variable; in the inequality <, we use the property
that fi(-) is convex, and so fi(y¥) < fi(w) + (Vfi(yY),y* — u) and the

b
inequality < uses Eq. (11). Then for h;(-) is convex, and so hi(x¥*!) <
hi(ay) 4+ (Ohy (x¥1), x5 —uy), we have

- L
Fi(GH) < Fi(w) — (AT v8). 0 —w) + ! -y

ATA
— <L1 + BlIA LA 011 1”) Ty X ). (13)

Setting u; be x¥, X; and x}, respectively, then multiplying the three inequalities
by (1 — 61 — 65), 02, and 61, respectively, and adding them, we have
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a — — T
where in the equality <, we replace AT X(y%, y%) to be AT X(xF T, yk)— %fl (xhH—
yi)-
Proof of step 2:
For the optimal solution of x5 in Eq, (7) of the paper, we have

/3||A2TA2|| k+1 Ty (L k+1 Kk k+1
aly + 0 (Xz Y2) "‘sz(}’z) + A A, ys) € —0ha(x3" ), (15)

where we set a = 1+ %. Since fo have Lipschitz continuous gradients, we have

LT < falys) + (Via(ys), x5™ —y5) + H S —yhI?. (16)
We first consider (V fo(y%), x5+ — yk).
(Vfalyh), x5T — y5)
L (Vha(y5) up —y5 + x5 — uy)
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= (Viays),uz —y5) — 05(V foly5),y5 — X5)
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where in the equality =, we introduce an arbitrary variable uy (we will set it to

be x4, %, and x3), and in the equality =, we set 257! = x5*1 4 f3(y5 — %»).
For (V fo(y%),z**1 — uy), we have
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where in the equalities = and i we use Eq. (15); the inequality L uses zFH! =

x’j“ + 03(y5 — %3); the inequality < < uses the properties that:
(Oha(x51), g — x5™1) < ho(ug) — ho(x5™),

and
(Oha(x5H1), %o — x5T1) < hy(Re) — ha(x5T),
since ha(-) is convex. Rearranging terms on Eq. (18) and using Via(yk) =
Vfa(y5) + Vfa(y5) — V f2(y5), we have
(Vo(ys), 2" = uo) (19)
= hg(llg) hQ( k+1) + 93h2(X2> — 93h2( k+1)
TY (E+1 Lk 5HA2TA2|| k+1 k+1 k k+1
— (A AL yg) + aLQ"‘T (x5 —y8),03(x5T —y5) + 2" —uy
05 (Volyh) + V12(v5) = VLa(yh), x5 = vh).
Adding Eq. (17) and Eq. (19), and , we obtain

(14 05)(V fo(y5), x5! — y§)
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Multiplying Eq. (16) by (14 65) and then adding Eq. (20), we can eliminate the
term (V fo(y5), x5 — yk) and obtain
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where the inequality % uses the property that (Vfa(y5), us — y&) < fo(ug) —
fa(y5).



We now consider the term (V fa(y%)

_@fQ(yéC%e?) X

(x5! —y5) +2" —u).

We will set us be x’§ and x3, they do not depend on 7 s. So we obtain
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over the random samples in

the minibatch 7y, 4; in the equality £ we use the fact that

Es, (Vha(y}) — VE(yD) =0,

and x5, uy, and X, are independent of ir,s (are known), so

k
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b c d
the inequalities < and < hold similarly; the equality < uses the Cauchy-Schwarz

inequality; % uses Eq. (10). Taking expectation on Eq. (21) and adding Eq. (2

we obtain
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where in equality =, we use zFt! = x5 4 03(y5 — %2) and set 6 = #303'

Setting uy be x5 and x3, respectively, then multiplying the two inequalities by
1—61(1+65) and 61(1 + 65), and adding them, we obtain

(14 03)E;, (Fa(x kH))

< _E <AT>\ K+ yky +< 5||ATA2||> EHLyBY (14 05)x k+1_93)~<2>
E <AT>\ k+17y2 + <C¥ ﬂ”ATAQ”) k+1 (1_91(1+03)) >
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+ (1= 01(1+63)) Fa(x3) + (61(1 + 03)) Fo(x3) + 63 F ()
+Eik<(l+93>(2+”’”)L2|| y y§||2>. 2

Dividing Eq. (24) by (1 + 03), we obtain

E F2( k+1)
_ ATA _
< B (ARG + (an+ AR Gt oyt gt oo )
_ ATA ) %
—E;, <A2T>\( THLyh) + <aL2 + W) (x5 —y8) , —(1— 02 — 01)x5 — 91X2>

)Ly

~ (1 +
+(1 = 0y — 01) Fa(x5) + 01 Fo(x3) + 0o Fa(%2) + B, <b€2| ST =y ), (25)

__ 03 1—91(1-‘1—93) _ o o
where we use 6o = S and so e = 1—65—06;.

Proof of step 3:
Through Algorithm 1 in the paper, we have

A= Ak 202 (Alxl + Agxh — b) (26)
1

and

A= AF + 8 (AxET + ApxtE — D). (27)



Setting AF = AF + ﬁ(laijel)(Alx’f + Ayxk — b), we have

blad (28)
= Mty <911 - 1) (Arx)™! + Agx5t! —b)
S Lt ;%(Alx’f+1 + Ayxhtl —b)
=X
£ Ny 9’% (ArxiT + Aox5 T — b+ 0: (A1 (x5 — %1) + Ax(xh — %)),

where in equality =, we use Eq. (27); the equality = is obtained through Eq. (26).
Considering into AF = AF + M(Alxlf + Ayxk — b), we obtain

01
AR _ 3k
A -
= 60711 (le+1 — (]_ — 91)X’1C — 91)(1< + 92(X11C — Xl))
ﬁAQ k+1 o k * k_ 3z
+—91 (x5 (1 —61)x5 — 015 + O2(x5 — X2)) , (29)

where we use the fact that A;x7 + Aox5 = b. Now we prove j\T_l = 5\2 when
s> 1.

A0
- 1—6,,
S (Gl b) 7 L) (A1xTy + AoxTy — b)
a 5\2+5(9 +T—1> (A1xT + AsxT’, — b)
1,s—1
1
AT = B — 1) (AT + AgxTy — b) + Blg— +7 = 1) (A + Aox, — b)
= A"t — (A1x]y + Asx?, — b)
c im 5 m m im
= )‘s—l - (ﬁ - 91 1) (Alxs,l + A2Xs,2 - b) = >‘s—1’ (30)

1
01,5—1

A0y = A" 4 B(1—7)(A1x™y + Aox™, — b) in Algorithm 2 of the paper; the
equality = uses Eq. (27).

+ 7; the equality L uses

where the equality = uses the fact that ﬁ =

Proof of Lemma 1:
Define L(X17X2, A) = Fl(Xl)fFl(XT)+F2(X2) 7F2(X;)+<)\, A1X1 +A2X2*b>.

10



We have

LM )BT XY — 0, L(%1, %o, A*) — (1 — 0; — 0o) L(xF, x5, A%)
= F(xf™) = (1= 0, — 0)Fi(xf) — 61 F1(x}) — 021 (1)
FFy (x5T1) = (1= 0 — 01) Fa(x5) — 01 Fa(x3) — 02F(Rs)
+ (A AL [ = (1= 01 — 02)xF — 0% — 0:1x7]))
+ (X A [ — (1= 01 — 02)x5 — 0% — 0:1x3])). (31)

Adding Eq. (14) and Eq. (25), we have

Eik (L(X’erl k+1 A*)) — 92L(i1,5€27 }\ ) (1 — 92 — 91) (X17X27 A*)
Eik <A* - A( k+1,y2) A1 [le+1 - (1 - 91 - 92))(1 - 92X1 - 91X1]>
B (A = X y5), A [x5T — (1= 61 — 63)x5 — 0% — 013))

k+1 k+1
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1

[\

where in the equality =, we change the term A(x{*1 y%) to X(xiT!, x5+1) —

BAelAz (x51 — k). For the first two terms in the right hand of Eq. (32), we

have

(A" — X( P ST, Ay X — (1 - 01 — 02)xF — 0% — 01x7])
+ <A* — k+1 X]2€+1)7A2 [X§+1 — (1 — 01 — QQ)XIIC — 92)‘22 — 01X;]>

= EO\* _ )\k+175\’“+1 _ Xk>

— 971 \ k *(12 N\ k+1 *(12 \ k+1 k(12
= g (I IR X2 AR 3E2) (33)
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where in the first equality, we use L in Eq. (28) and Eq. (29), and in the second
equality we use the fact that

1 1 1
(a=b,a—c)=cfa=b[*+Sla—c|’ - |b—c|*
Substituting Eq (33) into Eq. (32), we obtain:
Ei, (L(xfT x5 ) — 02L(%1, %2, A*) — (1 — 05 — 61) L(x}, x5, X")
1 \ * N * \ \
2 (XS = XTI = B AR X2 = B AR = A?)

k+1 k+1
+E2k< * 7y1,X1+

IN

sal Ay

I— o7
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For the fourth and fifth terms in the right hand of Eq. (34), we have
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1

Hy1 (1791 *02)X — 0% *le*‘

i=1,2, (35)

where G, = (L JFM)If%TlAl and Gy = (aL +M>I
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M Then substituting Eq (35) into Eq. (34), we obtain:

i, (LGS x5 A)) — 02L(%1, %2, A7) — (1= 02 — 01) L(xF, x5, A%)  (36)
0 )\ * 3\ * N ~
< g (N = X B AR 2 = g AR = A?)
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1—0; —6)xh — 0,%, — 6,x7 ||
( 1 2) 1 2X1 1 1||<L1+QHA917;A1||>17BATA1

01

1 k k s * (|12
+§||YZ — (1 =01 — 02)x5 — 02X — 01 %5 (aL2+ﬁHA§A2H>I_ BAT Ay

01 01
1 k+1 k =S * (2
5B | %2 = (1 =61 — ba2)x3 — 022 — 13| (aL2+ﬁ|\A92T1A2u>I_ safay
k+1 k2 k+1 k2
'Lk”X ylH slAT A sala; — Eik||x2 - Y2|| slaT Ay sal A,
(At (et o
ﬁ

9 <A2Xk+1 Agylg, A1 [X’f—i_l (1 - 91 - 92)X]f - 925&1 - 91Xﬂ> .
1

For the last term in the right hand of Eq. (36), we have

Q’i <A xé“ A2y§7A1 [x]fH —(1-6, — 02)x1f — 09%; — 91xﬂ>
a e’i (Aox5T = Aov — (Asyh — Aov), Ay[xi = (1-0; —02)xF — 6.%1 — 0:x]]-0)
L ||A x5 — Apv 4+ Ay [x{T — (1 01 — 0)xF — 0o%; — 01x]] |2
o 1A = AP+ Ay - Agv?
—2—01||A2y’2C —Asv+ Ay (leH (1—6; — 02)xk — 0%, — 91X1) 12,
£ TLIA = MR = At - AavP + oAy - Auvl?
B 26,

7%”1&2}”5 — A.2V + A1 (le+1 — (1 — 01 — GQ)X]f — 925(1 — 01XT) ||2, (37)

where in the equality =, we set v = (1 — 01 — 05)x5 + 03%o + 01x35; the equality
b
= uses the fact that

(a=b,c—d) = (la+c|’—[la+d|*+[b+d|*—[b+c|?),

l\')\»—l

13



and the equality = uses Eq. (28). Substituting Eq. (37) into Eq. (36), we have
Ei, (L(x™, x5 A%)) — 02 L(X1, %o, A*) — (1 — 02 — 01) L(x}, x5, X*)  (38)
01 (15k |2 L F+1 * 2)
< 2 _ _ . _
< g5 (I =X = Ei AR =

1 ~
+§Ily’f —-(1-0, — 92)le — 6oy — 91XT||2<L1 g”AlTAlH)I_ sAT Ay
01 01

9 slaT Ayl

I— AT Ay
01

01

1 < *
B | D= (100 = it = o =01, )
1

1 k k ~ * |12
+5ly3 = (1= 01 — 62)x5 — 62%s — 013 | (oras 222420 ),

_Eik ”X]thl

k2 RTINS R D
_y1H<g||A¥"A1H>I BAT A, _Ezk||X2 _Y2||<ﬁ||Ag"A2H>I AT A,
01 I 01 T

_£]Eik [A2yh — Aov + Ay (X7 — (1 — 01 — 0)xF — 0% — 01x7) ||
1

Since the last three terms in the right hand of Eq. (38) are nonpositive, we
obtain:

Ei, (LT x5 A7) = 02 L(R1, %2, X)) — (1 — 02 — 01)L(xF, x5, X%)  (39)
91 \ k %112 L k+1 %12

< — — — K. —

< 35 (IIA AME = Eg, [|A Al )

1 k k = * |12
H5lly7 = (1 =01 = 02)x7 — 0:%1 — 01| (L1 BIIA;;AlH)I_ safa

1 < *
—*Eik ||le+1 — (]. — 01 — 92)X’f — 92X1 - 01X1||2

slatayll paT Ay
2 <L1+ o )I— R

1 ~ %
+§||y15 — (1= 61 — 02)x5 — 0%y — 91X2||2(

ATA
Lot 2! A 2u>1

1 k+1 k =~ *
—5Ei x5! — (1 — 61 — 02)x5 — O2%y — 91X2||2(QL +5|\A§A2H>I
2+

So Lemma 1 is proved.

Proof of Step 5:
Taking expectation over the first k iterations for Eq. (38) and diving 6; on

14



sides of it, we obtain:

1—-60;—-6;

1 - = oy
—E [L(xlf"'l,xg“,)\*)] — = L(X1, %9, A%) — 0

01
< % (||5‘k CMP-E [H;\m _ /\*HQD

L(x},x5,A") (40)

ﬁ”ylf — (]. — 01 — HQ)le — 02)21

+ — X

2 7, o, mgany s
_ﬁ]E ||XllCJrl — (]‘ B 01 B 02))(11C B 925{1 o X*||2

2 01 1 <L1+HA€71A1H>I_$1A1
+ﬁ”y]2“ — (1= 01— 02)x5 — 0s%> X312

2 01 7 (aza+ 124220 )y

91 X]2€+1 — (1 — 91 — 02)X12C — 925(2 %112
*E]E ” 9 - X2|| 1ad Ay ’

1 (aL2+T>I

the expectation is taken under the condition that randomness in the first s
epochs are fixed. Since

yb =xF 4 (1-06,— 92)(xk — xk*1)7 k>1,

we obtain:
1 0 1—65—-6
JE (LG X)) - LR e, A7) — kb A (4
1 < N ] "
< g (I =2 —E[I3 - X))
PR i (1—01 —0a)x)"" — 0oy X2
9 0, 1 (LﬁuAg;\lu)kAgfn
—ﬁE ||X]1€+17(1791—92)X]f792)21 —X*HQ . .
5 0, 1 <L1+IIA191A1H>17A191A1
01, %5 — (1 — 01 — 02)x5~! — 02%5 |2
_|_i —
2 H 01 X2||<aL2+7”A%1A2H>I
01 Xk—i_1 — (1 — 91 — 92)Xk — 925{2
_“E 2 2 — x*? , k>1.
2 I 6, 2| <aL2+7HA%1A2H )1 -

Adding the subscript s and taking expectation on the first s epoches, and

15



then summing Eq. (41) with & from 0 to m — 1, we have

m—1
1
B (LG X — L0, N) + 2000 SR (10 A7) — L', X))
1,s

k=1
1-6,,—40 0 -
< RSB (LGN - L, N)) + SR (DE N — L, AY)
1,s 1,s
1E Yo, — 01 — (1 — 01,5 —02)x w2
+§ H 91 s B Xl”(91,5L1+|\AfA1H)I—AfA1
IE X?}l—egxsl (1—915—9 )X:l_l w112
3 I 0, _X1”(91,5L1+||A1TA1|\)17A1TA1
1E Yoo —0aXso — (1 — 015 —602)x7, .12
_|_§ H 91,5 —X2||(a9175L2+\|A§A2H)I
1E x;’}2—6‘2x52 (1—915—9)X:?51 12
—5Ell . = %2 {ag, ot aT AL
55 (BIN =X =E[I57 - 317]). (42)

where we use L(x¥, A*) and L(Xs, A*) to denote L(x¥ |, x¥ ,, A*) and L(X,1, %52, A*),
respectively. Since L(x, A*) is convex for x, we have

mL(%s, A%)
m—1
1 -1
mL| — | [1— 7(7- 01,5 Xg g+ 1+ 1,5 x
m 92 -1 92 =1

SN P [<m>} % Lok, a3

IN

62
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Substituting Eq. (43) into Eq. (42), and using x™ ; = x?, we have

m—1
L (L, A7) — L, A)) + 2 S (A7) - L, )
01,5 s 3
< 1_&£;“_”&ﬁE@kibxﬂ—L@ﬂx»
1,s
—1 91 s m—

Z Xs—1s ) L(X*v}‘*))

1 yg,l - 02Xs,1 - (1 - 01,5 - 02)X871

* (12
+§EH 01 5 B xl”(el,sLﬁHAlTAlH)I—A?Al
1E Xgrjl — 925'(5’1 — (1 — 9175 — 92)X2?f1 w112
—5El 0 oy . oviaT A )I-AT A,
1y — %o — (1 — 016 — 02)xY
+*EHY 2 2Xs.2 ( 1,s 2) 5,2 _XSHQ .
2 01,5 (a01,sLo+]|AT As )T
92XS 2 — (]. — 9175 — 92)X;n51 2
—*EH = — Xg| T
015 (ab1,sLo+[|AT A )T
55 (BIN =X —E[IA7 - 7). (44)
Then through the setting of 6; 5 = m and 0y = Tl) we have
1 1—1701,
and
02 + 01 0 02 + Z=10;
2+ 01s 0o 1= ST s, (46)
01,5 91,s+1 91,s+1

Substituting Eq. (45) into the first term and Eq. (46) into the second term in
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the right hand of Eq. (44), we obtain

m—1
LB (L A7) - L, A + 2 SR (AT - Lixt, )

91,5 01,5 =1
1 m * * * 02 + 01 ,s—1 * *
S 9178_1E(L(Xs—1’)‘ )7L(X 7)‘ )) 915 1 ZE s 1 ) L(X 7>‘ ))
e Yo —0aXe1— (1 =01 —02)x0, |,
+5Ell o =Xl o viaT AL - AT A,
1 Xg 1 02X5 1 (1 — 91 s 02)X;n1_1 9
—-E| : : —x7| T T
9 01 5 1 (91‘SL1+|\A1 Ay])I-AT A,
1 Y9y —02Xeo— (1 =01 —02)x), .
+3El 0, B X2||(a91)5L2+\|A2TA2H)I
71E”XZ2 — 02)2372 — (1 — 9173 — GQ)XZLQ_I B x*||2
2 01,5 21061 s La+|| AT A )T
1 N * im *
+a5 (BIAL - X2 =B [JAT - X)) (47)

Proof of Theorem 1
When k = 0, for

01,5 m e -
Yorr = (1= 02)x]" + 0% 41 + 19 L1 = 01,6)xT — (1= 01,5 — 2)xT 71 — 0o, , (48)

1,s
we obtain

XTI — 0a%, — (1 — 01,5 — O2)x 1 yO ) —0oXop1 — (1 — 01 41 — 02)x0
ol,s 01,s+1

. (49)

Substituting Eq. (49) into the third and the fifth terms in the right hand of
Eq. (47) and substituting Eq. (30) into the last term in the right hand of Eq. (47),

18



we obtain

1 0o + 01,5
E (L(x™,A*) — L(x*, A*)) + 2+ ! Z E (L(x*,A*) — L(x*, X)) (50)
el,s 1,s
m—1
1 * % * 9 + 9 s5— * * *
< g B(LOE N — LT A)) + o Y TR (L AT) - LX)
1,s—1 1,s—1 b—1
1E XMy = 0a%e_11 — (1= 0161 — O2)x Y .12
+§ | 01 .1 - 1||(el,SLlJrHAlTAl\|)17A1TA1
E ngg 1 — (1 — 9175 — 02)X?1_1 %112
-5 || 01, *Xl”(91,5L1+|\A1TA1\|)1—A1TA1
1 Xy —0a%e 10— (1= 011 —O2)x07
+E|l = X2, . Lot AT AT
2 917571 ( 1,sLa+[|AZ 2H)
92Xs 2 — (]- - 91,8 - 92)’{:271 * (12
—*EH = X3, . Lot AT AL )T
01,3 ( 1,5 L2+l A3 2”)
EJAZ, = A2 = E[JA" = A2]), s>
25(” P =B[N =AP]). s>

For 61 s-1 > 61,5, SO ||X||317S_1L > ||X||317l§L, we get

1 b2 + 61,
E (L(X™, A*) — L(x*, A*)) + 2+ L ZE (x5, A%) — L(x", A%)) (51)
01,8 1,s
1 Oy + 0151 k
< E (L(x]* 1, A\*) — L(x*, \* _ E (L(x?_{,A\") — L(x*, \*
= b5 (L, A7) (A7) + 01.5-1 ,; (Loxon A7) (A7)
1 X0 q g —0aXe 11— (1—01 51— 0a)x) 1 112
+=E| —xi TAL ) I-AT
2 917571 (91,571L1+HA1 AIH)I 1A1 Ay
1 X0 = 0o%e1 — (1= 01 — x|
—ZE||= - x| y T
2 01 (01,:L1+I|AT A4 | )I-AT A,
1 X" o= 0% 10— (1 =011 —0)x™ 7
gt ~ %1 (1 =011 —02)x x| i
D) 0151 (ab1,5-1La+||AT Az )T
E — %0 — (1 — 61,5 — 92)XZ?{1 .12
2 || o = %5Ml(ap, . LariaT A
1 * im *
25(11*3||A “NE-E[Ar-NP]) s

When s = 0, through Eq. (47), and using that y§, = %o, = x0, and
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¥9o =X02 = XJ 5, we obtain

1 910+92
—E (L(x5*, A" L(x*,\")) E (xB, X*) — L(x*, \*
GoB (L AY) — L A7) + O Z £A%) L6 X))

1-— 91’0 + (m - 1)02
01,0

IN

(L(x0,A%)) = L(x*, A7)

0 * (|2
+*||X0,1 - Xl”(@1 oL1+[|AT A, |)I-AT A,

—0%p1 — (1 =610 — 92)X01 _ *”2

—*EH U6y 0L, +IAT AL ) I-AT A,

61,3:0

0 2
+*||Xo,2 - XT”(aol oL AT Az )T
—02%p2— (1 =010 — 92)X8?51
01,0

g5 (1% = 17— B 15 - 317)). (52)

_ *||2

—JEII 20y oLo+]|AT A2 |)I

Summing Eq. (51) s from 1 to S — 1 and adding Eq. (52), we have the result
that

LB (L, A7) — L, A7) + "15”221@ L, A7) — L, A%))

9175 91 S
1-— 91’0 + (m - 1)02 * Yk
< 0 (L(Xga)‘ ))_L(X A ))
1,0
0 * (|12 0 * (12
3 1%00 =X, o1, +pazasy-ara, T 5l%02 = X2l (a0, Lot jazan
1 N\ * \m *
+35 (H>\8 — A2 -E[IAg - A'2])
E —Os%Xg1 — (1 — 015 — 92)Xs1 )2
-3 ” 015 - 1”(91‘SL1+||APIFA1H)I—ATA1
E —O9Xgo— (1 — 01,5 — 92)"?2_1 |2
-5 H 01’3 o XzH(ael,sL2+||A2TA2H)I
1—91,0+(m—1)62 . -
< (L6 A%) — L6, A7)

1,0

0 * |12 0 * 12
+§||X071 — X4 ||(91,0L1+HA{A1H)I*A’{Al + §|‘XO,2 - X2H(Q91,0L2+HA§A2H)I

% (188 = "2 = E [IAg = A*)12]). (53)
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Now we analyse ||5\7S" — X*||2. From Eq. (30), for s > 1, we have

m

AP AL = AT A= 30 (R )

k=1
U 1
By (9
k=1

)1 01, — by
,S 91,5

Il=

Il

B m B0y + 01.5) "o~
(AX™ —b) + 2917,51 ; (Ax* —b)

el,s =1
_BA—b1s—0s) (Ax]"; —b) - 0 (AX;-1 —b)
9175 61,5
m—1
91,3 01’3 k=1
1= 61— (1= 1)1 b2t g0 =
— 2 : A o - b 6. A N b
B ( 01,5 (Axizy = b) + 015 kZ:; b
m—1
a B (AXT—b) 92+915 Z AX _
1,s L k=1
ﬂ 92 + 01 ,8— 1 s
A b A 54
9175_1 ( X1 ) 015 1 Z Xs 1 ) ( )

k=1

where the equality < uses Eq. (28); the equalities g, < and £ are obtained
through the same techniques of Eq. (42), Eq. (44) and Eq. (47). When s = 0,
we can obtain

m

N =X =30 (M- )

k=1
= (2 x-S () - 2 (g )
P b1,0 61,0 01,0
B B0z + 010) "~ (s B(L =010+ (m—1)0) g
= (Axp - b) 4 D2 IR0 T (Axk ) , Ax
010 (Axg ) 010 kz::l (Axg ) 010 (Axg

Summing Eq. (54) with s from 1 to S — 1 and adding Eq. (55), we have the
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result that
AT —XF = AT — AT+ A - A*

m—1
_ B axp by Bt Os) Z Axh _b) B0t (m=18)

0
- 1,0

134+ P 000) (a0 ) - e

01,0
2 M (A% S—b)+5\87w(Ax8—b)—A*.
1,5 610

)

01,5 s

where ithe equality < uses the definition of 5. Substituting Eq. (56) into E-
q. (53), we can obtain Theorem 1.

Proof of Corollary 1
We set
1—910+(m—1)92

c, = 2 B (F(x)) — F(x*) + (A", Ax) — b))

1, - 1-0
S8+ 20 gy x?
1,0

)

- 0 (2 - 0 x2
Falxor =3l oo iaray-ara, g% =%l 0 Az A

Since F(x) is convex,
F(xs) — F(x*) + (A\*, Axg — b) > 0.
Taking expectation, we obtain:
E(F(xs) — F(x") + (A", Axs — b)) > 0.

Then from Theorem 1, we obtain
s * * A C
E (F(%s) — F(x*) + (A*, Axg — b)) < Elel,s, (58)

and

ﬁ(m — 1)92

EH—(A R

(Axo —b) = X*||? <28Cy,  (59)

So
EHfS (Axs —b) + Ay — T (Axo —b) = X*|| < +/28Cy,  (60)

Where we use the fact that 0 < E (£ —E(€))® = E[£]2 — |E€[?, and set € =

|22 (Aks —b) + A) — 20 (Axg ) — A*[. Since a—b] > [lal — [b].

we obtaln

m A
B (A% - b) | < Ca (o1
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where Cy = 2BC7 + [|A§ — £2=1% (Axy —b) — A*|. Thus

1

) C
E|Axs —b|| < —26;.5 = O(3).

mp
For E (F(xs) — F(x*) + (A\*, Axg — b)) > 0, we obtain

. . . C S A<
—E[A"||Axs = b[| < E (F(xs) - F(x")) < j%,s +E[A*[[[[Axs —b]. (63)

So

E[F(ks) - F(x") < O(5) (69

This ends the proof.

3 Experiments

3.1 Lasso Problems

We compare our method with (1) STOC-ADMM [5], (2) SVRG-ADMM [8],
(3) OPT-SADMM (3], (4) SAG-ADMM [9]. We implement those algorithms as
follows:

e STOC-ADMM [5]. The step size for STOC-ADMM ~ = 1/(Ly + ok? +
BIIATA]|). Weset 85, = min(10, p*By) and tune o from {1075,107%,1073}.

e OPT-ADMM [3]. The step size for OPT-ADMM ~ = 1/(Ls + ok +
BIIATA]|). Weset 8, = min(10, p*By) and tune o from {10~7,107¢,107°}.

e SVRG-ADMM [8]. The step size for SVRG-ADMM v = 1/(Lo+3||ATAJ)).
We set 8; = min(10, p*fp).

e SAG-ADMM [9]. The step size for SAG-ADMM ~ = 1/(Ly + ). We set
Bs = min(10, p*By).

e ACC-SADMM (ours). The step size for ACC-SADMM is v = 1/(La(1 +
2)+ 4 ATAl)
b 91,5 N

For all the other algorithms, we tune p from {1,1.05,1.1,1.3}. And we tune S
from {107%,1073,1072,1071}. We normalize the Frobenius norm of each feature
to 1. For the original Lasso problem, Ly = 1. For the Graph-Guided Fused Lasso
problem, Ly is tuned from {1 x 10%,2 x 10%,5 x 10¥| =5 < k < —1,k € Z} to
obtain the best step size for each algorithm.

In experiment, we first fix 0 = 0 and p = 1 and then tune the parameters [
and Ly based on the first 10 data passes. Then we retune the parameters for o
and p. For some algorithms, there are 4 parameters to tune. However, we find
that the major factors of the speed for the algorithms are 5y and L.
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Fig. 1 shows more experimental results with fixed Lo = 0.01 for the original
Lasso problem and the Graph-Guided Fused Lasso problem on the a9a and
mnist datasets. Fig. 2 and 3 reports the testing loss for original Lasso and
Graph-Guided Fused Lasso. Table 1 reports the memory costs of all algorithms.
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40
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OPT-ADMM —#— SVRG-ADMM —+— SVRG-ADMM-ERG - *~ SAG-ADMM

SAG-ADMM-ERG ——ACC-SADMM

Figure 1: Experimental results of solving the original Lasso and the Graph-
Guided Fused Lasso problem on the a9a and mnist datasets with Lo = 0.01.

Table 1: Memory Costs for Storing Data on Different Datasets.

| [ a9a [ covertype [ mnist [ dna [ ImageNet
STOC-ADMM | 2.31KB 1.69KB 123KB | 25.0KB | 62.5MB
OPT-ADMM 2.89KB 2.10KB 153KB | 31.3KB 78.1MB
SVRG-ADMM | 3.47KB 2.53KB 184KB | 37.5KB | 93.8MB
SAG-ADMM 82.9MB 0.23GB 3.50GB | 28.6GB 38.2TB
ACC-ADMM 7.51MB 5.48KB 398KB | 81.3KB 208MB

3.2  Multitask Learning

We perform experiments on multitask learning [2].

A similar experiment is

also conducted by [8]. The experiment is performed on a 1000-class ImageNet
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Figure 2: The curves of testing loss in solving the original Lasso problem corre-
sponding to the experiment in the paper. “-ERG” represents the ergodic results
for the corresponding algorithms.

dataset [6]. The features are generated from the last fully connected layer of
the convolutional VGG-16 net [7]. Since there is no parameter tuning issue,
we use the validation set of ImageNet as the test set of the algorithms being
compared. There are 1,281,167 training images and the validation set includes
50,000 images. 4096 features are generated from the last fully connected layer of
the convolutional VGG-16 net [7]. We solve the problem: minx {(X)+ || X1+
pal|X||«, where [(X) is the logistic loss. Like [8], we set pg = 1074 and po =
10~°. We set the mini-batchsize b = 2000 since || X||. should be solved through
Singular Value Decomposition at each step.

Fig. 4 shows the objective gap and test error against iteration. Our method
is also faster than other SADMM. Our final test error is 30.9% while using the
weight from the softmax layer of the original VGG model [7], the test error is
32.4%.
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Figure 3: The curves of testing loss in solving the Graph-Guided Fused Lasso
problem corresponding to the experiment in the paper. “-ERG” represents the
ergodic results for the corresponding algorithms.

10t

objective gap

10?

o
w
N

0.4
STOC-ADMM STOC-ADMM
—+#— OPT-ADMM —+# OPT-ADMM
——SVRG-ADMM 0.38 —— SVRG-ADMM
——ACC-SADMM - ——ACC-ADMM
&
5 0.36
5]
2
0
20.34

5 10 15 20 25 30 35 40

number of effective passes

(a) objective gap vs. iteration

5 10

20 25 30 35 40

number of effective passes

(b) test error vs. iteration

Figure 4: The experimental result of Multitask Learning.
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