A Proof of Theorem 3

Without loss of generality, we assume that o2 = 1. Recall from Section 3 the procedure for

generating and updating models with ensemble sampling. First, 67071, e §07 M are sampled i.i.d.
from N (po, Xo). Then, these vectors are adapted according to

t—1
ét,m = arg min (Z(RT+1 + WT+1,m - AI]/)2 + (1/ . éO,m)TEal(V — éO,m)) .

v 7=0
Note that we have not yet specified how actions are selected. In the formulation we have put forth,
each A; could be any F;-measureable random variable. We will denote by A the [F;-adapted process
(Ao, ..., Ar_1). We say A is deterministic if there exist ag, .. .,ar_1 € A such that A; = a; for
t=0,...,7 — 1 with probability one.
Lemma 1. If A is deterministic, then, conditioned on (Ry,...,Ry:), 011, -+ ,0 0 are iid.
N (s, X¢) random variables, where ji; = E[0|F;] and 3y = E[(0 — ) (0 — 1) T |Fy].

Proof. Say A = (ag,...,ar_1), where ag, ...,ar_; € A. Let X be an t x N matrix with the 5"
row equal to aj_1. Lety = (R4, ..., R;)". Then,

t—1
jur = arg min (Z(Rm —alv)?+ (v —po) Sy (v - uo)>

v =0

= (XX +55") " (X Ty + 55" o)

and .
Se=(XTX+35Y) .
Foranym =1,..., M, we have
6; m = arg min (Z(RTH A+ Woiim —alv)> + v —00.m) "S5 (v — 90,m))
v =0
— (XX 43507 (XT(y + W) + Egléo,m) :
where Wm = (lem, e an)T. We first observe that, conditioned on y, §t7m follows a normal

distribution, since it is affine in 6y ,,, and Wm. Next, we check its mean and covariance. Since Wm
and 6y ,, are independently sampled, we have

~ 71 ~ ~
E[fmly] = (XTX +55Y) " (X7 (y+E [Waaly|) + =5'E |fomly]) = s,
and
Cov [ét,m\y} = (XX +35h)7 (XTE [megy} X
_ ~ ~ _ -1
+55'E [ (Go.m — 10)Bom — 110) Ty| Z51) (XTX +357) 7 = 3.

Therefore, if A is deterministic, then foreachm =1,..., M, 9~t,m is a N (¢, X¢) random variable
conditioned on (R, ...,R;). Further, since W,,, and 60 ,,, m = 1,..., M are all independent,
0¢1,...,0:  are independent. O
Recall that p;(a) denotes the posterior probability P, (A* = a) = P (A* = a|Ag, Ry, .., A1, Ry).
To explicitly indicate dependence on the action process, we will use a superscript: p;(a) = pii(a).
M n /
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Let p;* denote an approximation to p;', given by p;'(a) = ;>
Note that given an action process A, at time ¢ Thompson sampling would sample the next action

from p;*, while ensemble sampling would sample the next action from p;’.

The following lemma shows that for any deterministic action sequence, conditioned on 6, the action
distribution that ensemble sampling would sample from is close to the action distribution that
Thompson sampling would sample from with high probability.



Lemma 2. For any deterministic action sequence a € A7,

P (die (5} |Ip§) > €]6) < (M + 1)!Alem e,

Proof. If a € AT is deterministic, then conditioned on (R, ... , Rt), p¢ and p¢ are independent of
6. Thus, we have

P (dxo (97 [1p}) = €] 0) = E[E I (dke(p]p}) = €) [Ry, ..., Ri] [0].

By Lemma 9~t71, - ,9~t7M, conditioned on (R, ..., R;), are i.i.d. and distributed as the posterior
of §. Thus, p¢ represents an empirical distribution of samples drawn from p¢. Sanov’s Theorem then
implies that

P (dxo (3¢ |pf) = €e|Ru,. .., Ry) < (M 4 1)Mleme,

The result follows. O

Next, we will establish results for any [F;-adapted action process A, deterministic or stochastic. To do
so, it is useful to introduce the notion of action counts. One way of encoding the sequence of actions
is in terms of counts co, ..., cp—1. In particular, let ¢, , = [{7 < ¢ : A, = a}| be the number of
times that action a has been selected by time ¢. Each ¢, takes values in a set

Ct:{CENA|:an:t+1}.

acA

Since ¢; has |.A| components, and each component takes a value in {0, ..., ¢ + 1}, we have
|Cy| < (t+2)M

Sometimes, we use a superscript and write ¢;! to explicitly denote the dependence on action process

A.

We now introduce dependencies between the noise terms W, and action counts, without changing the
distributions of any observable variables. This will turn out to be useful when we take the union bound
later. We let (Z,,,o : n € N,a € A) bei.id. N(0,1) random variables, and let Wy 11 = Z, ,, 4,

Similarly, we let (Z,,4.m : n € Nya € A,m=1,..., M) beiid N(0,1) random variables, and let
Wt+1,m, = th)At,At,mn

The following lemma establishes that, for any deterministic action sequence a € AT, p¢ and p¢
depend on a only through its action counts, c¢f_;; in other words, p¢ and p¢ do not depend on the
ordering of past actions and observations.

Lemma3. Foranyt=0,...,T—1,ifa,a € AT are deterministic sequences such that ¢{_; = c_,,
then p = pf and p§ = fj.

Proof. Recallthat R, 1 =0T A, + W, 1, where W, = Ze, 4.,A,- This means that we observe

the same reward the first time we take an action, regardless of where that action appears in the action
sequence. Similarly, for all action sequences, we observe the same reward the second time we take
that action, and so on. Therefore, if ¢ ; = c¢f_;, we have uf = pff and X¢ = 3¢, which implies
that p¢ = p¢. By the same reasoning, since WTH,m = ~Cr,AT .A..m for all 7 and m, both action
sequences would yield the same model parameters, and it follows that p¢ = pg. [

Lemma 4. For any F-adapted process A,

P (die (B |p7) > €]6) < (¢ + 1) (M + 1)Mle=Me,



Proof. We have

P (o) > €10) < P (max de92158) > <o)

cf_qia

(@ IP’( max dgo (P} ||pf) > € 9)
a€AT
Y P > €l)

a . T
ct_:a€A

(¢)

< (t+ DA 4 1) Ale=Me]
where (a) follows from Lemma 3] (b) follows from the union bound, and (c) follows from Lemma 2]
and the fact that the total number of counts |C;_1| < (¢ + 1), O

Now, we specialize the action process A to the action sequence A; = AFS selected by ensemble
sampling, and we will omit the superscripts in p;! and p;.

The expected cumulative regret of ensemble sampling conditioned on # can be decomposed as

Regret(T, 75, 0) Z E[R*— 0T A | 0]
=0

’ﬂ

(]E [(R* — GTA,FS)H (dkr(Pt|lpe) > €) |9]

t

Il
o

+E (R — 0T AP (A (ellpe) < €)16] )

We will bound the per-period regret for the case where the divergence dgy (p¢]|p:) is large and the
case where the divergence is small, respectively.

Lemmas. Foranyt=0,...,T —1,
E[(R* — 0T AP (dia(pellpe) > ) 16] < (¢ + )IAI(M + 1)l MeA(6).
Proof. This follows directly from the definition of A(#) and Lemma@ O

Assumption 6. For simplicity, assume 0 < € < 1 and 0 < § < 1 are such that % >9.

Lemma 7. If the size of the ensemble satisfies

M 2\A| og AT
€
then
T—1
SRR — 0T AP (dxe(pellpe) > €) [6] < SAO)T.
t=0

Proof. We show that if M satisfies the condition above, then
TANM 4 1)Ale=Me < 5,
or, equivalently,

M — ﬂlog(MJrl) > ! <A|logT+log(15) .
€ €
We have
M - wlog(J\/[—f— 1) — E <|A| logT + log (15)
€

s A AT (A AT AT
€ €d € € €d € )
LB (DY LA (34, AT
= g 0g og
€ € €d € € €d
> 0,



since Assumption@implies that % > 4log %. The result then follows from Lemma O

Lemma 8. Let 75 denote the Thompson sampling policy. We have

Z_: E [(R* — 07 AP®)I (dge.(pellpe) < €) |0] < Regret(T, 775, 0) + Ve/2A0)T.
t=0

Proof. We apply a coupling argument that couples the actions that would be selected by ensemble
sampling with those that would be selected by Thompson sampling. Let AT denote the action that
Thompson sampling would select at time ¢. On {dx. (P¢||p:) < €}, Pinsker’s inequality implies that

1De — pellrv < V2e.

Conditioning on p; and py, if dxi(p:||p:) < €, we construct random variables A;ES and fltTS such
that they have the same distribution as A®S and ATS, respectively. Using maximal coupling, we can

make AP’S = ATS with probability at least 1 — 1[5, — p¢|lrv > 1 — \/¢/2. Then,
E [(R* — 07 AP (ke (bellpe) < €) |6]
= E[E[(R* =0T A7) (dk(pellpe) < €) |pr. pe, 0] |0]
= E[E[(R" — 67 AP (dw (Bullpe) < ) [Be,1, 6] |0]
= E[E|(R" — 0T AP (diw(pillpe) < e AFS = ATS) |pr, i, 6] |0]

+E[E [(R — 0T AP (dw Goollp) < e AFS # ATS) [pe i, 0] 6]

On the first part of the sum, we have
E[E [(R" — 67 AP (dw (Billpr) < e, AP = A7) [pu, 1, 6] 0]
(B [(R* =07 AT (di(prllpe) < e, APS = A7) [pe, i, 0] |0]
[ [(R* T ATS) ﬁt,pt,ﬂ] |o]
[E[(R* — 67 AT®)|pr, pr. 6] |6]
— B[R - 0TAT).

E
E

E
< E
E

where the inequality follows from the nonnegativity of R* — QTfltTS. On the second part of the sum,
we have

E[E [(R" — 07 AP (dw(lp) < e AFS £ AT [pe, i, 0] [6]

< E[R[(B = R (daa(ullpe) < e AFS £ AT |1 i, 0] 0]
= AOE [E 1 (dallpe) < € AP # ATS) 3y, p1, 0] |6]
< Ve2A(0),

where the last inequality follows from the way we couple fl?s and AtES. Thus, the result follows. [

Combining Lemma [7|and Lemma 8] delivers a proof for our main result. In particular, we have
T-1
Regret(T,7%5,0) = Y E[(07TA* — 0" AP (div(pillpe) > €2/2) |6]
t=0

T—1
+ Y E[(07T A — 0T AP (di (B llpe) < €2/2) 16]
t=0

1 1
< SeA(O)T + Regret(T, 775,0) + FEAO)T

= Regret(T,775,0) + eA(O)T,
where the inequality follows from Lemmal[7} with § = ¢/2, and Lemma(8] O
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