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1 Proof of Theorem 1

l.a Weak Version
First, we list the assumptions of the weak version of Theorem 1:

e I'is convex and closed,
e Loss function L is bounded by a constant C,
e X Y are finite,

e Riskset S = {[L(y, a)] a € A} is closed.

yey -

Given these assumptions, Sion’s minimax theorem [1]] implies that the minimax problem has a finite
answer H*,

H* = sup Jnf E[L(Y,¥(X))] = inf sup E[L(Y,4(X))]. (1

Thus, there exists a sequence of decision rules (¢,,)$2_; for which

lim sup E[L(Y, ¢, (X))] = H". @)

n—oo perl

As we supposed, the risk set S is closed. Therefore, the randomized risk se(ﬂ Sy ={[L(y, Ol ey :
¢ € Z} defined over the space of randomized acts Z is also closed and, since L is bounded, is a
compact subset of RIYI. Therefore, since X and Y are both finite, we can find a randomized decision
rule ¢* which on taking a subsequence (n;)7> ; satisfies

VeeX,yel¥: Ly v*(z)) = kli_)n;o L(y, n, (2)). 3)

Then ¢* is a robust Bayes decision rule against I', because

sup E[L(Y,v"(X))] =sup lim E[L(Y,¢,, (X))] < lim sup E[L(Y,¢,, (X)) =H". (4
pPer Pell k—oo k—oco per

Moreover, since I' is assumed to be convex and closed (hence compact), H(Y|X) achieves its
supremum over I" at some distribution P*. By the definition of conditional entropy, (@) implies that

Ep-[L(Y,9"(X))] < sup E[L(Y,y"(X))] < H* = Hp- (Y|X), )

which shows that ¢* is a Bayes decision rule for P* as well. This completes the proof.

'L(y, ¢) is a short-form for E[L(y, A)] where A € A is a random action distributed according to .
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1.b Strong Version
Let’s recall the assumptions of the strong version of Theorem 1:

e ['is convex.
e For any distribution P € T, there exists a Bayes decision rule.

e We assume continuity in Bayes decision rules over T, i.e., if a sequence of distributions
(Qn)22, € T" with the corresponding Bayes decision rules (1,,)22 ; converges to () with a
Bayes decision rule v, then under any P € I, the expected loss of 1),, converges to the expected
loss of 1.

e P* maximizes the conditional entropy H (Y |X).

Note: A particular structure used in our paper is given by fixing the marginal Px across I'. Under
this structure, the condition of the continuity in Bayes decision rules reduces to the continuity in
Bayes acts over Py’s in I'y| x. It can be seen that while this condition holds for the logarithmic and
quadratic loss functions, it does not hold for the 0-1 loss.

Let ¢)* be a Bayes decision rule for P*. We need to show that ¢* is a robust Bayes decision rule
against I. To show this, it suffices to show that (P*,1)*) is a saddle point of the mentioned minimax
problem, i.e.,

Ep- [L(Y, 4" (X))] < Ep- [L(Y, (X)), (6)
and

Ep«[L(Y,4"(X))] = Ep[L(Y, %" (X))]. ()
Clearly, inequality (6) holds due to the definition of the Bayes decision rule. To show (7)), let us fix an
arbitrary distribution P € I'. For any A € (0, 1], define Py = AP + (1 — X\)P*. Notice that P, € T’
since I is convex. Let 1/ be a Bayes decision rule for Py. Due to the linearity of the expected loss in
the probability distribution, we have

_ Ep [L(Y, 2 (X))] — Ep-[L(Y, A (X))]
A

< Hp (Y]X) — Hp-(Y]X)

= A

Ep[L(Y, a(X))] = Ep«[L(Y, YA (X))]

<0,

for any 0 < A < 1. Here the first inequality is due to the definition of the conditional entropy and the
last inequality holds since P* maximizes the conditional entropy over I'. Applying the assumption of
the continuity in Bayes decision rules, we have

Ep[L(Y, 9" (X))] = Ep-[L(Y, ¢"(X))] = lim Ep[L(Y, ¥A(X))] — Ep- [L(Y, ¥r(X))] < 0, (8)

which makes the proof complete.

2 Proof of Theorem 2

Let us recall the definition of the set T'(Q):

Q) ={Pxy:Px=0x, )

Defining E; £ Eq [6;(Y)X] and C; 2 {u: |[u — E;| < ¢}, we have

t
H(Y|X) = E Hp(Y|X = I (w; 10
Pgll%)é) (YIX) Pow: Vi wrfljﬁi;[ei(y)x] ox [He(Y] x)]+ ; c:(wi) (10)

where I is the indicator function for the set C' defined as

0 ifz e C,
—oo  Otherwise.

To(o) = { (a1



First of all, the law of iterated expectations implies that Ep [0;(Y)X] = Eq, | X E[6;(Y)|X =x] |.

Furthermore, (I0) is equivalent to a convex optimization problem where it is not hard to check that
the Slater condition is satisfied. Hence strong duality holds and we can write the dual problem as

t
) ey (wi) — Aiwi],  (12)

=1

Hp(Y|X =x)+ > E[0:(Y)X = x]A; X

i=1

min sup Egx
PY\X W

where the rows of matrix A, denoted by A;, are the Lagrange multipliers for the constraints of
w; = Ep [0;(Y)X]. Notice that the above problem decomposes across Py x—yx’s and w;’s. Hence,

the dual problem can be rewritten as

t
+ Z sup [Io, (wi) — Asws] | (13)

mgn
i=1 Wi

Eox [ sup Hp(Y[X =x)+ Y E[0;(Y)|X =x]A; X

Y| X=x i=1

Furthermore, according to the definition of Fp, we have

Fo(Ax) = sup H(Y|X =x)+E[B(Y)X =x]TAx. (14)
Y | X=x
Moreover, the definition of the dual norm || - ||« implies
sup Ie,(w;) — Ayw,; = Iréacgc —Au=-AE; + € || A« (15)

Plugging (T4) and (I3) in (T3], the dual problem can be simplified to

t t
min Eqy Fo(AX) = > AE; | +) ellAil.
=1 =1

t

= min Eq [Fp(AX)-0(Y)"AX il A 16

min Eq [ Fo(AX) —6(Y) ]Jr;GII [ (16)

which is equal to the primal problem (I0) since the strong duality holds. Furthermore, note that we
can rewrite the definition given for Fy as

Fo(z) = max G(E) + E'z, (17)
EcR?
where we define

G(E) = { P€7’y:rfE1%}fy>1:EH(Y> if {P € Py :EO(Y)] =E}#0 .

—00 Otherwise.

Observe that Fy is the convex conjugate of the convex —(G. Therefore, applying the derivative
property of convex conjugates [2] to (T4),

Ep-[0(Y)|X =x] € 0Fg (A*x). (19)
Here, OFp denotes the subgradient of Fp. Assuming Fy is differentiable at A*x, (T9) implies that
Ep[0(Y)| X =x] = VFg (A*x). (20)

2.a A generalization of Theorem 2

It can be seen that the above proof can be slightly generalized to prove the following generalization
of Theorem 2.

Theorem. Given a conjugate pair of convex functions g, g*, the following duality holds
t

 max H(Y|X) - ;g (Ep[Qi(Y)X] _Eo [Hi(Y)X]) _ 21
Ahin  Eo [Fo(AX) —0(Y)"AX] + > g*(A), (22)

i=1
where A; denotes the ith row of A. In addition, for the optimal P* and A*
Ep«[0(Y)| X =x] = VFg (A*x). (23)



Corollary. Consider a pair of dual norms || - ||, || - ||«. Then, the following duality holds
2

‘1
P B, HYIX) - g ™ \ Ep[0:(Y)X] - Eq[t:(V)X]| = (24)
min | Eq [Fo(AX) —6(Y)"AX] + Z [ (25)

AeRtxd

where \;’s are positive real numbers and A ; denotes the ith row of A. Moreover, for the optimal P*
and A*
Ep«[0(Y)| X =x] =VFg (A*x). (26)

3 Proof of Theorem 3

First, we aim to show that
t
max E[L(Y, (X)) <Ep [Fg(AnX) - e(y)TAnx} +3 cillAnl 7)
PeT(P) i=1
where A, denotes the solution to the RHS of the duality equation in Theorem 2 for the empirical

distribution 13”. Similar to the duality proven in Theorem 2, we can show that

max E[L(Y, ¢, (X))] = min B [ sup  E[L(Y, 9, (X))|X = x] + E[0(Y)|X = x}TAX}
Per(P) Py|x€Py

~BA001)7AX] + Y alAll.
< u«:ﬁx[ sup E[L(Y, (X)X = x] +E[9<Y>|X}TAnx]

Py |x=x€Py

t
—Ep[0(Y) A X] ++ ) el A, .

i=1

t
—Ej; | Fo(AX) — 0()TA,X ] + Y el Al

i=1

Here we first upper bound the minimum by taking the specific A = A,,. Then the equality holds
because wn is a robust Bayes decision rule against F(P ) and therefore adding the second term based
on A, x, b, (x) results in a saddle point for the following problem

Fo(A,X) = sup H(Y)+E[0(Y)]"A,X

PePy
= sup inf E[L(Y,()]+E[0(Y)TA,X
Pepy CE2
= sup E[L(Y,9,(X))] +E[0(Y)]"A,X.
PePy
Therefore, by Theorem 2 we have
max E[L(Y,¢n(X))] = max E[L(Y,$(X))] < (28)
Pel'(P) PeT'(P)

t t
Ep[Fo(AnX) = 0(Y)"AnX] + ) il A, [« — Ep [Fo(AX) — 0(Y)TAX] = > e[| Aif..
i=1 i=1
As a result, we only need to bound the uniform convergence rate in the other side of the duality. Note
that by the definition of Fp,

VPePy,zeR: Fy(z)—Ep[0Y)Tz>Hp(Y)>0. (29)



Hence, VA : Fp(AX) — E[6(Y)]TAX > 0 and comparing the optimal solution to the RHS of the
duality equation in Theorem 2 to the case A = 0 implies that for any possible solution A*

t

VISists alAil <D olAl < R0 = e HO) =M. GO
Hence, since 1 < g < 2, we only need to bound the uniform convergence rate in a bounded space
where V1 <i <t:|Allz <[Aillq < % Also, applying the derivative property of the conjugate
relationship indicates that 0Fg(z) is a subset of the convex hull of {E[@(Y)] : P € Py}. Therefore,
when 0(Y) includes only one variable, for any u € 9Fg(z) we have |u| < L, and Fg(z) — 0(Y)z
is 2L-Lipschitz in z. As a result, since ||X||]2 < B and |§(Y)| < L for any a;, ez € R? such that
llell2 < 2,

4BML

VX1, X2, 51,92 ¢ [Fo(alx1) = 0(y1)a] x1] — [Fa(ajxs) — 0(y2)at x2] < (1)

Consequently, we can apply standard uniform convergence results given convexity-Lipschitzness-
boundedness [3]] to show that for any § > 0 with a probability at least 1 — ¢

M
Va e R |als < —: (32)

Ep[Fo(aX) — 0(Y)a'X] = Ep, [Fo(a’X) — 0(Y)a"X] < 4?524 <1+ bg(gm))

Therefore, considering &, and & as the solution to the dual problems corresponding to the empirical
and underlying cases, for any ¢ > 0 with a probability at least 1 — §/2

Ep[Fo(alX) — 0(Y)ar X] + ef|énll, (33)

B, [Fol@lX) — 6V)alX] el < “2020 (14D,

Since &, is minimizing the objective for Q) = P,,
Ep, [Fo(6,X) — 0(Y)é, X] + el|énll, 34
~Ep [Fo(@"X) - 0(Y)a"X] - el|laf, < 0.

Also, since & does not depend on the samples, the Hoeffding’s inequality implies that with a
probability at least 1 — /2

Ep, [Fo(@"X) - 0(Y)a"X] + e||al, (35)

. . - 2BML [log(4/d
~Ej[Fo(a"X) - 0(YV)a"X] — €|l < - ;n/ ).

Applying the union bound, combining (33), (34), shows that with a probability at least 1 — §, we
have

Ep, [Fo(ay X) — 0(Y)é, X] + l|cinll, (36)

B [Fo(a"X) ~ 0(y)a"X] ~ clal], < %‘4(1@\/@)

Given (28) and (36), the proof is complete.

Note that we can improve the result in the case ¢ = 1 by using the same proof and plugging in the
Rademacher complexity of the ¢/;-bounded linear functions. Here, we replace the assumption that
IX]l2 < B with || X||lcc < B which can be much weaker for high-dimensional X’s.

Theorem. Consider a loss function L with the entropy H and suppose 0(Y') includes only one
element. Let M = maxpep, H(Y') be the maximum entropy value over Py. Also, take || - ||/|| - ||«
to be the U, [0y pair . Given that X is a d-dimensional vector with || X||s < B, and |0(Y)| < L,
for any § > 0 with probability at least 1 — §

o BECY. 5, (X)) — o BLOYG00)] < 22020 ((V/otog(ad) + (| 5 ),
pPer(p) PET(P) ev/n .




4 0-1Loss: minimax SVM

4.a Fy derivation

Given the defined one-hot encoding 8 we define Z = (z, 0) and represent each randomized decision
rule ¢ with its corresponding loss vector L € R+ such that L; = Lo, (i,¢) denotes the 0-1 loss
suffered by ( when Y = 4. It can be seen that L is a feasible loss vector if and only if Vi : 0 < L; <1

and ZtH L; = t. Then,

t+1
Fo(z) = max E pi(Z; + L;) (38)
t+1,. 4T t+1 T
peER* ™ : 1 p=1, LeR L=t, 1
Vi: 0<p; Vi O<L <1 =

Hence, Sion’s minimax theorem implies that the above minimax problem has a saddle point. Thus,

Fy(z) = min max {Z + L;}. (39)
LeRrt T 1TL= t, 1<i<t+1
Vi 0<L; <1

Consider o as the permutation sorting z in a descending order and for simplicity let Z(;) = Z;(5)-
Then,

Vi<k<t+1: 1<rnax {Zi + L;}

??'M—‘

k k ~
-1+ 3
> 5 Lt SRR K U

which is independent of the value of L;’s. Therefore,

k—1+ Zk_l 5(1')
1= < )
1<I£2(+1 k < Fol(z) “D

max

On the other hand, if we let k.« be the largest index satisfying Z 1 12()) = Z(kmar)] < 1 and define

max 1+Z rr‘;xg()

kmax

1 if 0(j) > kmax,

— 2(j) if CT(]) S kmax

we can simply check that L* is a feasible point since ZtH L =tand L? o (ki) < 1soforalli’s
L*( ) < 1. Also, L*( 1) > 0 because Z(1) — Z(;) < 1 for any j < kpyax, so for all ’s L*( ) > 0. Then
for this L* we have

m'],x 1 + Z ‘max 3

Fy < L'} = 4
() 1<lel<ag<+1{zz + L= Emax @3
Therefore, (@) holds with equality and achieves its maximum at k = kyax,
k _ 1 + kf z i max 1 + max 3
Fp(z) = max iz 20 _ it : (44)

1<k<t+1 k kmax
Moreover, L* corresponds to a randomized robust Bayes act, where we select label ¢ according to the
probability vector p* = 1 — L* that is
knlax ~
1— 300 26
kmax

0 if 0(j) > kmax-

V1< j <t+1: p;(j) = + Z(]) lfO'(j) < kmax (45)

Given Fp we can simply derive the gradient V Fy to find the entropy maximizing distribution. Here if
the inequality Z " [Zg (i) = Z(kpax+1) ] = 1 holds strictly, which is true almost everywhere on R?,

l/kmax if U(l) < kmax;

0 Otherwise. (46)

V1<i<t: (VFg(z))i:{

If the inequality does not strictly hold, Fy is not differentiable at z; however, the above vector still
lies in the subgradient 0 Fy(z).



4.b Sufficient Conditions for Applying Theorem 1.a

As supposed in Theorem 1.a, the space X should be finite in order to apply that result. Here, we show
for the proposed structure on I'(Q)) one can relax this condition while Theorem 1.a still holds. It is
because, as shown in the proofs of Theorems 2 and 3, we have

inf max E[L(Y,¥(X))] = inf min E3 su E|L(Y,¥Y(X))|X =x
inf, e BIL(Y.0(X)] = ot min B, | sup B[L(Y.0(X))X = ]

+EO()X = xI"AX] - Epl0()TAX] + 3 alAdl.

i=1

= min E3 inf sup E|L(Y,¥(x))|X=x
A X L}(X)GZPyxePy [ %)) ]

+E[B(Y)X = X}TAX} —Ep[0(Y)TAX] + > eif| Al
=1

Therefore, given this structure the minimax problem decouples across different x’s. Hence, the
assumption of finite X is no longer needed, because as long as 6 is a bounded function (which is true
for the one-hot encoding ), the rest of assumptions suffice to guarantee the existence of a saddle
point given X = x for any x.

5 Quadratic Loss: Linear Regression

5.a Fy derivation

Here, we find Fp(z) = maxpep, H(Y) + E[O(Y)]TzforO(Y) =Y and Py = {Py : E[Y?] <
p?}. Since for quadratic loss H(Y) = Var(Y) = E[Y2] — E[Y]?, the problem is equivalent to

_ 2] _ 2
Fy(z) = E[{/réz]:m;(pQ E[Y*] — E[Y]® + zE[Y] 47)

As E[Y]? < E[Y?], it can be seen for the solution Ep-[Y2] = p? and therefore we equivalently solve

pP+22/4 if|z/2] < p

. (48)
plz| if |z/2] > p.

Fo(z) = e > —E[Y]?+:E[Y] = {

5.b Applying Theorem 2 while restricting P

For the quadratic loss, we first change Py = {Py : E[Y?] < p?} and then apply Theorem 2.
Note that by modifying Fp based on the new Py we also solve a modified version of the maximum
conditional entropy problem

max H(Y|X) (49)

P: Px yel'(Q)
Vx: Py |x=x€Py

In the case Py = {Py : E[Y?] < p?} Theorem 2 remains valid given the above modification in the
maximum conditional entropy problem. This is because the inequality constraint E[Y?|X = x| < p?
is linear in Py |x—x, and thus the problem is still convex and strong duality holds as well. Also,
when we move the constraints of w; = Ep [0;(Y)X] to the objective function, we get a similar dual
problem

t t
min  sup  Eqx |Hp(Y|X =x)+ S CEB:(YV)|X = x]AX | + Y [, (wi) — Aywi
P ,W -7 —
Vx: P;:‘lic(:xG'Py =1 =t
(50)
Following the next steps of the proof of Theorem 2, we complete the proof assuming the modification
on Fp and the maximum conditional entropy problem.



5.c Derivation of group lasso

To derive the group lasso problem, we slightly change the structure of I'(Q). First assume the subsets
I, ..., I are disjoint. Consider a set of distributions I'gr (Q) with the following structure

Fa(Q) ={ Pxyy : Px = Qx, (51)
V1 S j S k: ||Ep [YX[J] —EQ [YXIJ || S €; }

Now we prove a modified version of Theorem 2,

k
max  H(Y|X) =min Eqg [Fo(a’X) - YValX] + ) ¢llar, | 52
paax H(Y|X) = min Eq [Fo(a’X) I+ 3 el (52
To prove this identity, we can use the same proof provided for Theorem 2. We only need to redefine
E; =Eq [YX;,]and C; = {u: [[u—E;| < ¢;} for 1 < j < k. Notice that here ¢ = 1. Using the
same technique in that proof, the dual problem can be formulated as

min sup Eg, [Hp(Y|X =x)+E[Y|X =x]a’X] +

X Pyix,w i

k
[Ic,(wr,) —arwr].  (53)

=1

Similarly, we can decouple and simplify the above problem to derive the RHS of (52)). Then, if we let

I - || be the ¢,-norm, we will get the group lasso problem with the ¢ ,, regularizer.

If the subsets are not disjoint, we can create new copies of each feature corresponding to a repeated
index, such that there will be no repeated indices after adding the new features. Note that since
Px has been fixed over I'gL(Q) adding the extra copies of original features does not change the
maximum-conditional entropy problem. Hence, we can use the result proven for the disjoint case and
derive the overlapping group lasso problem.
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