Supplementary material

A Discussion

The topic of estimation of an integral functional of an unknown density from i.i.d. samples is a
classical one in statistics and we tie together a few pertinent topics from the literature in the context
of the results of this manuscript.

A.1 Uniform order statistics and NN distances

The expression for the asymptotic bias in (I3) which is independent of the underlying distribution
forms the main result of this paper and crucially depends on Lemma [3.1] Precisely, the lemma
implies that the quantities S;’s in converge in distribution to S;’s in (12). There are two parts to
this convergence result: the nearest neighbor distances converge to uniform order statistics and the
directions to those nearest neighbors converge independently to Haar measures on the unit sphere.
The former has been extensively studied, for example see [29]] for a survey of results. The latter is a
new result that we state in Lemma [3.1] and proved in Section[E] Intuitively, assuming smoothness,
the probability density fx in the neighborhood of a sample X; (as defined by the distance to the k-th
nearest neighbor) converges to a uniform distribution over a ball (of radius decreasing at the rate
Pki = ©(n~'/%)), as more samples are collected. The nearest neighbor distances and directions
converge to those from the uniform distribution over the ball, and Lemma [3.Tmakes this intuition
precise for the nearest 1 neighbors up to m = O(n'/(29)~¢) with any arbitrarily small but positive «.

Only the convergence analysis of the distances, and not the directions, is required for traditional
k-NN based estimators, such as the entropy estimator of [15]]. In the seminal paper, [[15] introduced
resubstitution entropy estimators of the form H(X) = —(1/n) Y1, log fu(X;) with f,(z) =
k/(nCy pg@) (as defined in @)). This k-NN estimator has a non-vanishing asymptotic bias, which
was computed as By, ¢ = (¢(k) — log(k)) with the digamma function ¢ (-) and was suggested to be
manually removed. For £ = 1 this was proved in the original paper of [15]], which later was extended
in [32,[9] to general k. This mysterious bias term By, 4 = (¢(k) — log(k)) whose original proofs in
[15}132}19] provided little explanation for, can be alternatively proved with both rigor and intuition by
making connections to uniform order statistics. For a special case of k = 1, with extra assumptions
on the support being compact, such an elegant proof is provided in [2, Theorem 7.1] which explicitly
applies the convergence of the nearest neighbor distance to uniform order statistics. Namely,

E[H(X) {_7210g(ncdpkx>]
%} = H(X) + (k) — log(k) ,

where the asymptotic expression follows from Cyn f(x) pﬁ@ — Z?zl E; as shown, for example,

— ]E[—log

in Lemma and we used E[log Zle E;] = 9¥(k), where ¢(k) = is the digamma function
defined as ¢(z) = I'"!(x)dl(x)/dz and for large z it is approximately log(z) up to O(1/z), i.e.
Y(x) =logx — 1/(2x) + o(1/x). Note that this only requires the convergence of the distance and
not the direction. Inspired by this modern approach, we extend such a connection in Lemma [3.1]to
prove consistency of our estimator.

A.2  Convergence rate of the bias

Establishing the convergence rate of the KL estimator is a challenging problem, and is not quite
resolved despite work over the past three decades. The O(1/n) convergence rate of the variance
is established in [3| 18, |2, 4] under various assumptions. Establishing the convergence rate of the
bias is more challenging. It has been first studied in [10, [11]], where root-n consistency is shown in
1-dimension with bounded support and assuming f(z) is bounded below. [[36] is the first to prove a
root mean squared error convergence rate of O(1/+/n) for general densities with unbounded support
in 1-dimension and exponentially decaying tail, such as the Gaussian density. These assumptions
are relaxed in [3]], where zeroes and fat tails are allowed in f(z). In general d-dimensions, [} [33]]



prove bounds on the convergence rate of the bias for finite K = O(1), and [24L 1] for k£ = Q(logn).
Establishing the convergence rate for the bias of the proposed local estimator is an interesting open
problem — it is interesting to see if the superior empirical performance of the local estimator is
captured in the asymptotics of rate of convergence of the bias.

It is intuitive that kernel density estimators can capture the structure in the distribution if the distribu-
tion lies on a lower dimensional manifold. This is made precise in [27], which also shows improved
convergence rates for distributions whose support is on low dimensional manifolds. However, the
estimator in [27] critically uses the geodesic distances between the sample points on the manifold.
Given that the proposed estimators fit distributions locally, a concrete question of interest is whether
such an improvement can be achieved without such an explicit knowledge of the geodesic distances,
i.e., whether the local estimators automatically adapt to underlying lower dimensional structures.

A.3 Ensemble estimators

Recent works [34} 25 [26/ [1]] have proposed ensemble estimators, which use known estimators based
on kernel density estimators and k-NN methods and construct a new estimate by taking the weighted
linear combination of those methods with varying bandwidth or k, respectively. With a proper
choice of the weights, which can be computed analytically by solving a simple linear program, a
boosting of the convergence rate can be achieved. The key property that allows the design of such
ensemble estimators is that the leading terms (in terms of the sample size n) of the bias have a
multiplicative constant that only depends on the unknown distribution. An intuitive explanation for
this phenomenon is provided in [1] in the context of k-NN methods; it is interesting to explore if such
a phenomenon continues in the k-LNN scenario studied in this paper. Such a study would potentially
lead to ensemble-based estimators in the local setting and also naturally allow a careful understanding
of the rate of convergence of the bias term.

B Simulation Results in Section.

In Figure [3] (left), we draw 100 samples i.i.d. from two standard Gaussian random variables with
correlation r, and plot resulting mean squared error averaged over 100 instances. The ground truth,
in this case is H(X) = log(2me) + 0.51log(1 — r2). On the right, we repeat the same simulation for
fixed r = 0.99999 and varying number of samples and m = 7log, n.
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Figure 3: Degree-2 k-LNN outperforms other state-of-the-art estimators for entropy estimation.

In Figure ] we repeat the same simulation for 6 standard Gaussian random variables with
Cov(X1, X2) = Cov(X3, Xy) = Cov(Xs, Xg) = r and Cov(X;,X,;) = 0 for other pairs (i, j).
On the left, we draw 100 i.i.d. samples with various r. We plot resulting mean squared error averaged
over 100 instances. The ground truth is H(X) = 3log(2me) + 1.5log(1 — 72). On the right, we
repeat the same simulation for fixed r = 0.99999 and varying number of samples and m = 7log, n.

In Figure[5] (left), we draw 100 samples i.i.d. from a mixture of two joint Gaussian distributions with

. 1 r 1 —r . . .
zero mean and covariance o1 and 1 , respectively, and plot resulting average estimate
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Figure 4: Degree-2 k-LNN outperforms other state-of-the-art estimators for high-dimensional entropy
estimation.

over 100 instances. Here we plot an upper bound of the ground truth H(X) < log(2) + log(2me) +
0.51og(1 — r2) for r > 0.9. On the right, we repeat the same simulation for fixed » = 0.99999 and
varying number of samples and m = 7log, n
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Figure 5: Degree-2 k-LNN outperforms other state-of-the-art estimators for non-Gaussian entropy
estimation.

C Simulation Results in Section. 3

In Figure [6] (left), we estimate mutual information under the same setting as in Figure [3] (left).
For most regimes of correlation r, both 3LNN and LNN-KSG outperforms other state-of-the-art
estimators. The gap increases with correlation 7. On the right, we draw i.i.d. samples from two
random variables X and Y, where X is uniform over [0,1] and Y = X + U, where U is uniform
over [0,0.01] independent of X . In the large sample limit, all estimators find the correct mutual
information. The plot show how sensitive the estimates are, in the small sample regime. Both LNN
and LNN-KSG are significantly more robust compared to other approaches.

In Figure[7] we test the mutual information estimators for Y = f(X) + U, where X is uniformly
distributed over [0, 1] and U is uniformly distributed over [0, 6], independent of X, for some noise
level §. Similar simulation were studied in [[7]. We draw 2500 i.i.d. sample points for each relationship.
The plot show that for small noise level 6, i.e., near-functional related random variables, our proposed
estimators I- 3NN and I, LNN-Kksqg perform much better than 3KL and KSG estimators. Also our
proposed estimators can handle both linear and nonlinear functional relationships.

In Figure[8] we test our estimators on linear and nonlinear relationships for both low-dimensional
(D = 2) and high-dimensional (D = 5). Here X;’s are uniformly distributed over [0, 1] and U is
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Figure 7: Functional relationship test for mutual information estimators. Proposed I1,nn—ksg and
Is1,nN outperform other state-of-the-art estimators.

uniformly distributed over [—3%/2, 3% /2], independently of X;’s. Similar simulation were studied
in [6]. We can see that our estimators I3;y v and 11,y n— g sG converges much faster than I35, and

Igsa-

D Proof of proposition 2.1]

We first prove the derivation of the LLDE with degree p = 2 in Equation (7). The gradient of the
local likelihood evaluated at the maximizer is zero [21]], which gives a computational tool for finding
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Figure 8: Estimated Mutual Information of low/high-dimensional relationships

the maximizer:

1~ X —
PR = [ Rl e et gy (16)
j=1
oy xK(th_x)=/u;mK(L_x)e“°+“1TW‘“)*("‘”)T“““‘”du, (17)
j=1
L 0 =0 = Xy
n “ h? h
Jj=1
T
:/(u_x)}gg_x) K(u_x)eao-i-a?(u—x)-i—(u—x)Taz(u—w)du7 (18)

where K (z) = exp{—||z||?/2} is the Gaussian kernel. Notice that the left-hand side of the equations
are Sy /n, S1/n and Sy /n, respectively. The RHS can be written in closed forms as:

=Sy = (2m) M| e ae M e (19)
1 1
ESl = 7SOM_1 (20)
1 1
ESQ = hQS(M + M taal MY, (21

where M = h™ 21 x4 — 2as assuming h sufficiently small such that M is posmve definite. We

want to derive f(z)

Together with
(51/50)(S1/S0) @

exp{ao} from the equations. From (20) we get M~
we get M~ + M~tajal M~! = S5(h?/S;). Hence, M
Yh? = th Plug them in (19), we 0bta1n the desired expression.

S1(h/Sy).
(82/50 —

13



Analogously, for the derivation of the LLDE with degree p = 1 in Equation (3], we get

1

S8y = (2m)2pdeaotiralar (22)
n

1 h

751 = 750@1 . (23)
n n

This gives a; = (1/(hSp))S1, and e® = (Sy/(n(2m)%2h%)) exp{—0.5/51||?/S3}.

E Proof of Lemma 3.1]

Let us introduce some notations first. Define S9! = {z € R? : ||z|| = 1} as the unit
(d — 1)-dimensional sphere and o?~! as a normalized spherical measure on S?~!. For any =
(01,...,0p) € (SY)™and z = (z1,...,3,) € RT, define Oz = (6121, ..., 0p2,,) € RP*™,
For any set B € R4*™ and § € (S9~')™, define By = {x € R : 6z € B}. Let {}™, be i.i.d.

random variables uniformly over S%~!. Then for any joint random variables (W7, ..., W,,) € R
which are independent with {&;}7 ;, we have

P{EWL,....emWn) € B} = /6 o POV W) € By 0} (") (0) 23
€ d—1\m
Let Z = (Z1is- s Zoni)s 12l = (1 Z1lls - s | Zmall) and let E = (B}, ... (350, E)Y9Y),
then
P{(owf(w))“dZe B} { (5 El/dm-wﬁm(iEz)l/d) € BH
=1
< |P{(anf@)ize B}~ / PUCEY™, ..., (3 V) € Bo |0} d(o )™ (6)
ge(sd-—1)m —
< P{(cmf(w))”dZEB}—/a o) P{(canf(x))"/*||Z]| € By |6} d(a™*)™(0)
c d—1\m

-
ge(sdfl)'m

Now consider the first term in (23)). We consider two cases separately.

P{(cqnf(z))* | Z|| € By |0} —P{E € By |6} ‘ d(cd=H™(9) . (25)

Case 1. If || Z,, ;|| > (v/ncaf(x))~'/9, we show that the tail events happen with a low probability.
Denote B(z,7) = {z : ||z —z|| < r}and let p = P{t € B(x, ||Zn.ill)} = fB(w 1Zom i) f(t)dt.

Since f is twice continuously differentiable, we can see that p > 0.5¢4|| Zy,.i]|? f(x) > 0.5//n for
sufficiently large n. Therefore,

m—1 m—
- ) 1 (=0
B2l > Waea@) /) = Y ()= < e “5)
£=0 0=0
m—1
< nle~(WVR—tVn)/2 < pypme=(Vr—m/vn)/2 (26)

~
Il
o

Case 2. If ||Z,;| < (Vncaf(x)™'4 let B = {t : (canf(x))/% € Band ||t
(vneaf(x))~Y} and By = {t : (canf(x))"/% € By and t,,, < (v/ncaf(z))~'/4}. Note that

P(Z € A) = (n!/(n — k) /Afo+t)IP’X(\Xfx|>|tm|)" mdt | 27)
te
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which gives

Joc(si—rym P{canf(@)V | Z| € By, | Zm.ill < (Vncaf(x))~V/* |6} d(o?=)™(0)
P{(canf(x))/Z € B, || Zmi| < (Vncaf(x))~/}

fyeqsirym PUIZI € Ba | 6} d(o™=)™ (6)
P{Z € B}

foeqsonyn 1 (s (T S +051) ) (BUIX = 2l > it} )" dt ) d(o™1)7(6)
251 s (T f@+ 1) ) (PUIX = all > wl})" " dt

Supee(sd—l)m supteB—e H;nzl f(l’ + ejtj)

B inf, 5 HT:l f(@+1t5)
(Supnthﬁcdﬂz))“d UCRRY )m : (28)

infy ) <(Vrea f(a))-17a f (@ 4 1)

where the first inequality follows from the fact that fee(sd,l)m(fB—eg(tm)dt)d(ad_l)m(G) =

— tm t. nce 1S continuous 1fterentiable, mean value theorem, there exists
J59(ltml)dt. Since f i i ly differentiable, by lue th h i
a,b € B(z, (v/neaf(z))~'/4) such that

Sy < (aeaf @) SE D - fO) (= 0)TVI@) ) 2AVneaf @)V
inf )1 <(mca (o)) -17a f(@ +1) f(b) - f(b) '

By the assumption, there exists a ball B(z, ) such that ||V f(a)|| = O(1) and f(a) > 0 for all
a € B(x,¢), so for sufficiently large n such that (y/ncyf(z)) =/ < ¢, there exists some constant
C' such that Supjy < mcy ey -1/e f (@ + 1) < (1 + Cn=VEDyinfyy < me, payy-1a F(2 +1).
Therefore, (28) is upper bounded by (1 + Cn~/(4))™  Similarly, [28) is lower bounded by
(1 - Cn~1/@Dym,

For simplicity, let £ = {|| Z,.i|| < (v/ncaf(z))~1/4}. Then combining the two cases, the first term
in (23) is bounded by:

P{(cnf@)zeB) - [ P{(emf@)1Z] € By} d(a" )"0

fe(gd-1)ym

IN

P{(cns@)z € B} + | P{(canf(2))"Z]| € By, £7| 6} (o)™ (6)
ge(sd-1)m

+ | P{emf@)izene} - [ Plemf@) 2] € Bag 0} dio" )" (6)

fe(sd-1)m

IN

PEC+ [ BESY e (6)
fe(Si—1)m
Joc(sa—rym P{(canf (@) Z| € By, € |6} d(a?~1)™(6)
P{ (canf(z))'/?Z € B,E }
2P{ECY + IP{ (cqnf(z))/?Z € B, & } max{ (1 + Cn~Y/C)ym _ 11 - (1 - Ccp~Y/EDymy
< 2mnMe” WRTm/VI2 L max{(1 + Cn VDY 11 — (1 — O~/ CDymy (30)

1—

n ]P’{ (canf(x))Z € B,g}

IN

Now consider the second term of (23)). We will use Corollary 5.5.5 of [29] to show that this term
vanishes for m = O(logn) and as n grows.

Lemma E.1 (Corollary 5.5.5, [29]]). Let Y1,Y>,...,Y, be i.id. samples from unknown distribution
with pdf f. Let Y1., < Yo., < .-+ < Y., be the order statistics. Assume the density f satisfies
|log f(y)| < Ly® for 0 < y < yo and f(y) = 0 for y < 0, where L and § are constants. Then

dTV(n (Yions Yoo Yonn) s (Br, By + Ea, . .,ZEj)) e ((m/n)am1/2 +m/n) .31
j=1
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where Cy > 0 is a constant. Er, ..., By, are i.i.d standard exponential random variables.

Now for fixed , consider the distribution of ¢ f(z)|| X — x| denoted by P. Define Y7, Y3, ..., Y,

drawn i.i.d. from P. We can see that cq f (z)|| Z||¢ £ (Y1iin, -y Yinen ), where £ denotes equivalence
in distribution. The pdf f of P is given by:

- d d
= GPleaf@IX -al' <ty =5 [ sy, 32)
dt dt yeB(z,re)
where r, = (t/(cqf(z)))"/?. Here we have:
1/d—1 —1/d
i d f(@)deqr;
If f is twice continuously differentiable, we have:
~ d d’f't d
i) -1 = 7/ fydy—1=ff/ f(y)dy) —1
‘ ( ) ’ dt yEB(w,n) ( ) dt (d’/‘t yEB(LEJ‘t) ( ) )
1 d
= — | — d — f(z)degrd=t
f(l')dCd'rg_l d'f“t (/yeB(a;’rt) f(y) y) f( ) d’¢
1 / d-1
= —— (f(y) = f(x)do " (y) | , (34)
f@)dear{™ | Jyesa=1(ar)

where S¢~1 is the (d — 1)-sphere centered at z with radius 7; and o?~! is the spherical measure.
By mean value theorem, there exists a(y) € B(x,r;) such that f(y) — f(z) = (y — )TV f(x) +
(a(y) — z)THy(a(y))(a(y) — x), where a(y) depends on y. Therefore,

/ (F(y) — f(2))do™ (1)
yeSe—1(z,rs)

(35)

- / (v — )TV f(@)do" () + / (aly) — )" Hy (a(y)) (aly) — 2)do" (1)
yeSeI—1(z,rs) yeSI—1(z,ry)
=0
< ( sup ||Hf<a>||||axn?)adl(s*“(m))
a€B(z,rt)
< dcdrf+l< sup ||Hf<a>||>

a€B(x,rt)

Since there exists a ball B(x,¢) such that ||H¢(a)|| = O(1) for all a € B(z,¢). Therefore, for
sufficiently small ¢ such that r, < €, we have:

o) et (P 1HA@I) 1 (sPacnn 1Hs@I)
’f( )7 ‘ — f(x)dcdrf_l - f(l’) . ( )

Recall that r; = (/(caf(2)))*/?, so there exists L > 0 such that | f(t) — 1| < Lt2/4 for sufficiently

small ¢. Hence, |log f(t)| < L't?/¢ for some L' > 0 and sufficiently small ¢. So f satisfies the
condition in Lemma. with § = 2/d. Therefore, for any By C R, we have:

| P{(cans ()] Z]| € Bo} — P{E € Bo} |

IA

dTV cdnf(x)HZHd,(El,E1+E2,...7ZEj)
j=1

IN

Co <(%)2/dm1/2+%> . (37)

16



Therefore, by combing (30) and (37), we have:

IP’{ (canf(z))/4Z € B} - IP{ <§1E11/d,...,£m(ZEg)l/d> e B} ‘
=1

_a-m/Vm
2

m

< 2mne + max{(1 + C’n%dl)m -1,1-(1- Cn%dl)m} + Cy ((n Yim? + %@8)

for any set B IS Raxm Therefore, the total wvariation distance

drov((canf (@)Y Z1i, Zois s Zon), (G B 6B + o), & (S E)Y))
is bounded by the RHS quantity. By taking m = O(logn), the RHS converges to 0 as n goes to
infinity. Therefore, we have the desired statement.

F Proof of Theorem 1]

We first compute the asymptotic bias. We define new notations to represent the estimate as

~m 1 e
ng ) — — Z { h((canf (X)) Zyi, So0.i0 S1is Sa2.5) ) — log f(X:) } ;

i=1

EHi
where b : R% x R x R% x R4*? 5 R is defined as

h(tla t2) t37t4) -

1 ty  tatd 1
dlog ||t1]] + dlog(2m) — logcq — logts + 3 log (det (154 - ?1)%23) ) + itg(u — t3t]) s
2 2
(39)

Let Hz = h((cdnf(Xi))l/de,h S(],i7 5177;7 5277;)) — IOg f(Xz) Since the terms Hl, HQ, ey Hn are
identically distributed, the expected value of H ,E,") converges to

Tim E[HM] = lim E[H)] = lim Ex, [E[H|X,] (40)
Typical approach of dominated convergence theorem cannot be applied to the above limit, since
analyzing E[H;|X] for finite sample n is challenging. In order to exchange the limit with the
(conditional) expectation, we assume the following Ansatz[I]to be true. As noted in [28] this is
common in the literature on consistency of k-NN estimators, where the same assumptions have been
implicitly made without explicitly stating as such, in existing analyses of entropy estimators including
[15, 19,118, 39]]. This assumption can be avoided for Renyi entropy as in the proof of consistency in
[28]] or for sharper results such as the convergence rate of the bias with respect to the sample size but
with more assumptions as in [8} 33} [1].

Ansatz 1. The following exchange of limit holds:
lim E[H,] = Ex, { lim E[Hl\Xl]} : 41)
n—oo

n— oo

Under this ansatz, perhaps surprisingly, we will show that the expectation inside converges to
—log f(X1) plus some bias that is independent of the underlying distribution. Precisely, for almost
every x and given X; = x,

E[H[Xy = 2] +logf(z) = E {h((cdnf(ﬂ?))l/dzk,i,50,1,51,1',52,1')}

— DBga, (42)
as n — oo where By, 4 is a constant that only depends on & and d, defined in (@4)). This implies that
Ex, Dggo E[H1|X1]} = Ex,[-log f(X1) + Bi.d

= H(X)+ Bia - (43)

Together with {@0), this finishes the proof of the desired claim.
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We are now left to prove the convergence of (@2). We first give a formal definition of the bias By, 4 by
replacing the sample defined quantities by a similar quantities defined from order-statistics, and use
Lemma[3.T]to prove the convergence. Recall that our order-statistics is defined by two sequences of

m 1.1.d. random variables: i.i.d. standard exponential random variables F1, ..., F}, and i.i.d. random
variables &1, . . ., &, uniformly distributed over S¢~!. We define
X 1/d
Bha = E|h| & (Z B, ) L5570, 809,809 | | (44)
=1

where, as we will show, 5,((100) is the limit of empirical quantity S, ; defined from samples for each
a € {0,1,2}, and we know that (cqn f(z))'/?Z, ; converges to fk(Z§:1 E,)'/? for almost every
from Lemma 5() is defined by a convergent random sequence

gm) = Zg(a)( =1 B0 exp{ - (ZizlEe)Q/d} 45)
’ - Jj=1 (Zé:l Ef)a/d 2(21126:1 El)Q/d ’

where 5(0) = 5(1) = &, 5(2) & §T and S(OO) = lim;,—eo S(m). This limit ex-
ists, since S( ) is non-decreasing in m, and the convergence of S and S(m) follows
from Lemma E We 1ntr0duce 51mpler notations for the joint random variables: S(™) =
(&n(oF_, B/ §6m) G S0m)y and §() = (¢,(F_, Ep)1/4, 557, 5(°°) §4°)). Consider-
ing the quantities S = ((cdnf(x))l/de_yi, S0,i551,i, S2,;) defined from samples, we show that
this converges to S(>). Precisely, applying triangular inequality,

dry (ST, 5C)) < dpy (ST, 80) + dpy (S0, 569) (46)

and we show that both terms converge to zero for any m = ©(logn). Given that h is continuous and
bounded, this implies that

lim E[H;|X; =2] = E[lim h(S™) —log f(x)| X; = ]

n— oo

—log f () +E[R(S)],

for almost every x, proving [#3).

The convergence of the first term follows from Lemma [3.1] Precisely, consider the function gy, :
RI>*m 5 R4 x R x R? x R?¥9 defined as:

b1, - thep{— I }Z ”t"”Q}fj”T Iy @)

m 9 3 m - 9 I’
2|tk Htkll 2Hb‘kll2 [kl 2[[t]?

such that S(™ = gm((cdnf(a:))l/d(ZM,ZQ’Z-,...,Zmyi)) , which follows from the

definition of S™ = ((cqnf(x))"/?*Zki, S04, S14,824) in ([0).  Similarly, S =

Gm (glEll/d,@(El + Ez)l/d,...fm(zzlEg)l/d). Since g,, is continuous, so for any set

A € R? x R x R? x R, there exists a set A € R?*™ such that g,,(4) = A. So for any
« such that there exists ¢ > 0 such that f(a) > 0, |V f(a)|| = O(1) and ||H¢(a)|| = O(1) for any
la — z|| < e, we have:

dTv(S(n), g(m))

P {gm ((cdnf(x))éZM, ce (cdnf(m))éZm,i) € A} - P{gm(ﬁlEﬁ, e §m(z Eg)% )€ A}

= sup
A =1
< s |P{((canf @)/ Z0ss . (canf @) 2 ) € A} = PGB, (Y B0V € A}
AcRdxm =1

= dTV << (Cdnf(m))l/dzl,i, ey (Cdnf(l‘))l/dzm L) 5 < 1/d §m Z EZ 1/d> >

n—oo

— 0, (48)
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where the last inequality follows from Lemma[3.1] By the assumption that f has open support and
IV £l and || H || is bounded almost everywhere, this convergence holds for almost every x.

For the second term in (@), let 7™ = S — 5™ and we claim that 7™ converges to 0 in
distribution by the following lemma.

Lemma F.1. Assume m — coasn — ocoand k > 3, then

lim E| T | =0 (49)
n—oo
forany a € {0,1,2}. Hence (Tém), T~1(m)7 Tém)) converges to (0,0, 0) in distribution.
This imol; &m) &(m) gm) 5(00) &(00) G(o0)y o gia
plies that (S; ", S; "/, S5 ) converges to (Sy~ /, S} 7, S5 ) in distribution, i.e.,

dpy (ST, () 257 | (50)

Combine {@8) and (50) in {@6), this implies the desired claim.

We next prove the upper bound on the variance, following the technique from [2, Section 7.3]. For
the usage of Efron-Stein inequality, we need a second set of i.i.d. samples { X7, X}, ..., X/ }. For
simplicity, denote H = H, ,gz)N (X)) be the KLNN estimate base on original sample {X,..., X}

and H® be the KLNN estimate based on {X1,..., X1, X!, X;41,... Xn}. Then Efron-Stein
theorem states that

~ n 5 50 2} .
Var [H] <2;E[(H HJ) (51)

Recall that

n

Z { h( (canf(X)Y9Z.i, S04, 514, Ss,i)) —log f(X;) } ,

i=1

~ 1
H=—
n

EHVL
where b : R% x R x R% x R4*4 _ R is defined as

h(ty,ta, t3,ts) =
ty  tatd

1 1
dlog |[t1]] + dlog(2m) — logcqg — logtas + 3 log (det (t — 152) ) + itg(u — tgtsT)—lt?, )
2 2
(52)

Similarly, we can write H() = Iyt H i(j ) for any j € {1,...,n}. Therefore, the difference of
H and HY) can be bounded by:

ﬁ—ﬁ(j):%Z<Hi—Hfj)> . (53)

Notice that H; only depends on X; and its m nearest neighbors, so H; — H i(j ) = 0if none of X j and
X are in m nearest neighbor of X;. If we denote Z; ; = I{ X is in m nearest neighbor of X}, then

H,=H i(j ) if Z; j+Z; j» = 0. According to [2, Lemma 20.6], since X has a density, with probability
one, 2?21 Z;.; < mryq, where 74 is the minimal number of cones of angle 7 /6 that can cover R4,
which only depends on d. Similarly, """ | Z; ;s < myy. If wedenote S = {i : Z; ; + Z; j» > 0},

the cardinality of S satisfy |.S| < 2m-y,4. Therefore, we have H-H® = LN ies (Hl - Hi(j) )
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By Cauchy-Schwarz inequality, we have

E [(ﬁmﬂ

Il
=
SM‘ —_
N
m
w0
—~
=
\
=
ta;
N—
N~
()

15| 02
-
- Li;E[(Hi—Hﬁ))T
2|S| 2 (4)y2
< Sp L (el vE[@?)]) (54)

Notice that H;’s and 1, Z-(j )°s are identically distributed, so we are left to compute E | H? |. Condition-
ing on X = z, similarly to (#2), we have

E[(Hy +log f(2)2X; =2] = IEI[hQ((cdnf(x))l/deyi,So,l,SM,SQ’i)]
— By, (55)

1d iy o~
as n — oo, where B,(fc)l =E {hQ (gk ( i Eg) L5500 5(>), Séoo)) ] Therefore,

E[H}X,=2] = B —2logf(x)E[Hi|X: = z]— (log f(z))?
2)

= By —2log f(2)Bya + (log f(2))? . (56)

3

Take expectation over X1, we obtain:

E[H}] = Ex, | lim E[H}|X,] ]| =Ex, [ B{) - 2log f(X1)Bpa+ (log £(X1))*
— B+ 2H)Bua+ [ fla)llog f()ds <+, 57)

where the last inequality comes from the assumption that [ f(z)(log f(x))?dxz < +o0o. Combining

with (51) and (54), we have

Var {ﬁ} SQ]Z:;E[(I?_E[U))Q} < ?;(E[ng} —i—E[(HZ-(j))Q}) < 8|S|2C2 < 32m2%2102 (58)

n n
where (3 is the upper bound for E[H?]. Take m = O(logn) then the proof is complete.

F.1 Proof of LemmalE1l

Firstly, since |£;| = 1, we can upper bound the expectation of El| T(EZ?) || by:

BE | = B S GUCi B (o Be)*
1T = B Y P e
j=m+1 (22:1 EE) 2( 25:1 E, )

(@) j « j
S g SO B (S B0
o (i Boyedd 2( 0=y Be)?d
i E (Z%:l Ef)a/d o (Z%:l E, )2/d
j=m+1 (Z§=1 E, )a/d 2( Z§=1 Eq )2/d

Notice that the expression is a function of (3>)_, Ey/ lezl Ep)Y4 = R for j > m, we will identify
the distribution of R; first. For any fixed j > k, let Tj, = 25:1 Epand T = Y )_; .1 Ee, such

|

/|

xp{~ - (59)
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that R; = ((Ty + Tj—x)/Tx)*/?. Notice that T}, is the summation of k i.i.d. standard exponential
random variables, so Ty, ~ Erlang (k,1). Similarly, T;_ ~ Erlang (j — k,1). Also T}, and T);_,

are independent. Recall that the pdf of Erlang (k, \) is given by fi \(z) = AFak~le=2@ /(k — 1)!
for z > 0. Therefore, the CDF of R; is given by:
T +T,_ T
Fr(t) = P{R; <t} =P{( =k oy —pplizk <4y
’ Ty Ty,
phle—a /(td—l)x yi—k=le=
- roe 7@ dz
/xzo (k—1)! y=0 (j—k—1)
gh—le—= ( 7kt 1 d
= / 1— — gt (t? — l)ée_””(t -V ) dz
_ !
e>0 (k—1)! —
J—k-1 I p—
" e 1 d
= 1- / —zt(t? — 1)l Dda:)
2 ( oo Gopra” 7Y
g k-1 d ¢
(t?—1) / k=146, —at? )
= 1- ~ T e " dx
; ( (k=10 J,=0
J—k=1 4 P
— Gl 1 p—d(k—1+£)
= 1- > D (k—1+0)t
(=0
j—k—1
k—1+0\ g _
= 1- t (k—1) o "AVA
> ( . ) (1=t7", (60)
=0
fort € [1,400). Given the CDF of R;, each term in (66) is upper bounded by:
J E a/d J
]E‘ (Zi:l ¢) exp{— (i E }’ _ taeftQ ’ < Ep, |:t267t2}
(Xtmy Be)o/e 2(32)- 1E€ )2/
= / t2e=" dFg, (t) = t2e" Fg, (t)‘1 —/ Fr, (t)d(t2e ")
t=1 t=1
- _/ (2te™" — 2% )Fp (t)dt :/ 26(t% — 1)e" Fg, (t)dt . 61)
t=1 t=1

Therefore, in order to establish an upper bound for (66), we need an upper bound for Fpg,(t). Here

we will consider two cases depending on ¢. If t > (j/2k)

Fr,(t) < 1.If1 <t < (j/2k)Y9, since t¢ > 1, we have:

Jj— 1
Fr,(t)=1—

k—
£=0

Notice that (7)) ¢t~k (1 —

1/dwe just use the trivial upper bound

( -1+ £> Fk (1 — =)

7 1

-

t=%)* is the pmf of negative binomial distribution NB(k, 1 — t~9).

Therefore, Fi, (t) < P{X > j — k}, where X ~ NB(k,1 — ¢t~¢). The mean and variance of X are

given by E[X] = (1 — t_d)ki/(l —(1- t—d)) = (td 1)k and Var(X) = (1 — t_d)k/(l (-
t—d ))2 — (t2d _ td)k_ Therefore, by Chebyshev inequality, the tail probability is upper bounded by:
. Var(X) (t24 — 9\ (20 — )k ot
X 2j—ki< = = < 4%k
{(X = y < (j—k—E[X])2 (j—k—(tI-1Dk)?2 (j—tik)?2 — /3 (63)
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here we use the fact that t < (j/2k)"/? so j — t?k > j/2. Therefore, Fg, (t) < 4t>¥k/j* for
t > (j/2k)/?. Combine the two cases and plug into (61)), we obtain:

E| (i B expl— = B |= /oo 21(t? — 1)e™" Fr, (t)dt

(s Be)o/d 2(324y Ee )2 1
(j/2k)1/4 4424 ) 0
< / 2(t2 — 1)e " 5 dt+/ 2(t2 — 1)e " dt
t=1 J (5/2k)1/
Sk (oo} oo
< -7/ t2d+3e_t2dt+2/ e dt
J7 Ji=1 (5/2k)t/d
8kCy 1 2 5 o0
< 2( —=e V(2 +1
= 7T ( ¢ T )u/zk)l/d
8kC ; '
= SO (g ), (64)

where Cy = [~ #2d+3¢=t* 4t is a constant only depend on d. Therefore, we can see that

E| (320 Bo)™/*
(Z?:l Ey )a/d

(Xh_ Eo)¥e
2y By )2

exp{ H =0(01/5%). (65)

So

N %) J E a/d J E 2/d
EITS) < Y E (fol 0" xpi- (Zf,jl D 0. 66
j=m+1 (26:1 E, )a/d 2( Zezl Ey )2/d

given m — 0o as n — oQ.

G Proof of Theorem

The proposed estimator is a solution to a maximization problem a = arg max, Lx; (fa,x,). From
[21] we know that the maximizer is a fixed point of a series of non-linear equations of the form

Z (X; — Xi)®°‘K(Xj — Xi)

o p(k{i Pk,i

_ X \® _X.
= np% ;€% / (u Xl) “ K(u Xi )e(u—x,al)+~~~+ap[(u—w)7"' 7(’u—$)]i du
’ Pzﬂi Pk,i pﬁ,i

for all @ € [p] where the superscript ®« indicates the a-th order tensor product. From the proof
of Theorem ] specifically @8) and (50), we know that the left-hand side converges to a value that
only depends on k,d and K. Let’s denote it by S, (k) € R%". We make a change of variables
ao = ao +dlog pr; +logn and a, = aa/pg,i for « # 0. Then, in the limit of growing n, the above
equations can be rewritten as

So(k,d,K) = e™F,(d,K,ay,...,a,), (67)

for some function F,,. Notice that the dependence on the underlying distribution vanishes in the
limit, and the fixed point @ only depends on k, p, d, and K. The desired claim follows from

the fact that the estimate is lim,, o0 fr(X:) = lim, 00 €™ = lim, o0 Ak’d’p’K/(npgyi) =
F(X3) Ak, d.p,xkCqlim,, 1/(Cdnpz’if(Xi)) = f(Xy)Ak,ap,xCa/ Zif:l Ey, and plugging in the en-
tropy estimator H (X)) — Ex,[—log f(X;)] + Bk,d,p, k-

In the case of the KL estimator, it happens that Sy = k and Fy(d) = Cj such that e® = k/Cy,
et = f(Xi)k/(Cdngf(Xi)n) and By 4k = —logk + E[log(Zif:l E)) = —logk + ¢(k).
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