
A Appendix
Definition 1.

1. We define following quantities:

x̃ :

= arg min

x

02⌦

hrf(x), x0 � xi+ 1

2�
kx0 � xk2,

x̄
k

:

= argmin

x2⌦

hrf(x̂
k

), x� x
k

i+ 1

2�
kx� x

k

k2,

x̃
k

:

= argmin

x2⌦

hrf(x
k

), x� x
k

i+ 1

2�
kx� x

k

k2.

2. For each iteration k we define A
k

as the set containing the coordinates should be selected
in each block if the cooresponding block is selected in that iteration. Therefore, A

k

=

{a
k

1

, . . . , a
k

n

} where a
k

i

2 S
i

is the selected index of coordinate if S
i

is selected in that
iteration.

Lemma 1. Let ⇢ be a constant with

⇢ >
�
1� 2/

p
n
��1 (12)

and define the quantity  as follows:

 :

= L
max

+

LresT⇢
T

p
n

✓
2 +

L
maxp
nLres

+

2T

n

◆
.

Suppose that the steplength parameter � > 0 satisfies the following two upper bounds:

� 6 1/ (13)

� 6
✓
1� 1

⇢
� 2p

n

◆ p
n

4LresT⇢T
. (14)

Then we have

Ekx
k�1

� x̄
k

k2 6 ⇢Ekx
k

� x̄
k+1

k2, k = 1, 2, . . . .

Proof. This can be proved by following exactly the same procedure in Theorem 4 of [17] and noting
that

k(x
k

� x̄
k

)

A

k

k2 6 kx
k

� x̄
k

k2,

where (x
k

� x̄
k

)

A

k

is a zero vector with coordinates in A
k

set to the corresponding coordinates in
x
k

� x̄
k

.

Lemma 2. Given the requirements in Lemma 1 hold, we have

Ekx̄
k

� x
k

k2 > 1

2

⇣
�

2

L

2

T

T

2

⇢

T

n

+ 1

⌘Ekx̃
k

� x
k

k2. (15)

Proof. Since the projection operator is nonexpansive,

kx̄
k

� x̃
k

k 6 kP
⌦

(x
k

� �rf(x̂
k

))� P
⌦

(x
k

� �rf(x
k

))k
6 kx

k

� �rf(x̂
k

)� (x
k

� �rf(x
k

))k
= �krf(x̂

k

)�rf(x
k

)k.
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Thus

Ekx̄
k

� x̃
k

k2 6 �2Ekrf(x̂
k

)�rf(x
k

)k2

6 �2L2

T

Ekx̂
k

� x
k

k2

(3)

= �2L2

T

E

������

X

j2J(k)

(x
j+1

� x
j

)

������

2

6 �2L2

T

T
X

j2J(k)

Ekx
j+1

� x
j

k2

6 �2L2

T

T

n

X

j2J(k)

Ekx̄
j

� x
j

k2

6 �2L2

T

T 2⇢T

n
Ekx̄

k

� x
k

k2. (16)

Thus

Ekx̃
k

� x
k

k2 = Ekx̃
k

� x̄
k

+ x̄
k

� x
k

k2

6 2Ekx̃
k

� x̄
k

k2 + 2Ekx̄
k

� x
k

k2
(16)

6 2�2L2

T

T 2⇢T

n
Ekx̄

k

� x
k

k2 + 2Ekx̄
k

� x
k

k2

= 2

✓
�2L2

T

T 2⇢T

n
+ 1

◆
Ekx̄

k

� x
k

k2.

It immediately follows that

Ekx̄
k

� x
k

k2 > 1

2

⇣
�

2

L

2

T

T

2

⇢

T

n

+ 1

⌘Ekx̃
k

� x
k

k2.

Proof to Theorem 2

Proof. We start from

E(f(x
k+1

))� f⇤
= E(f(x

k

))� f⇤
+ (E(f(x

k+1

))� E(f(x
k

)))| {z }
T

1

.

Firstly, we bound T
1

by

T
1

= E(f(x
k+1

))� E(f(x
k

))

6 Ehrf(x
k

), x
k+1

� x
k

i+ L
max

2

Ekx
k+1

� x
k

k2

= Ehrf(x̂
k

), x
k+1

� x
k

i+ L
max

2

Ekx
k+1

� x
k

k2 + Ehrf(x
k

)�rf(x̂
k

), x
k+1

� x
k

i

6 Ehrf(x̂
k

), x
k+1

� x
k

i+ 3L
max

2

Ekx
k+1

� x
k

k2

+Ehrf(x
k

)�rf(x̂
k

), x
k+1

� x
k

i.

Since

x
k+1

= arg min

x2⌦

i

k

hr
i

k

f(x̂
k

), x� x
k

i+ 1

2�
kx� x

k

k2

= arg min

x2⌦

i

k

hr
i

k

f(x̂
k

), x� x
k

i+ 3L
max

2

kx� x
k

k2,
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and denote ⌦

S

k

as the Cartesan product of ⌦
i

, i 2 S
k

, we have

T
1

6 E
✓

min

x2⌦

i

k

✓
hrf(x̂

k

), x� x
k

i+ 3L
max

2

kx� x
k

k2
◆◆

+Ehrf(x
k

)�rf(x̂
k

), x
k+1

� x
k

i

6 E
✓

1

m
min

x2⌦

S

k

✓
hrf(x̂

k

), x� x
k

i+ 3L
max

2

kx� x
k

k2
◆◆

+Ehrf(x
k

)�rf(x̂
k

), x
k+1

� x
k

i

= E
✓

1

mn
min

x2⌦

✓
hrf(x̂

k

), x� x
k

i+ 3L
max

2

kx� x
k

k2
◆◆

+Ehrf(x
k

)�rf(x̂
k

), x
k+1

� x
k

i.

Since mn = N , we have

T
1

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

1

n
Ehrf(x

k

)�rf(x̂
k

), (x̄
k

� x
k

)

A

k

i

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

1

n
Ek(rf(x

k

)�rf(x̂
k

))kk(x̄
k

� x
k

)

A

k

k

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

Lres

n
E
X

j2J(k)

kx
j+1

� x
j

kkx̄
k

� x
k

k

=

1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

Lres

2n
E
X

j2J(k)

✓
↵kx

j+1

� x
j

k2 + 1

↵
kx̄

k

� x
k

k2
◆

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

Lres

2n
E
X

j2J(k)

✓
↵

n
kx̄

j

� x
j

k2 + 1

↵
kx̄

k

� x
k

k2
◆
,

where ↵ > 0. Letting ↵ =

p
n we have

T
1

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆

+

Lres

2n3/2

E
X

j2J(k)

(kx̄
j

� x
j

k2 + kx̄
k

� x
k

k2)

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆
+

Lres⇢
TT

n3/2

Ekx̄
k

� x
k

k2.

where the last step comes from Lemma 1. Next we verify the requirements in Lemma 1 are satisfied,
so that we can safely apply it. If the following holds
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T (T + 1) 6
p
nL

max

4eLres

� =

1

3L
max

,

⇢ :

= 1 +

4eTLresp
nL

max

 :

= L
max

+

LresT⇢
T

p
n

✓
2 +

L
maxp
nLres

+

2T

n

◆

where the first two are from the requirements of this theorem and the other two are defined here, we
have

T 6 T (T + 1) 6
p
nL

max

4eLres
(17)

and

⇢T =

✓
1 +

4eTLresp
nL

max

◆
T

6
 
1 +

✓
4eLresp
nL

max

◆
1/2

!⇣p
nL

max

4eLres

⌘
1/2

6 e. (18)
Thus for (14), note that ✓

1� 1

⇢
� 2p

n

◆ p
n

4LresT⇢T

=

✓
⇢� 1

⇢
� 2p

n

◆ p
n

4LresT⇢T

=

e

L
max

⇢T+1

� 1

2LresT⇢T
.

> 1

L
max

� 1

2L
max

=

1

2L
max

.

Thus we can verify (14) by

� =

1

3L
max

6 1

2L
max

6
✓
1� 1

⇢
� 2p

n

◆ p
n

4LresT⇢T
.

Next we verify (12):

⇢ = 1 +

4eTLresp
nL

max

>
�
1� 2/

p
n
��1

,

by noting that for n > 6

1 +

4eTLresp
nL

max

> 1 +

4ep
n
>
✓
1� 2p

n

◆�1

.

We verify (13) in the last. Note that

 = L
max

+

LresT⇢
T

p
n

✓
2 +

L
maxp
nLres

+

2T

n

◆

(18)
6 L

max

+

LresT ep
n

✓
2 +

L
maxp
nLres

+

2T

n

◆

(17)
6 L

max

+

L
max

2

✓
2 +

L
maxp
nLres

+

L
maxp
neLres

◆

6 L
max

+ L
max

✓
1 +

1p
n

◆

6 3L
max

,

13



where the second last step comes from Lmax  Lres. Thus

1/ > 1

3L
max

= �.

Therefore our choice satisfies the requirements in Lemma 1.
Since the optimatlity condition for

x̄
k

= argmin

x2⌦

hrf(x̂
k

), x� x
k

i+ 1

2�
kx� x

k

k2

is

⌧
x� x̄

k

,rf(x̂
k

) +

1

�
(x̄

k

� x
k

)

�
> 0, 8x 2 ⌦

) hx� x̄
k

,rf(x̂
k

)i > 1

�
kx̄

k

� x
k

k2,

we have

T
1

6 1

N
E
✓
hrf(x̂

k

), x̄
k

� x
k

i+ 3L
max

2

kx̄
k

� x
k

k2
◆
+

Lres⇢
TT

n3/2

Ekx̄
k

� x
k

k2

6 1

N
E
✓
� 1

�
kx̄

k

� x
k

k2 + 3L
max

2

kx̄
k

� x
k

k2
◆
+

Lres⇢
TT

n3/2

Ekx̄
k

� x
k

k2

=

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
Ekx̄

k

� x
k

k2.

Thus putting the upper bound for T
1

in, we obtain

E(f(x
k+1

))� f⇤
= E(f(x

k

))� f⇤
+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
Ekx̄

k

� x
k

k2.(19)

Note that

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
6

✓
1

n

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆

=

1

n

✓✓
3L

max

2

� 1

�

◆
+

Lres⇢
TTp
n

◆

6 1

n

 
�3L

max

2

+

Lrese
p
nL

max

4eLresp
n

!

=

1

n

✓
�3L

max

2

+

L
max

4

◆

6 0.
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Thus using Lemma 2 and putting ⇢T 6 e, T 2 6
p
nL

max

4eLres
, T 6

p
nL

max

4eLres
, � =

1

3L

max

in (19), we have

E(f(x
k+1

))� f⇤

(15)

6 E(f(x
k

))� f⇤

+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
1

2

⇣
�

2

L

2

T

T

2

⇢

T

n

+ 1

⌘Ekx̃
k

� x
k

k2

(17),(18)

6 E(f(x
k

))� f⇤

+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
1

2

 
1

9L

2

max

L

2

T

p
nL

max

4eLres
e

n

+ 1

!Ekx̃
k

� x
k

k2

= E(f(x
k

))� f⇤

+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
1

2

⇣
L

2

T

36L

max

Lres
p
n

+ 1

⌘Ekx̃
k

� x
k

k2

= E(f(x
k

))� f⇤

+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆✓
L2

T

18LresLmax

p
n
+ 2

◆�1

| {z }
b,as defined in Theorem 2

Ekx̃
k

� x
k

k2

6 E(f(x
k

))� f⇤
+

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆
b
2(Ef(x

k

)� f⇤
)

L2
(20)

=

✓
1 +

2b

L2

✓
1

N

✓
3L

max

2

� 1

�

◆
+

Lres⇢
TT

n3/2

◆◆
(Ef(x

k

)� f⇤
)

(18),(17)

6
 
1� 2b

L2n�

 
1�

 
3L

max

+

2Lrese
p
nL

max

4eLresp
n

!
�

2

!!
(Ef(x

k

)� f⇤
)

=

✓
1� 2b

L2n�

✓
1� 7

4

L
max

�

◆◆
(Ef(x

k

)� f⇤
)

=

✓
1� 6bL

max

L2n

✓
1� 7

12

◆◆
(Ef(x

k

)� f⇤
)

6
✓
1� 2bL

max

L2n

◆
(Ef(x

k

)� f⇤
),

where (20) comes from

f(x)� f⇤ 6 L

2

kx� P
S

(x)k2

(7)

=) 2(f(x)� f⇤
)

L
6 2kx̃� xk2,

completing the proof.
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