Supplementary material for ‘“Convex Tensor Decomposition via
Structured Schatten Norms”

A Proof of Lemma [

Proof. This follows from the following lemma.

Lemma 3. Let || - ||, be a norm and ® be a linear operator from RN to RM . Assume that the right
kernel of ® is empty. Then

LWl @y = 1ROV)Ils is a norm.
2. H|WH|;(<1>) =inf,cpm [|2]x st. @7 (2) = Wisalso a norm.
3. HHHK( and m } (@) @r€ dual to each other, where || - ||~ is the dual norm of | - ||

In fact, let M = KN and let ®(W) = [vec(W (1)); ...; vec(W (i )], i.e., the column-wise concate-
nation of unfoldings of W vectorized, and define the x-norm || - ||, as follows:

K (k) 1/q
Il = (S, 1250, ) 19)

where Z E k; denotes the inverse vectorization of an N dimensional sub-vector z(,_1)n41:.xn Of 2
into an ny X N/ny matrix. Now the dual norm of x-norm () can be written as follows:

K 1/q
** = (Z || (k)Hq >

Furthermore, the constraint @ " (z) = X’ can be easily rewritten as follows:
K

PR
k=1

where Z(*) is the mode-k folding (inverse unfolding) of ZE:% By replacing Z*) by x(¥) for
k=1,...,K, wehave Lemma [I.

Iz

Now we prove Lemma B. The first and the second parts are straightforward to show. In order to
prove the third part, let’s start from the definition of a dual norm

X [x(@)e = sup W, &) st W], 4, < (20)

This is a constrained maximization problem. Since the above maximization problem satisfies
Slater’s condition, the strong duality holds. Thus, we only need to show that its dual problem agrees
with the definition of |H | Due to Fenchel’s duality theorem, we have

**) ’

where 0(C') is the indicator function of condition C' (0 if C is true, and oo otherwise). Now we can

(@)
Sup (W, X) =5 (|@W)ll. < 1)) = inf (§(-2 " (2) + X =0)

O

B Proof of Lemma

Proof. Since we are allowed to take a singleton decomposition W*) = W and W) = 0 (K # k),
we have

s = ey 26 Z||W(k)|\sl
< W lls,

< VEIWle (h=1,...K)
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Choosing k that minimizes the right hand side, we obtain our claim.

C Proof of Theorem [

Proof. Due to the triangular inequality

IV =Wl < W =l + Il -
First, due the optimality of W, ¥ = W € M| W5 W77 is the subdifferential of
the latent S; /1 norm at W. Thus, the first term of the right hand side satisfies

IV =Yl < im0 =P, <\ fimes,

The first inequality is true because H|W|HF < VE||W || s.. for any tensor W and mode k. The

last inequality is true because for any G € 0|”VAV|||T/1 we have ’H(]{HSOO/OO <1.

Il < \/minnxfl€lls, o < | /minne.

The last inequality follows from the assumption. This completes the proof of Theorem [II. O

where 8|

Similarly,

D Proof of Theorem 2

Let W = Zszl W) be the solution and its optimal decomposition of the minimization prob-
lem (ID); in addition let A®) := W(k) _ =)
The proof is based on Lemmas B and B, which we present below.

In order to present the first lemma, we need the following definitions. Let U SV = W?,il)c) be

the singular value decomposition of the mode-% unfolding of the kth component of the unknown
tensor W*. We define the orthogonal projection of A*) as follows:

Al = Aj+A],

where
L=, —UU AR (I, — ViV,
Intuitively speaking, A lies in a subspace completely orthogonal to the unfolding of the kth com-

ponent W?IEI;), whereas A, lies in a partially correlated subspace.

The following lemma is similar to Negahban et al. [20, Lemma 1] and Tomioka et al. [Z6, Lemma
2], and it bounds the Schatten 1-norm of the orthogonal part A} with that of the partially correlated
part A}, and also bounds the rank of A} .

Lemma 4. Let W be the solution of the minimization problem (IIl) with the regularization constant

A> 2|||5 m . Let A% and its decomposition be as defined above. Then we have
Soo /00

1. rank(A}) < 27.

K K
2. 3 AKlls, <3375y 1AL, -

Note that although the proof of the above statement closely follows that of Tomioka et al. [26,
Lemma 2], the notion of rank is different. In their result, the rank is the mode-£ rank r;,, whereas

the rank here is the mode-k rank of the kth component W*(¥) of the truth.

The following lemma relates the squared Frobenius norm of the difference of the sums
|||Z,€K:1 AK) |Hi7 with the sum of squared differences Y"1, | A®) |||fD
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Lemma 5. Let W be the solution of the minimization problem (l). Then we have,

1 2 1 2 X k
5 2 AP < SNAlE + oK ~ DS IAG s
k=1 k=1
where A = Zszl AR,

Proof of Theorem D. First from the optimality of W, we have

(k) *
A Wl < glly -w

*(k
LAY W,

which 1mp11es

Al < a8 23 (Wi s, - 1wl ) @
(A E) +AZ [N P
< (H|<‘7|||sw/oo +) Zk:l 1A lls, (22)

where we used the fact that ) = W* 4 £ in the first line, the triangular inequality in the second
line, and Holder’s inequality in the third line. Note that there is an additional looseness in the third

line due to the fact that A = Zszl A®) is not an optimal decomposition of A induced by the latent
Schatten 1-norm.

Next, combining inequality (I2) with Lemma B, we have

1 K K
5 2 AP <2237 1A s

+a(K —1).

oo/oo

where we used the fact that A > H|E|HS

Finally, combining the above inequality with Lemma B, we have

S AW <Y (Ials, +1ALls,)
<Y A,
<Y VALl
<Y VIR AW, 3

<svan Y A/ A, )

where we used the triangular inequality in the first line, Lemma B in the second line, Holder’s
inequality in the third line (combined with Lemma ), the fact that AEZ; = A} +A] is an orthogonal

decomposition in the fourth line, and Cauchy-Schwarz inequality in the last line. Dividing both sides

of the last inequality by 4/ Z,I::l ||| W(k) \Hi completes the first part of our claim.

In order to obtain the bound on the overall error ||| A H{ o We consider two cases: if

K
Al < lA®, (25)
=1

we can lower-bound the left hand side of inequality (Z3) by (Z3) and obtain

1 K
SIale <svan/3o wllaly

12



On the other hand, if
s 2 2
2 MA®E < NAE (26)
k=1
we can apply the derivation up to (Z4) to the right hand side of inequality (Z2) to obtain
1 9 K K 9
LA <8 m [ Jao
K
sV mllAllg

where we used assumption (Z8) in the second line.

We obtain our claim by dividing both sides by ||| A ||| - and choosing Wk =W for k = argmin,, r},
and W*(¥) = (0, otherwise.

O

E Proof of Theorem 3

Proof. Since each entry of £ is an independent zero men Gaussian random variable with variance
o2, for each mode k we have the following tail bound (Corollary 5.35 in [28])

P (I1Buls.. > o (VN + /i) + 1) < exp (—£2/(20%).
Next, taking a union bound
P <ml?x | E )5 > o max (\/]W+ \/ﬁ) + t) < Kexp (—t*/(20%)).
Thus defining § = K exp(—t2/(20?%)), we have
H!cﬁ'mM < omax (\/m + \/ﬁ) + 0+/2log(K/8) with probability at least 1 — 4.

Therefore if we take

A=20 (s/N/nK + i+ /2 1og(K/5)) +a(K 1),

the condition of Theorem B will be satisfied with probability at least 1 — §. Substituting the above A
into the right hand side of the error bound (I2) in Theorem [, we have the statement of Theorem B.

O
F Discussion on the identifiability
Let 7y, = rank(WEZ;) be the mode- rank of the kth component W) in the decomposition
W=wh 4w ... wE), (27)

We say that a decomposition () is locally identifiable when there is no other decomposition

Zszl W®) having the same rank (71,...,7x). The following theorem fully characterizes the
local identifiability of the decomposition (7).

Theorem 4. The decomposition (I7) is locally identifiable if and only if W) = W for k = k*
and W*) = 0 otherwise, for some k*.

Proof. We first prove the “if” direction. suppose that there is another decomposition

K K ~
(k) _ (k)
wk) = Zk:l Wk,

k=1
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such that rank(WEZ%) = rank(WEg). Note that W £ W can happen only when W®*) £ (

(otherwise the rank would increase). Also note that VW # W should happen for at least two £’s.
Combining these we conclude that there are k # £ such that W) = 0 and W £ 0.

Conversely, suppose that there are & # £ such that W) £ 0 and W) #£ 0, we can write®
W = x, Uy,
wl =c® x, U,

where U, € R > C(K) ¢ Rraxxnk—1x7ixxnx and 7, and C'¥) are defined similarly. Since
C*) and C¥ are allowed to be full rank, we can define

¢ = c® 4 D0 x, U,
e — e _pd) o, 17,
for any D € R™ X" XTkxXTeXXnK  Then we have
WwE LW — k) «, U, +¢Y x, U,
= (c® +D®I X, UL) x, Us

+ (C(E) —'D(k’e) Xk Uk) xe Uy

=C® X, Up +CW xe Uy
W0 o,

k/
Note that rank(WE k,g) = 7 for k' = k, £. Therefore, there are infinitely many decompositions
that have the same rank (71, ..., 7).

O

The above theorem partly explains the difficulty of estimating individual components W**) without
additional incoherence assumption as in (). In fact, most decompositions of the form () are not
identifiable.

G Derivation of inequality (I73)

Proof. Using the triangular inequality and Cauchy-Schwarz inequality we have

K
IV =wll <> |

k=1

W - W,

<VE(Y

k=1

W) - o,

Thus

K
W= W[5 < KXY T
k=1

|

Now since the decomposition of the true tensor W* into the sum W* = Zszl W) is arbitrary,
we choose

W*(k) _ wr (lfk = argmink ﬁk)7
~ 10 (otherwise).

3Here the tensor mode-k product A = B x}, C is defined as Qiy..ige = Z?il biyis...0..i Cei;,, Where
.A _ (ail.“iK) c Ran.A.an’ B — (bblélK) c Rnlxmxdkx“.an’andC — (Céik) c dexnk
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K .
Therefore ), 7, = ming r;, because

— (if k = argming r},),
"7 10 (otherwise),

which completes the proof. O

H Proof of Lemmad

Proof. The first inequality is true, because
k= AEQ (I, —ULU,")A )(IN/n,c ViVi')

= UkUkTAEk; (Injny, — ViV )+ AggkakT

Next, to show the second inequality, notice that
5 (k)
W ylls, = IIW(k) + AL+ Aglls,
> (Wil + Aflls, — AL,
*(k)
= ||W(,5) s, + IAFlls, — [ Aklls,

where we used the decomposability [200] of the Schatten 1-norm in the third line.

Substituting the above inequality into inequality (1), we obtain

1
o< zllall; < ZHA ||+AZ||A s, — I A%]s,)

SAZ( I 8kls, — 31 ;;nsl),
k=1

from which the statement follows. Here we used H|€ ||| S < A\/2in the second inequality and the

triangular inequality in the last line. O

I Proof of Lemma B

Proof.
= K
lallz = ZHIA I+ 5 (Al Al
k=1
- 2
Z|||A e - Z Dls. S 1Al I
K

—1 k' #k

K
>3 AB5 - 20K 1) S 1A s,
k=1

k=1

where the last inequality follows from ||A(k) ls.. < ||W(k) lls., + \\W(k) ||soo < 2afor k' # k.
Lemma follows by dividing both sides by two. O
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