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A Results for multivariate linear regression

In multivariate regression / multitask learning, we are given a collection of n regression problems
in R™, where the data at hand is of the form Y; € R™ for each task j = 1,--- ,n,and X € Rmxd
is the design matrix. If we denote the unknown regression matrix as B € R4*™, our observed data
can be written as

Y=X-B+W

where W € R™*™ is the observation noise matrix. Suppose the matrix of coefficients B has an
exact low-rank plus sparse decomposition, in which case we can writt BT = L* + S* where
rank(L*) < r and max;||S}.|lo < s. Then, by taking the transpose of the observation model

YT =L +8) - XT+wW', (1

we see that this is a special instance of our initial model (I)), where compression matrix is given
by C = X" and error term is Z = W . We emphasize here that in most multivariate regression
/ multitask learning problems, compression matrix X | cannot be controlled by the user and is
obtained through observing the specific event or phenomenon. For this section, we assume a fixed
design matrix X satisfying a restricted eigenvalue property (a standard assumption for many sparse
regression problems [2])). In this setting, we aim to recover the low-rank product P* = L* - X | and
the sparse matrix S* by solving the convex program (2)). We state the performance of the recovered
solution, which can be obtained from Theorem I}

Proposition 1. Assume the model (1), where BT = L* + S*, with rank(L*) < r, and
max;||S7,|lo < s. Assume that X has unit-length columns and satisfies RE,, 4(c1, c2), where

16slog(d
Ccoi=c1 —Co - 7687(:1g()>0,

iid . . .
and assume that W;; ~ N (0, 02). Then there exist universal constants c,c’,c” > 0 such that if we

choosd]
a> |I*X " X || oo, v > 60vn +m, X > 40+/log(nd) + 4a ,

and if m > ¢ - slog(nd), then the solution (]3, §) to the convex program @) (with YT in place of
Y ) satisfies

|P— PR 4115~ SR < g (ro?(n+ m) + (0> log(nd) + 0?)sn)

with probability at least 1 — %

'Requiring that we choose « to satisfy o > ||L* X " X || is of course nontrivial since L* is not known.
However, under several natural models for L* and for X, this quantity can easily be bounded. For example,
if we treat X as fixed and assume that the singular vectors of the rank-r matrix L* are chosen uniformly at

random, one can show that || L* X T X||oo ~ +/dlog(nd)/m.



Remark 1. If the entries of W are subgaussian rather than Gaussian, then the same result holds,
except for a change in the constants appearing in the parameters (o, v, A).

Remark 2. Corollary 4 in Agarwal et al [1] provides the result that leads to the same scaling as
our result. However, they essentially require m > d as opposed to our case that only requires
m > c - slog(nd). We also provide recovery guarantee of the compressed low-rank component
P* = L* - X T rather than the low-rank component of coefficients L* as in [1]].

B Details for chlorine data experiment

This section gives details for the chlorine data experiment described in Section d.2] We first in-
troduce missing entries in the data matrix D and focus on predicting those entries by solving the
convex program (2 based on the reweighted partially observed data matrix Dg. To do this, we
follow a missing at random model, partitioning the nd entries into three sets, 2ops U Qyal U Qtest,
where s contains the observed data (80% of all entries), {),, is a validation set for tuning (10%
of all entries), and Qe is the test set (10% of all entries). For each j € [d], we define the set of
observed entries in column j as O; = {i € [n] : (i,j) € Qobs} and similarly for V; and T;.We
will then proceed as follows: F1x1ng v and ), solve the convex program (2) using the compressed

reweighted data matrix Dq,,. - C to obtain an estimator (P S ). Accordlng to the low-rank + sparse
decomposmon the column span of P should closely approximate D — p - S, and so we should have
(D—p- S)* j o~ P w; for some w;. We compute w; using least squares on the observed data, i.e.

:(POj*POj*) Poj*(D_p'S)Oj»j :
We then predict the missing entries located at the validation set entries V; as
Dy, j = Pvjs - wj + Sy, 5 -
Since we have no information for recovering S7; for (i,7) ¢ (ops, we remove the largest 1% of

obs

entries of prediction error Dg,, — Dq
remaining 99% of the entries:

and evaluate the prediction performance only using the

val

A 2
H (Dﬂval - DQm)bottom 99% ”F :
With this prediction performance criteria, we choose the optimal regularization parameters Vopt, Aopt
and finally outputs the prediction error evaluated on the test set:

(D@ — Dot )bottom 90% I -

C Proofs of theorems

C.1 Proof of Theorem[Il

Background First we introduce a few definitions which are now standard for the analysis of this
type of structured problem, using the decomposability of the ¢; norm and the nuclear norm. Let
Q) C [n] x [d] be the support of the true sparse component S*, and let §2; C [d] be the i-th row of €2,
ie. Q; ={j: S5 # 0}. Let T be the tangent space to the nuclear norm at P*, which is given by [3]

T={AV' +UB" : any matrices A € R™*", B ¢ R™*"}

where P* = UXV T is a singular value decomposition of P* with U € R™*" and V' € R™*". It is
known [2] that, for any S € R™*?, for each row i € [n],

1S5l = [1Sixll1 < 1(S = S™)iq,
which trivially yields

(S = 5%)iasll 2

1S* [l = 151l < [[Pa (S = $)]ls = [P (S = S 3)
where P, () and ’Pé () denote projection onto the subspace of matrices supported on €2, and onto
the orthogonal subspace. Furthermore for any P € R™*"™,

1Pl = 1Pl < [Pr (P = Pl = [P (P = Pl , €y
where Pr () and Pz () denote projection onto the subspace T C R™*™, and onto its orthogonal

complement 7. Throughout, we will use the facts that || M ||, < ||Pr (M)||. + [P (M)]|. and
similarly || M1 < ||Pq (M)||1 + ||Pa (M)]||; without comment.



Notation Definition Name
[] {1,....n}
[lvllo or [[M]lo > Luizoor Dy Tary 0 number of nonzeros in vector v or matrix M
M., (M, M, . ..) jth column of the matrix A
M; (M;1, M2, ...) 1th row of the matrix M
(always treated as a column vector)
Mug (Mi;)ica,jeB the submatrix of M indexed by A x B
M|l \/ >uM fj Frobenius norm
1M |1 2y [ M| elementwise ¢; norm
[ M]] 0o max;; | M;;] elementwise /., norm
TMTl2.00 max; [M;.[[2 largest row /5 norm
| M| max, ”ll‘\;[ﬁ!Q spectral norm (a.k.a. operator norm)
| M]]« > ;0i(M) where 01 (M), 02(M), . .. nuclear norm (a.k.a. trace norm)
are the singular values of M
c,c,c, ... universal constants (whose definitions may
change from one result to another)

Table 1: Notation used throughout the proofs.

Basic inequality By optimality,
1 5 & 5 =~ 1
§||Y — P~ SC|E+v||P|l« + IS < §||Y — P* — S*G|E+v||P |« + MIS* 1. (5

Define errors AP = P— P* and AS = §— §*. Using our model (I for Y, and applying (3) and (@),
we rearrange terms to obtain

SIA7 4 ASCIE < (2,87 + 8°C) + v (IPr (A7) . ~ [IPF (&7)].)
+ X ([|Pa (AS)Hl —||Pag (AS)||1)
<NZ) AT+ 12T oo - 18511 + v (1P (A7)« — [P# (A7)L.)
+ A (I1Pa (&%) |1 = [[Pg (A%)])
< [Pr (A7) (v + 1 Z]) — P& (A7) [l (v — | 2]
+1Pa (M)A + 1207 o) = P& (A%) (A = 1 2CT ||oo) -

Now we consider the left-hand side. We have
SIAP 4 M5OI = IATIE + SIASCIR + (A", A%C)
> LA+ I ASCIE ~ 47T oo - 125
> SIAPIE + SIASCIE - 2017

where the last step uses [|[APCT o < [|PCT|loo + |[P*CT|lsc < 2a by the assumption

~

|P*CT|lso < o (@) and the constraint |PC T || < « in the optimization problem (@). Includ-
ing this into the work above, then,

1 1
SIATIE + SIA°CIE < [[Pr (A7) (v + 12]) = 1Pz (A7) [l (v = 1121
+1Pa (A%) 1A+ 1 Z2C T || + 20) — [P (A%)[|1(A = [|ZCT || — 20)
< v(15|Pr (A7)|l. = 0.5|PF (A7) ) + A(1.5]Pq (A%) 1 — 0.5|P& (A%)[|1) , (6)

where the last step uses the assumptions (6) on the parameters (v, v, \).



Strong convexity Next, we need to use the restricted strong convexity assumption on C'. First, we
consider the rows of S individually. Fixing P, we note that the optimization problem (2) separates
over the rows of S: ignoring the term v|| P||. which is constant with respect to .S, we have

1 ~ o~ ~ 1 ~ ~ —~
IV =P = SCIE+ A5 = <2||K;* — P, —CT8,|2+ A||Si*||1> .
Therefore, §1* is the minimizer of the term in parentheses, for each 7, and in particular we have

1 N ~ ~ 1 ~
SIYie = P = CTBLIB + MIBiulls < 51w — B = CTSLIE + AISE -
Rearranging terms and applying (2), we get

1 I * D *
SICT (S = SE)IE < (Yie = P = CT 7, %) + A (11850, 1 — 185011

<O = P = CTSE) oo - 185, 1 + A (1850, 11 — 1450 1) -
We also have
|C(Yix = Pis = C" S/ )loo = 1C(Zix = (P = P*)is)|loe < I(Z = (P = P*))C" ||
<120 oo + I1PCT oo + IP*C T [loo < 1ZCT || + 20 < A/2,
by the assumption (6) on A. Combining this with the above, we then have
1
5| 1= 05 A1)
and since the left-hand side is nonnegative, we therefore have
1A%l < 3] 4%, 111
that is, for every row of the sparse matrix, a substantial portion of the #; norm of the error is located
on the correct support. Therefore,
1A%, 11 = 1A% 11 + [14%, I < 4l|A%, [ < 4V/s[|A%, 12 < 4Vs[IAZ 12,

where the next-to-last inequality holds because |€2;| < s by assumption on the sparsity of the row
Sk

CTASIE < A (1514%,

Next, by assumption of the theorem, C' T satisfies RE,. d(c1, c2). We then have

m m

log(d log(d
ICT AL 2 2 er|AL oy 2B D A5 |, > < o4y ) 18 )> 1A% 2 = coll A%

where the last step uses the definition of ¢y in the theorem. (Recall that ¢y > 0 by assumption.)
Summing over the rows, we then have

IA°CIE =Y ICTALIP = Y GlIAdlE = Flla%E - M

Combining everything Now we return to (6)) and plug in our result in (7)), to obtain

1 2
SIAT IR+ IA%E < w(1.5]Pr (A7) [l —0.51P7 (A7) [:)+A(151Pa (4%)[1-0.5]Pg (A%)[]) -
Removing negative terms from the right-hand side and multiplying by 2,

1A 7 + 3l A%7F < 3v(|Pr (A7) ]|« + 3X[1Pa (A%) 1 -

Since rank(Pr (AF)) < 2r by definition of 7', and similarly since ||Pq (A)[|g < sn by definition
of 2, we have

IA7|IE + el A%E < 3v]|Pr (A7)l - V2r + 3A|Pa (&%) || - V/sn
< AP ¢ - V27 + BA|A|r - V/om
< \JIAPI2 + A5 2 - /18702 + 95 2mx2 |
where the last step uses the Cauchy-Schwarz inequality. In particular, this implies that
AP 12 + 2| A2 < 18712 4 9¢y 2snA?
which proves the desired result.




C.2 Proof of Theorem2]

This result is a straightforward application of Theorem [T} It will be sufficient to check that, with the
stated probability, the following statements all hold:

16slog(d
C'T satisfies RE,.a(c1, ¢2), with ¢g == ¢1 — ¢2 M >0, 8)
m
and
a > |L*CCT|os, v 22| Z||; A > 2| ZCT |0 + 4ar. )

To prove that holds, the following lemma is sufficient (along with the assumption m > c -
slog(nd)):

Lemma 1. Under either the Gaussian model (@) or the orthogonal model @) for the compression
matrix C, for any § > 0, C'T satisfies RE,, 4(c1, c2) for constants

1 9
cp=————— and c=——
4(2+V?2) 2++/2
with probability at least 1 — c'e=“™, where c, ¢’ > 0 are universal constants.
To prove (@), we consider the first inequality by treating L* as fixed and analysing the random model
for C:

Lemma 2. Under either the Gaussian model @) or the orthogonal model @) for C, for any fixed
matrix L* € R"*¢ and fixed § > 0, if m > 16log(nd), then

1
P%MT@TW>WHM~G+ 6C”Og(”d)>}<4.
m nd

For the second and third inequalities in (9)), we first have the following bound on C::
Lemma 3. Under either the Gaussian @) or orthogonal @) model for C, with probability at least

1 — 2de~™/8,
1C]] < V/12d/m and ||C||2,00 < 2.

Next, we consider C' as fixed and analyse the random model for the noise terms Zyre and Zpost (We
can treat C' as fixed since the noise is generated independently from C). Fixing C, the rows of
Z = ZpyeC + Zpost are i.i.d. draws from the distribution N(0,02.C7C + 02ostIm). Then, writing

pre
Y =02.C7C+ 02 I, we have
1ZIl <12 - =77 - VIE] < 3vn+m-V[S]

with probability at least 1 —e "™, where the last step uses the fact that Z-X~"/? is a n x m matrix with
i.i.d. standard normal entries, and applies Davidson and Szarek [4, Theorem II.13]. Furthermore,

2
1911 < O2lCI + 02ige < 0 - (12d/m 4+ 1) < (domacr/dfm)
where the last step follows from Lemma 3] Combining these steps,

1Z]| < 120maxv/n +m - /d/m .

Next, we need to bound || ZC' " || . Note that the entries are distributed as
(ZCT)ij ~ N(0,05e(CCTCCT )5 + 050 (CCT) )
and this variance term is bounded as

02 (CCTCCT) i+ 0200 (CCT)j5 =026, CCTCCTej + 07 e CC e,

post pre™j

2
< 02 (IC12 4+ 1) ICT e < 02 - (124/m +1) - 22 < (Somac/dfm)

where the last step follows from Lemma [3] Therefore, using standard tail bounds on the normal

distribution, with probability at least 1 — =

1Z2CT oo = max ’(ZC’T)ij| < 80maxy/d/m - 2¢/log(nd) .




C.3 Proof of Theorem[3

This result is another immediate consequence of Theorem (1} with :9}*2 in place of S* (note that
max;||(5)ixllo < max;||SE |lo < s by assumption) . Since the restricted eigenvalue property and

the condition o > ||[L*CC' || follow from Lemma and Lemmarespectively, it is sufficient to
check that, with the stated probability, the following statements both hold:

v =2 2], A> 2207 || +4a, (10)

where Z = (L%, — L*) - C as defined before. Let B, A Bernoulli(p;;) be an indicator variable for
(i,7) € 9, that is, for whether we observe entry (¢, j). Then we can write L, as
T x Bi; *
(LQ)ij = j 'Lij
plj

for each (4, j) € [n] x [d], and so Z can be written as

7= Z(pw ) » a1

where E;; = L7 elCT € R™*™ and where e; € R" is the i-th standard basis vector and
Cj. € R™is j- th row of the compression matrix C. To prove the first inequality in (TI0), we
consider C' as fixed and analyse the random model for B;;’s. We first have the following bound on
the sum of random scalars times fixed matrices:

Lemma 4 (Adapted from Tropp [8, Theorem 4.1.1]). Let A, ..., A;, € R¥ X% pbe fixed matrices,
and let By, ..., By, be independent mean-zero random variables, such that for each ¢ = 1,... L,
By is 02-subgaussian, that is,

E [etBZ] < e"2t2/2f0r allt e R.
Then

IFD {
To apply Lemma [] to the error term expression Z in (II)), we first show that the random scalar,
defined by

t2
20 maxx { 27, AeA] |, 127, AL Ael |

L
> BA,

=1

> t} < (dl + dg) exp

B —
Y Pij

is o2-subgaussian with 02 = 2u? for all (i,j) € [n] x [d]. To see this, first note that E {éi]} =0
and | By;] is bounded by  for all (4, 7) € [n] x [d]. If [¢| > (2u)~", then
E {etéij} <E [e(guztz’_,_éfj/zﬁ)/g] _ PR {eéfj/zluz] < M 1/4 £ 217t
where the last inequality holds due to [¢| > (22) 1. If [¢| < (2u) ™', we have [tB;;| < 1/2, and so
E [ th] <1+tE [B } +1°E [Efj} =1+°E [Efj} < o E[BY] < o1t

we apply Lemma [4{ to the error term expression (TI)) so that, with probability at least 1 — = (w1th

where the first inuality follows from the fact that e* < 1 + x + 22 for |z| < 1/2. Therefore
respect to the randomness of the B;;’s),

120 % e 13 By BN B plog (o - (n-+-m)

Next, we derive the probabilistic bound on max { 12, B B 122 B Bl } We first state the
following bound on C"



Lemma 5. Under either the Gaussian @) or orthogonal {@) model for C, with probability at least

1—2e™™,
1C|| < \/12d/m and ||C||¢ < V3d .

Direct calculation shows that
d
T
1> EyESl = max S ICHIBLE? | < af - [ICII
ij j=1

and
1> ELE;| = 11> Li*CiuCL < of - nllC)>.
ij ij

m

Then, applying Lemma with probability at least 1 — 2™,

d(n+m)
max 3 1Y EGELL Y EGEyll p < af max {|CIE,nlC)*} < of - 12—=——=.
ij i

In total, we have with probability at least 1 — %,

d(n+m)

1Z] < uozo\/48 log (nd(n +m)) .

Since m < d, we can write log(nd(n +m)) < log(nd(n + d)) < max{log(2n?d),log(2nd?)} <
2log(nd), where we assume n, d > 2 to avoid triviality. So,

d
121 < 10207 T s )
Next, we need to bound on || ZC'T || .. Note that
1Z2C Tl = I(Ly = L*)CC T [loo < 1L = L*[loo + (L — L) (CCT = L)oo -

By our assumptions, we can immediately bound ||E;3 — L*||o < poyp. Next consider the term
(L — L*)(CCT —14)]|0o- We first consider C as fixed and analyse the random model for B;;’s.
The (i, ¢)-th entry of (L — L*)(CCT — 1) can be written as

(Lo = L)CCT ~10)| =37 By Li;(COT L)y
J

which is mean zero random scalar and bounded above by pa||CCT — I4]|o. Therefore, applying
Hoeffding’s Lemma and union bound, with probability at least 1 — % (with respect to the random-
ness of the B;;’s),

(L — L) CCT —1g)|loe < \/Zd(ao + a1)?p2||CCT — 14|12, log (2n2d?) . (13)

For the bound on ||CC T — 1|, we have the following result:

Lemma 6. Under either the Gaussian or orthogonal {@) model for C, with probability at least

4
=25

24 1
1CCT — 1yl < 241og (nd) .

m

Combining (T3) with Lemma@ we have with probability at least 1 — %,

dlog (nd) log (2n2d?)
m

2
< 12100 dlogTWi)

HZCTHOC < 7/1040\/



C.4 Proof of Proposition

In order to apply Theorem ] it is sufficient to check the conditions
a2 [IL*CC oo = L X "X o, v 2 2| Z]| = 2|W T[], A 2 2| ZCT [lso+4a = 2| W T X||oo+H4a.

The lower bound on « is true by definition. For the lower bound on v, the following result from
Davidson and Szarek [4} Theorem I1.13]: if entries of W € R™*"™ are generated as i.i.d. N (0, 02),

m

then with probability at least 1 — e~ ™,
W] < 3ov/n+m.
Finally, we bound ||W " X || . The entries of W T X are distributed as
(WTX)y ~ N(0,0% X5 3) = N(O,0%)

where the last step holds since the columns of X are normalized. Therefore, using the standard tail

bounds on the normal distribution, with probability at least 1 — %,

WX oo = max | (W X),,| < 20/log(nd) -
ij

D Proofs of lemmas

D.1 Concentration lemma

We first state a concentration result under the Gaussian model (3) or the orthogonal model (@):

Lemma 7. Under either the Gaussian model (3)) or the orthogonal model @), for any fixed vector
w € R and any € > 0,

||C w||§ m . 2 ||C’ wH% m o
LU L < . = e — < N .
]P’{ 1>e¢ exp{ 3 mm{e,e}},P 1< —¢ exp{ 46}

w3 w3
(14)
Proof. Under the Gaussian model,
T3,
w3 "
and therefore, by the X2 tail bounds of Laurent and Massart [6, Lemma 1], for any ¢ > 0,
CT 2 OT 2
P{m- ””TF;HQ > m—|—2\/mt—|—2t} < etand]P’{m~ W <m—2\/mt} <et.
wllz wll2

Setting ¢ = % - min{e, €2}, we obtain the desired result (T4). Next, turning to the orthogonal model,

we have G = (/< . U where U € R%¥™ is an orthonormal matrix chosen uniformly at random.

m
Let v € R? be a random unit vector. Then ||U " w||3 is equal in distribution to v + - - - +v2,. In this
setting, Dubhashi and Panconesi [5, Lemma 2.4] states that, for any 0 < 5y < 1,

m m
}P’{v% 4ol < BOE} < eXp{E (1I- 8o —l—log(ﬁo))}
and for any 31 > 1,

P{of+-+v > B | <exp{ T (1— B +1log(B)] -

Next, set 51 = 1 + €. Then, since for all z > 0 we have log(1 + z) < x — %ﬂwf}, then
i 2 . 9
1= B1+log(B1) <1~ (1+€)+e~ mm{fe - —mm{fe b
Therefore,
Ty ) o
Peom > 1te §eXP{—f -min{e, € }} .
{ lwli3 8



ICT w3
llwll3

Next we want to bound the probability of the event < 1 —e. If € > 1 then trivially this

cannot occur. If instead e < 1, then we set By = 1 — e. Since log(1 — z) < —z — %z for all
0 <z <1, we have

62 62
1—504-10%(50):1—(1—6)—6—5:—57
and so S
[C" w3 } mo o
P{<1e gexp{——~e}.
lwll3 4
This is sufficient to prove the desired bound. O

D.2 Proof of Lemma 2] (elementwise bounds)

Set € = %("d) and note that e < 1 by assumption. For each ¢ € [n], define the unit vector
v; = \|LL*7||2 (treated as a column vector). Now fix any 7 € [n] and any j € [d]. Then

* * * 1
(L*CCT) = L2 v CC e = L3 l2 - 7 (1C7 (vi + )5 = 1€ (vi — )][3) -

]
By Lemma with probability at least 1 — 4e—me/ 8
v + €113
If these bounds hold, then

ICT (v; — )13

-1 <e
l[vi — €53

—1‘§e and

(00T, = L4l - (10T (s + )3~ €7 (vr — e)]3)
< IELll 3 ()<l + 513 — (1 =€) — e513)
= 280l 5 (s + €513 = llow = e51) + ¢ (s + 513 + s — 5 12))
= 12511+ 7 (4en,e5) + e (2loil3 + 2lies13))

= [Lill2 - ((vi, €5) +€)  since [[vl|z = [[ej]l2 = 1
= (Lj,,ej) + €| L}, ||2 by definition of v;
= Ljj+ellLi|2
<o (14 €Vd) -
Using the same arguments, the same bound holds for —(L*CC’T)ij, and therefore,
(L7CCT )| < 127 (1+ €Vd)
Applying the union bound over each i € [n] and each j € [d], we see that
IL*CC T oo < IL*[loo (1 + eVd)

with probability at least

2
16log(nd 4
1—nd-4e~™/8 =1 — dndexp Z( Og(n)) =1-—.
m

D.3 Proof of Lemma|§| (bounds on random compression matrix)

First we treat ||C/||. Under the orthogonal model, |C|| < y/d/m trivially, while under the Gaussian

model for C' @), ||C|| < \/d/m(2 + +/2) with probability at least 1 — e~™ by again applying [4,

Theorem I1.13]. Next consider ||C||2,0o = max;—1..._a||C " e;||2. For each i, by Lemma
P{||[CTe;lls > 2} <e ™/,

Therefore,
P{[|Cl2,00 >2} < d-e ™%



D.4 Proof of LemmaEl] (bounds on matrix subgaussian series)

Tropp [8, Theorem 4.1.1] proves this exact statement for the special case that either B, YN (0,1)
(Gaussian variables) or By id {#1} (Rademacher variables). To see why the statement holds in this

more general case, we observe that for Corollary 4.2 in Tropp, the distribution of the B,’s is used
only once: to prove the bound

E [ethA} =< et2A2/2

for each ¢ and for any fixed Hermitian matrix A. For the general case, take a fixed Hermitian matrix
A, with A = QAQ'" its eigendecomposition. We have

E[e!P4] = {GQ-uBzA)QT}

=@ - diag{E [etBM"]} . QT
j Q 3 diag{eo'QtQ/\?/Q} . QT
— Q@ (0*2A%/2)-QT

_ ottt A%/2
Therefore, this is sufficient to see that Corollary 4.2 of Tropp holds in this case also.

D.5 Proof of Lemma[’g'] (bounds on random compression matrix)

The result for ||C|| follows from Lemma [3] Next consider ||C||2. Under the orthogonal model,

|C||2 = tr(CTC) = d holds. Under the Gaussian model for C, we note that ||C||2 ~ x?2,,/m. By
the 2 tail bounds of Laurent and Massart [6, Lemma 1], we have

P{||C||r2: >d+2vd+ 2} <o
Since 3d > d + 2v/d + 2 for d > 1, with probability at least 1 — =™, we have ||C||2 < 3d.
D.6 Proof of Lemma|6] (bounds on random compression matrix)

This result is the consequence of Lemma 7| and union bound. Set € = 4/ %"(”d) and ¢ < 1.
By Lemma with probability at least 1 — 2e~™<" /8, for i # j,

1
(CCT —1y);; =/ (CCT —1y)e; = Z(HCT(ez‘ +e;)* = [IC" (e; — e)|?)

1
< (T4 alles +e* = (1 - €)llei —e5]|*) <.

The same bound holds for —(CCT — I,);; if we use the same arguments, and so with probability at
least 1 — de—m<"/8,
|(CCT - Id)ijl S €.
For ¢ = j, applying Lemma again, with probability at least 1 — 2e~me’/8,
[(CCT —TLa)ij| = lef (COT —Ta)ej| =[[CTeyll3 — 1 <.
Applying the union bound over each (i, j) € [d] x [d], we have that

24 log(nd)

ICCT ~ 14|l <
m

with probability at least 1 — 4d2e~™m¢" /8 > 1 — 4.
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D.7 Proof of LemmalI] (restricted strong convexity)

First, for the Gaussian model , by Raskutti et al. [7, Theorem 1], for universal constants ¢, ¢’ > 0,

1 log(d
]P’{HCTQ:HQ > ZHI’”Q -9 &()Hxﬂl forall z € R} >1—ce .

Next, we turn to the orthogonal model @). Let H € R?*™ be a matrix with H;; KN (0,1/m), let

H = UDV T be its singular value decomposition, and without loss of generality take C' = 1/ % U

(since H is rotation invariant and so U is uniformly distributed over the space of uniform matrices,
this satisfies the orthogonal model (@)). Then for any = € R9,

m
[H 2[5 = VDU 2|3 < [VDI*|UT 2| = [ H|* - - [CTall3 .
By the work above for the Gaussian model, with probability at least 1 — ¢’e =™,

1 log(d
HHTJ}HQ > Z||:U||2 -9 %()Hxﬂl forall z € R?

and by Davidson and Szarek [4, Theorem II.13], with probability at least 1 — e™™,

FIENERSELWEN IR

Combining all these bounds, with probability at least 1 —c¢’e =™ —e™™ > 1— (¢ +1)e~ mind{e1bm,
for all z € R,
1 9 log(d)
ICT ]2 > ———lz]l2 —
42+ V?2) 242V m
Clearly, this statement holds also for the Gaussian model as well (since this is a strictly weaker result
than the one stated above.)

]l -
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