Supplementary Material for “End-to-end Learning of LDA by
Mirror-Descent Back Propagation over a Deep Architecture”

A Derivation of p(ws1.x|04, P)
To derive p(wg,1:n: |04, ), we first write p(wq 1.n, 2a,1: 5104, D) as
p(Wa,1:N, Zd,1:N |04, ) = H P(Wan|2dn, P)P(2d,n]04) (16)

The expression p(wq,1:n|04, ) can be evaluated in closed-form by marginalizing out {zd,n}ﬁzl in
the above expression:

N
p(wa,1:n104, @) = Z i Z H p(2d,nl0a) - p(wanlzan, P)

Zd,1 zq4,N n=1

N
= H ZP(Zd,an) - p(Wa,n|Zdn, P)
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Tq,v

= H Zed,] vj (17)

where wg ., denotes the v-th element of the V' x 1 one-hot vector wg,,,, wq,, denotes the n-th
word (token) inside the d-th document, and x4,,, denotes the term frequency of the v-th word (in the
vocabulary) inside the d-th document.

B Derivation of the Recursion for Mirror Descent Algorithm

First, we rewrite the optimization problem (11) as

. 1
min [V, f(0a,e-1)]" (04 — Oa0-1) + =—Y(04,04,0-1) (18)
04 Ta,e

st. 1T0,=1, 6,-0 (19)
where 6, >~ 0 denotes that each element of the vector 6, is greater than or equal to zero. Using

the fact that ¥(x,y) = 2T In(z/y) — 172 + 17y, the constrained optimization problem (18)—(19)
becomes

. 1 04
min [V, f(0ae—1)]" (0q — Ogo—1) + = [951 — 170, + 1704, 1] (20)
04 Tae 0,01
st. 1T0,=1, 6,-0 (21)
Dropping the terms independent of 6, we can write (20)—(21) as
. 0
i (90, f(Ga)]"0+ 7 0510 5 170, )
Oa T 9d,,e—1
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st. 170,=1, 6;=0 (23)
To solve (22)—(23), we write its Lagrangian as
04
de—1

L=V, (0a01)] 04+ Ti {95 In
d,e
where we relaxed the nonnegative constraint in the above Lagrange multiplier. However, we will
show that the solution obtained will automatically be nonnegative mainly because of the logarithm
term in the cost function. Taking the derivative of L with respect to 84 and A and setting them to
zero, we have, respectively,

— ﬂTed} +A1704 — 1) (24)

oL 1 04
— =V 040 — |1 AL =0
00, 04 (Oa0—1) + T, {n 9d,e1} +
oL
—=179,-1=0
X ¢
which leads to
6, = Oae1 ©exp(=Tae- Vo, f(0ae 1))
exp(Ta,e - A)
170, =1
Solving the above two equations together, we obtain
1
Oq = 699“_1 ©exp(—Tae- Vo, f(bae-1)) (25)

where Cj is a normalization factor such that 6, , adds up to one. Note that the above recursion can
always guarantee non-negativity of the entries in the vector 6, ¢ since we will always initialize the
vector in the feasible region. Recall that f(64) is the cost function on the right-hand side of (10),
which is given by

f(0q) = =X In(®0,) — (o — 1)T In by
Therefore, the gradient of f(6;) can be computed as
-1
0,) = — T Td *— 1
v@df( d) (I)Hd ed

Substituting the above gradient formula into (25), we obtain the desired result in (12).

(26)

C Implementation Details of the BP-sLDA

In this section, we describe the implementation details of the mirror-descent back propagation for
the end-to-end learning of the supervised LDA model. Specifically, we will describe the details of
the inference algorithm, and the model parameter estimation algorithm.

C.1 Inference algorithm: Mirror Descent

Let f(64) denote the objective function in (12). As we discussed in the paper, we use recursion (12)
to iteratively find the MAP estimate of 6, given wq, 1.5, which we repeat below:
1 Tq a—1 1
Oa¢=— 040-1®ex (sz[q>T + ]>7f=1»---,L, Oa0=—=1 (28)
T, T P ' DPOgo-1  Oae—1 ’ K
The step-size T}; ¢ in mirror descent can be chosen to be either constant, i.e., Ty o = T', or adaptive
over iterations ¢ and documents d. To adaptively determine the step-size, we can use line search
procedure. The inference algorithm with a simple line search can be implemented as Algorithm 1,
where U(0,.¢,04,0-1) can also be replaced by the squared vector 1-norm:

1
F(0a,0) < f(Ba0-1) + [Vou f(Oae—1)]" (a0 — Oap1) + FMHQM —Oae|l} (29)

The line search approach determines the step-sizes adaptively, automatically stabilizing the algo-
rithm and making inference converge faster. Moreover, the unsupervised model (BP-LDA) uses the

same form of inference algorithm except that ® is replaced with ® and (27) is no longer needed.
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Algorithm 1 MAP Inference for BP-sLDA: Mirror-Descent with Line Search

1: Initialization: 049 = %]l and Tq .
2: for/=1,...,Ldo

3 Tye=Tye—1/n where0 <n<1(eg,n=0.5).

4:  while 1 do

5: O = gy - Oa,-1 © exp (Td,z {‘I’T 50, T ejflb

6: if £(0a,e) > f(Oae-1) + Vo, f(Oa.c-1)]" (0a0 — Oae-1) + 7, ¥ (0ae, 0a,0-1) then
7: Td,g —n- Td,g

8: else

9: break

10: end if

11:  end while

12: end for

13: Inference result of 04: 04 1.
14: Inference result of y4:

N(Ubg.,v"') regression
04.1,U,v) = ' 27

P(yala,., U,7) {Softmax(*yU@d) classification @7
C.2 Parameter Estimation: Stochastic Gradient Descent with Back Propagation
We first rewrite the training cost (14) as

D
J(U,®) = Qu(U,®) (30)
d=1
where Q4(-) denotes the loss function at the d-th document, defined as
1
Qa(U, ®) = =5 Inp(®|B) — np(yalfa., U,7) 31)

Note that, we do not have constraint on the model parameter U. Therefore, to update U, we can
directly use the standard mini-batch stochastic gradient descent (SGD) algorithm. On the other
hand, each column of the model parameter @ is constrained to be on a (V' — 1)-dimension probability
simplex, i.e, each element of ® has to be nonnegative and each column sum up to one (i.e., P is a left-
stochastic matrix). For this reason, we use stochastic mirror descent (SMD) to update each column
of the model parameter ¢, which is akin to the mirror descent algorithm for inference except that
the gradient is replaced by stochastic gradient. The parameter estimation (learning) algorithm is
described in Algorithm 2, where the expressions for the stochastic gradients % and aa%d are given
in the next section. Note that we are allowing different columns of ® to have different (and adaptive)
learning rate, which makes the learning algorithm converge faster. This design is also akin to the
construction in AdaGrad [8]. Finally, we also apply running average to the model parameters during
SGD and SMD, which could improve the learning performance. In practical implementation, we
could start the running average after after several passes of the training data.

D Gradient Formula of BP-sLDA

In this section, we give the gradient formula for the supervised learning of BP-sLDA. To this end,
we first rewrite the training cost (14) as

]

J(U,®) = Qa(U,®) (35)

d=1

where (Q4(-) denotes the loss function at the d-th document, defined as

L1
Qa(U, @) = —Blnp(@\ﬂ) — Inp(yalba,r,U,7) (36)
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Algorithm 2 Parameter Estimation for BP-sLDA: Stochastic Mirror Descent.

1: fort=1,2,... until converge do

2:  Sample a mini-batch of documents, denoted by D;.

3: Infer y4 and 6, using Algorithm 1 for each document d € D;.

4:  Compute the stochastic gradient 0Q)4/0U for d € D, according to (40).

5 Compute the stochastic gradient 0Q /0P for d € D, according to Algorithm 3.

6:  Compute the averaged stochastic gradient over D;:

an
= |Dt| Z U=U,_1,0=3, ;
0
P
|Dt| U=Up_1,0=0;_,
where U;_; and ®,_; denote the estimates of U and ® up to mini-batch ¢ — 1.
7:  Update U: Uy = Us_1 — jty - AUs.
8:  for each column ¢; of ®, 5 =1,..., K do
9: Set learning rate: iy, = ,uo/ <\/t1\/ S A2+ e)
10: Update ¢; ;:
it = K(bj,tfl ®exp (—pg, - Adj.) (32)
7.t
where Cy, , is a normalization factor that makes ¢, ; add up to one.

11:  end for

12:  Performing running average of the model parameters:
- t—1_ 1
Uy = U1+ EUt (33)
- t— 1 - 1
P, = 7(I)t 1+ tq’t (34)

13: end for

14: At convergence, U; and ®; will be final model parameters.

The expressions for the two terms in (36) are given by

K K V
~ - Inp(@]8) = —+ In (FW)) [T1Ie5"

7
D D I'(B) fepie
K V
) Z Z —1)In®,; + constant 37)
E exp(Y - Po,d,j) I
- Z Yd,jIn —& — classification
—Inp(yal0s,.,U,v) = ! > m=1¢XP(Y * Po,d.m)
2* |Ya — Po.al|3 + constant regression
c c
- Z Yd,j7V - Po,d,j + In Z exp(Y - Po,d,m) classification
= Jj=1 m=1 (38)
bW lya — Po,d||§ + constant regression

where C' in the above expressions is the number of output classes (in classification case), and

Pod = Ubar (39)
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Algorithm 3 Mirror-Descent Back Propagation for BP-sLDA
1: Initialization of the error signal: {4, = —(I — 167 1) - U - y(ya — §a)
2: for{=1L,...,1do
U0 {2—  [in (g)ae ()noa)

0d,0—1 —1

»

APy =Tyy- {ﬁ(%,e ® &a0)" - [‘I)(ed’e © &) © @)Jﬁ} 955_1}
end for

b

6: Compute the stochastic gradient Q) /9P according to:
L
0Qq 1 g-—1
e Ad 42
90 D @ ; o 42

Note that the choice of p(y4|04.r,U, ") is not restricted to the above two options in our frame-
work. Other forms could also be used and the corresponding gradient formula could also be derived.
However, in sequel, we will only derive the gradient formula for these two classical choices.

D.1 Gradient with respect to U

First, we derive the gradient of Q)4(-) with respect U. Note that the only term in (36) depending on
U is np(yq|6a,r,U,7). Therefore, we have 0Qq/0U = —01Inp(yq|@a,r,U,v)/OU. Taking the
gradient of (38) with respect to U and after some simple algebra, we get

0Qa | =7 (ya— a0y, classification 40)
ou —% (ya — g}d)ﬁiL regression
where 7)4 is defined as

. [Softmax(vy - p,,q), classification

Ya = Do,d; regression
Softmax(y - Ufy.1.), classification

= ’ . 41

Uba,r, regression

D.2 Gradient with respect to

In this subsection, we summarize the gradient expression for Q) /9® in Algorithm 3, where the
derivation can be found in the next subsection. In Algorithm 3, x4 and y, are the input bag-of-words
vector and the label for the d-th document. The quantities 64, and g, are obtained and stored during
the inference step, and the mirror-descent step-size T} ¢ is the one determined by line-search in the
inference step (see Algorithm 1).

Similar to the inference in Algorithm 1, the above gradients can be computed efficiently by exploit-
ing the sparsity of the vector 4. For example, only the elements at the nonzero positions of x4 need
to be computed for @0y 1 and ®(84¢ © &£4.¢) since <I>9fj71 and (@9;”;,1)2 are known to be zero at

these positions. Moreover, although (8 — 1)/® is a dense matrix operation, it is the same within one
mini-batch and can therefore be computed only once over each mini-batch, which can significantly
reduce the amount of computation.

D.3 Derivation of the gradient with respect to

In this subsection, we derive the gradient formula for ®. Note from (36) that, there are two terms
that depend on @, and

0 0 1 0
Ot = 5 (- (@19} + o (~ mp(udons. U) @
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The first term depends on ® explicitly and its gradient can be evaluated as

b 1 9 1 &L E 1 g1
35 (o r@19) = g (~p LGy | =5 Tpt

j=1lv=1

The second term, however, depends on @ implicitly through 64 ;. From Figure 2, we observe that
04,1, not only depends on ® explicitly (as indicated in the MDA block on the right-hand side of
Figure 2) but also depends on ® implicitly via 84 1,1, which in turn depends on ¢ both explicitly
and implicitly (through 64 1 —2) and so on. That is, the dependency of the cost function on @ is in
a layered manner. For this reason, we need to apply chain rule to derive the its full gradient with
respect to @, which we describe below.

First, as we discussed above, each MDA block in Figure 2 contains ®, and Q4(U, ®) depends on the
® appeared at different layers through 6, 1., . . ., 841. To derive the gradient formula, we first denote
these @ at different layers as @, ..., Py, and introduce an auxiliary function Ry(U, ®1,..., D)
to represent — Inp(yq|0a, 1, U,y) with its ® “untied” across layers in Figure 2. Then, the original
—Inp(y4l@a,r,U, ) can be viewed as

—Inp(yal@a,r,U,v) = Ra(U, 2, ..., ®) (45)
where ®; = --- = & = . Therefore, we have
0 " R,
—( =1 0 = — 46
6(1)( np(yalfar, U, ’Y)) ; 0Py lo,= (46)

where R, /0P, denotes the gradient of Ry(U, @4, ..., P ) with respect to ®,. Therefore, we only
need to compute the gradient ORy/0P,.

For simplicity of notation, we drop the subscript of d in 6, . And since ® is untied across layers in

the mirror descent recursion (12) for the computation of Ry(U, @1, ..., Py ), we can rewrite (12) as
T4 a—1

20 =Typ- |®F —“— + } 47

0 ="Tuy [ Y A (47)

pe=0i10 eXp(Zz) (48)

Pe
0, = 49
¢= 1T, (49)

where z; and py are intermediate variables, and ® is replaced with ®,. To derive the gradient
ORy/0%y, it suffices to derive OR;/0Py ;. Note that

6Rd (r“)p% aRd - 8p€T

= : = ¥ 50
8@[7]‘1 8<I>g,ji apg a@g,ji ¢ ( )
where
5, & OBa (51)
Ope

is an intermediate quantities that follows a backward recursion to be derived later. To proceed, we
need to derive dp? /0Py j;:

3pf T Jexp (z{)

8‘1’7@ =0, a‘bé,ji
=07, ® [6(?1;24{1 o1 exp(ZzT)]
=07, ©exp(zf) © 8?;{1:
=pi © ﬁ(rjliii -
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Then, we need to derive the expression for 9z /0®y ;;:

0T 0 T T 0P
aq)@ :Td,f' 5% Td = (bé‘i‘ Td T.aq)é
0.ji tgi \ Op—1®7 019y ¢.ji
0 T 2T
=T,,-{ —— d B Y E— S— I
{a@,ﬁ (e«») o er }
00;_,®f g xy
=T,,.d —=1"¢ )P+ L . F.
d,l { 0%y.1 1ag ((@z94—1)2> ¢+ 92711@? j
7y, LT By ding [~ ) w4 TR,
=ddye r—1Li5 g ((I)éeé—l)Q /4 egfl(bzﬂ ji

x x
=Ty - {[9g_1]¢ {@4951)2] 46?’1)@ + [‘I)ZHZ J ‘e?} (53)
-1 -1y

where e; denotes the ¢-th natural basis vector in Euclidean space (i.e., the vector with the ¢-th element
being one and all other element equal to zero), and Ej;; denotes a matrix whose (j, 7)-th element is
one and all other elements are zero. Substituting the above expression into (52), we obtain

opt T o:r
ODrj; LT 0Dy
Td T Zq T
=Tyo-pf ©L —[0i_1]i | ——| eT® : 54
4,0 " e @{ [0¢—1] [(@594—1)2L6J ¢+ {@596—1}]-61} (54)
Therefore,
8Rd ap?
_ - ¢

8<I>g,ji o a(Pg’ji

— Ty — | Td | T rd T
=Taspe® { el [(‘Deee—1)2L et [‘I>1294—1L “ } g

[z ] x
=Tas- {—[921]1' m ' (PK O] e;‘-r@z) or + {@ﬁj 1] 4 (pe ® 6?)52}
L -1 1y A

=Ty {[92—1]1' _(‘I)e;:edl)g_ (pe @ e @) 6 + {‘P;;Zl] ) [De]i - [5Z]i}

L [pe)i - [51%]1}

— Ty {—[el]i ) S 080+ [ e m}

J

=Ty {—[W—l]i {((I)Zgjl)Q]j [®e(pe © d0)]; + [‘I’Z;ZJ]- [peli - [Mz} (55)

Writing the above expressions into matrix form (derivative with respect ®,), we obtain:

oy
0P,

Zq

=Ty - {—[95—1]1 1] (e ®odiag(pe)) 0¢ + {

Tq
®0,4

L (PeOr—1)? ]

J

=Tar- S —pPe®d)" — | ©0) © ——5| 0 56
.0 {(I)Egel(pe ¢) { ¢(pe © 6¢) (@Zeel)Q} Y 1} (56)

Now we need to derive the recursion for computing d;. By the definition of &, in (51), we have

Spo1 = ORd4
- Ope—1

16



_ 80{71 apgT IR,
T Ope1 001 Ope
_ 097_, i
T Ope1 00,

-0y (57)

: 0T T
To continue, we have to evaluate Bpiil and 6?91; L - By (47)-(49), we have

opr o0F dexp(z])
= 1 16 _—
By = 0, O L) IO © =5

o o)

=I0[Lexp(z )] +160;_,© [80@4 0z
T

. 0z
= diag(exp(z¢)) + 167, © [aef_l

'diag(exp(n))]
= diag(exp(z)) + 16;_, ©® [ 0

oeh o el )]

az{
001

= diag(exp(z¢)) + 1 [9;{_1 o) exp(zZT)} o)

T

0
= diag(exp(z¢)) + Ipf © ;¢

90, . (58)

. . 92T
To proceed, we need to derive the expression for ae?i -

ozf ) zk o (a-1\"
001 Tag: {5’9@—1 (9{1‘1)? et 00p—1 \ O

89;_1(I>g1 Tdq a—1
=Ty, -1t 4 ) @, — di
d”{ 00, I%<@%zm)e l%<%1)

. Tq . a—1
=Ty - {—<I>£Td1ag <(‘I>gT@tz-1)2> d, — diag ( 0% )
. x -1
=Ty~ {@?dlag <(¢T051>> P, + diag ( 72
¢ Ve— -1

Substituting the above expression into (58), we get the expression for 821; % -
opl , T Td a—1
=d Tav | Py ———
00¢_1 S B e Ry M 01
-1
—T, . (1pT o7 di Tl \g, 4+ a-2
ae (Ipg) © { ¢ d1ag ((‘134951)2 ¢ + diag 67
-1
—d —Tye - (1pF) © |87 diag | ——2— ) @, + di
lag<9z 1) we pZ)Q[ ‘ lag<(‘1’e9e1)2 e 9? 1

1 . Tq a—1 .
dia, — Ty |®Tdiag [ —2— ) &, + dia, ( )]}dla
{ g(oe 1) d,l { ¢ g<(¢)£9€_1)2) 4 g 93 ) g(pz)

(59)

(60)
T
To complete the derivation of the recursion (57), we need to derive aig , which is given by
a0t opl- 1 7] 1 I—-167
=1 _ 41.T I (T )peTl: Te1 ©61)
Ope—1 Ope—r T'pe—y  Ope—1 \ 1" pr 1" pr—s

Expressions (57), (60) and (61) provide the complete backward recursion for d, from £ = L to
¢ = 1. Finally, to initialize the backward recursion, we need the expression for d;,. By its definition,
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we have

a ORg

~ opL

90T Opl, ORy
dpr 0L Ipo

or

B ﬁ UT ORy
8pL apo,d
1 ORy
= -1).U". =2~ (62)
]lTpL ( L) apo,d
where in the last step we substituted (61). By (45) and(38), we have
ORy 0
- —1 001, U, )
Dpoa  Opoa ( np(yala,r.U,7)
= (ya — ga) classification
= A ) (63)
-5 (ya — §a) regression
Therefore,
1
~1I7 (I—160T).UT .~y (yg—19q) classification
op = L 1 (64)
1T, (I—-16%).-U"T. S (yg — §4) regression

As a final remark, we found that in practical implementation p, could be very large while &, could
be small, which leads to potential numerical instability. To address this issue, we introduce the
following new variable:

€ae = 1Tpy - 6, (65)

Then, the quantities p, and d, can be replaced with one variable £4 ¢, and the backward recursion of
d¢ can also be replaced with the backward recursion of &4 ¢. Introducing A®, = OR,;/0®, and with
some simple algebra, we obtain the back propagation and gradient expression for ® in Algorithm 3.

E Gradient Formula of BP-LDA

The unsupervised learning problem (4) can be rewritten, equivalently, as minimizing the following
cost function:

D
J(®) = Qa(®) (66)
d=1
where Qg(®) is the loss function defined as
- 1 - -
Qa(®) = —Blnp@\ﬂ) —Inp(wg1.8|P, @) (67)
Taking the gradient of both sides of (67), we obtain
0Qq 0 < 1 - ) 0 -
— = — | —=Inp(® 4+ —=(—Inpwg1.§|P, 68
o = o5 p(@1) ) + oz (~Ip(wsnl®,0)) (68)
The first term in (68) has already been derived in (44):
0 ~ 8—1
— Inp(P®|f) = —— 69
55 PP(eI8) = —= (69)

where 2=1 denotes elementwise division of the scalar B — 1 by the matrix ®. We now proceed to
derive the second term in (68).

1 ~
—_— w, . <I>,a
(I)p( 4,1:N|®, @)

o ~
= lnp(wd)l;N‘CILa) = ="
o® p(wd,1:N|®a Oé) 0
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1 0 / =
= " =~ p(wd,1N59d|‘I)aO‘)d0d
p(wd,1:N|(D7a) oo

= ;/ L%p(wd,l;zv,ﬂdl‘i’,a)] dfq

p(wd,1:N|éa Oé)
1

0 - -
== = lnp(wd,lszgd(I),Ol):| p(wa.1.n, 02| P, )dby
p(wg1:n|P, ) / {8(1)

. N+ 04|
Z/{QIHp(de;N,@dVI’,O&)} .p(wd,l.Nv d~| 7a)d0d
8(1) p(wd,1:N|cba a)

9 ~ -
:/ [3@ lnp(wd71:N,9d|<I>,a)} ~p(a|wa:n, @, a)dfq
a ~
= ]E9d|7vd,1:N {8&) lnp(wd,lzN79d|(I)va):| (70)

Using (9), we rewrite In p(wq, 1. v, 6d|<i>, a) as

lnp(wd,l:Nv Hdli)v a) = hlp(wd,l:Na 0d|(§7 a)
=Inp(wg,1:n|04, D) + Inp(f4)a)

= Inp(zq|a, ) + In p(Oa|a) (71)

Note that expression (70) applies expectation after taking the gradient with respect to ®. Therefore,
the gradient of In p(wg 1.n, 04| P, o) inside the expectation of (70) is taken by assuming that 6, is
independent of ®. Taking the gradient of both sides of (71) and using this fact, we obtain

0 ~ 0 ~
7~1 . 79 @, = 7,«1 0 ,(b 72
9% np(wa:n, 0| P, o) 2% np(zqbq, @) (72)

Substituting the above expression into (70), we obtain the desired result.
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