Appendix A Supplementary experimental results

The Wikipedia dataset is built by crawling all documents in all subcategories within 3 layers below
the science category. The Enron dataset is from the Enron email corpus [17]. After usual cleaning
steps, the Wikipedia dataset has 114, 274 documents with an average 512 words per document; the
Enron dataset has 186, 501 emails with average 91 words per email.

Table 5: Squared residual norm on top 10 recovered eigenvectors of 1000d tensors and running time (excluding
I/O and sketch building time) for plan (exact) and sketched robust tensor power methods. Two vectors are
considered mismatched (wrong) if ||v — ©||3 > 0.1.

Residual norm No. of wrong vectors Running time (min.)

logo(b): 12 13 14 15 16 12 13 14 15 16 12 13 14 15 16

- B=20 40 .19 .10 .09 .08 8 6 3 0 0 85 16 35 74 166

< B=30 26 .10 .09 .08 .07 7 5 2 0 0 1.3 24 53 113 246

|b| B=40 .17 .10 .08 .08 .07 7 4 0 0 O 1.8 33 73 152 330
Exact .07 0 293.5

. B=20 52 31 21 .18 .17 8 7 4 0 O 84 16 35 75 168

”' B=30 40 24 .19 .17 .16 7 5 3 0 O 1.3 25 54 116 262

 B=40 30 22 .18 .17 .16 7 4 0 0 O 1.8 33 73 155 335
Exact .16 0 271.8

Table 6: Selected negative log-likelihood and running time (min) for fast and exact spectral methods on
Wikipedia (top) and Enron (bottom) datasets.

k=50 % = 100 % = 200
FastRB RB ALS  FastRB _RB ALS  FastRB _RB_ALS
— like. 801 7.94 3.16 790 781 793 786 7.7 7.89
§ time 22 977 24 68 135 293 573 423 677
log,b 10 - - 12 - - 14 - -
g like. 831 828 822 818  8.09 830 826 818 827
£ tme 24 458 52 37 939 406 64 219 660

log, b 11 - - 11 - - 11 - -

Appendix B Fast tensor power method via symmetric sketching

In this section we show how to do fast tensor power method using symmetric tensor sketches. More
specifically, we explain how to approximately compute T'(u, u, ) and T (I, u, u) when colliding
hashes are used.

For symmetric tensors A and B, their inner product can be approximated by
<A,B> %<.§A,§]§>, (10)
where B is an “upper-triangular” tensor defined as
= _ ) Bijr ifi<j<FkE
Bijr = { 0, otherwise.

(1)

Note that in Eq. (10) only the matrix B is “truncated”. We show this gives consistent estimates of
(A, B) in Appendix E.2.

Recall that T'(u, u, u) = (T, X) where X = u ® u ® u. The symmetric tensor sketch 33 can be
computed as

1., 1. _1
Sx = 6:9%3 + 532,uou * Sq + 553,u0u0ua (12)
where 82 wou (t) = 3o op ()= 0 (1)*1] and 83 wouou (t) = gy (s)—; (1) ] As aresult,
1 ) ) . ~ 1 ~ B - 1,
T(u, u, u) % o(F(51), F(3u)oF (3u)oF (5u))+5 (F(31), F(B2u0u)0F (5u))+ 5 (37, 83 uouou).
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Algorithm 2 Fast ALS method
I: Input: T € R™"*"*" targetrank k, T, B, b.

2: Initialize: B independent index hash functions A1), ... h(B) and oM ... &(B); random
matrices A, B, C € R™**; [\ }1F_.

3: Form =1,---, B compute SS;"’) € Cb.

4: fort =1to T do

5: Compute count sketches sp,, s¢;, foréi = 1,.-- k. Foreach¢ =1,--- ,k;m =1,---,b

compute v{™ ~ T(I, b;, c;).
_ 1 2 B
vy  med(R(v})), Ri), - R(w()).
Set A = {©},; and A; = ||@;||; afterwards, normalize each column of A.
Update B and C similarly.

: Output: eigenvalues {\;}¥_,; solutions A, B, C.

s

For T(I, u, u) recall that [T(I,w,u)]; = (T,Y;) where Y; = e; ® u ® u. We first symmetrize it
by definingZ; =e; @u@ut+u®e; @u+u®u @ e;. > The sketch of Z; can be subsequently
computed as

[ 1. . . . .
= Z8u * Sy * Se; + 552,uou * Se; + S2 e;ou * Su + S83,e;0uou- (14)

52,7 3 2

Consequently,

T(L,u, u) ~ <f—1 (]—"(éT) o m) ,§2,6i0u> i é <]—"1 (f(sT) o F(34) 0 ]—'(éu)) se>

L é (F71 (FGr) 0 FGauon) ) 5e, ) + (37 83 ci0uou)- (15)

Note that all of 5¢;, 52 ¢,0u and 83 ¢, ouou have exactly one nonzero entries. So we can pre-compute
all terms on the left sides of inner products in Eq. (15) and then read off the values for each entry in
T(I,u,u).

Appendix C Fast ALS: method and simulation result

In this section we describe how to use tensor sketching to accelerate the Alternating Least Squares
(ALS) method for tensor CP decomposition. We also provide experimental results on synthetic data
and compare our fast ALS implementation with the Matlab tensor toolbox [32, 33], which is widely
considered to be the state-of-the-art for tensor decomposition.

C.1 Alternating Least Squares

Alternating Least Squares (ALS) is a popular method for tensor CP decompositions [19]. The
algorithm maintains A € R*, A, B, C € R"** and iteratively perform the following update steps:

A =Ty (CoB)(C CoB B). (16)
B=TyH(A®C)ATAoCTO)f;
C=TuyH(BoA)B'BoATA)"

After each update, A, is set to ||a, |2 (or ||b, |2, ||e,||2) for# = 1,- -, k and the matrix A (or B, C)
is normalized so that each column has unit norm. The final low-rank approximation is obtained by

S a9 @ é;.

There is no guarantee that ALS converges or gives a good tensor decomposition. Nevertheless, it
works reasonably well in most applications [19]. In general ALS requires O(T (n3k + k?)) compu-
tations and O(n?) storage, where 7T is the number of iterations.
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Table 7: Squared residual norm on top 10 recovered eigenvectors of 1000d tensors and running time (excluding
I/0 and sketch building time) for plain (exact) and sketched ALS algorithms. Two vectors are considered
mismatched (wrong) if ||v — #||3 > 0.1.

Residual norm No. of wrong vectors Running time (min.)
logy(b): 12 13 14 15 16 12 13 14 15 16 12 13 14 15 16
— B=20 71 41 25 17 .12 10 9 7 6 4 A1 22 49 1.1 24
< B=30 50 34 21 .14 .11 9 8 7 5 3 A7 33 75 1.6 35
I B=40 46 28 .17 .10 .07 9 8 6 5 1 23 45 1.0 22 4.7
©  Exactl .07 1 22.8

B=20 .88 .50 35 28 .23 10 8 7 6 6
B=30 .78 44 30 124 21 9 8 7 5 6 21 50 1.1 22 47
x B=40 56 .38 .28 .19 .16 9 8 6 4 2 29 69 15 35 63
Exact! .17 2 323
TCalling cp-als in Matlab tensor toolbox. It is run for exactly 7" = 30 iterations.

C.2 Accelerated ALS via sketching

A3 32 78 1.5 32

Similar to robust tensor power method, the ALS algorithm can be significantly accelerated by using
the idea of sketching as shown in this work. However, for ALS we cannot use colliding hashes
because though the input tensor T is symmetric, its CP decomposition is not since we maintain
three different solution matrices A, B and C. As aresult, we roll back to asymmetric tensor sketches
defined in Eq. (1). Recall that given A, B, C € R"*¥ we want to compute

A=T,(CoB)(C'CoB'B)". (17)
When £ is much smaller than the ambient tensor dimension n the computational bottleneck of Eq.

(17) is T(1)(C ® B), which requires O(n?k) operations. Below we show how to use sketching to
speed up this computation.

Let € R™ be one row in T 1y and consider (C ® B) T «. It can be shown that [15]
(1)

where X € R™*™ is the reshape of vector x. Subsequently, the product T'(;)(C © B) can be
re-written as

T(l)(CQB) = [T(I, bl,cl);~~ ;T(I, bk,ck)]. (19)

Using Proposition 1 we can compute each of T(I, b;, ¢;) in O(n + blogb) iterations. Note that
in general b; # c¢;, but Proposition 1 still holds by replacing one of the two s, sketches. As a
result, T1)(C © B) can be computed in O(k(n + blog b)) operations once st is computed. The
pseudocode of fast ALS is listed in Algorithm 2. Its time complexity and space complexity are
O(T(k(n + Bblogb) + k?*)) (excluding the time for building sT) and O(Bb), respectively.

C.3 Simulation results

We compare the performance of fast ALS with a brute-force implementation under various hash
length settings on synthetic datasets in Table 7. Settings for generating the synthetic dataset is
exactly the same as in Section 5.1. We use the cp_als routine in Matlab tensor toolbox as the
reference brute-force implementation of ALS. For fair comparison, exactly 7" = 30 iterations are
performed for both plain and accelerated ALS algorithms. Table 7 shows that when sketch length
b is not too small, fast ALS achieves comparable accuracy with exact methods while being much
faster in terms of running time.

Appendix D Spectral LDA and fast spectral LDA

Latent Dirichlet Allocation (LDA, [3]) is a powerful tool in topic modeling. In this section we first
review the LDA model and introduce the tensor decomposition method for learning LDA models,
which was proposed in [1]. We then provide full details of our proposed fast spectral LDA algorithm.
Pseudocode for fast spectral LDA is listed in Algorithm 3.

SAs long as A is symmetric, we have (A, Y;) = (A, Z;)/3.
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Algorithm 3 Fast spectral LDA
1: Input: Unlabeled documents, V', K, ag, B, b.
2: Compute empirical moments M; and M, defined in Eq. (20,21).
3: [U,S, V] « truncatedSVD(My, k); W, f/{,i
4: Build B tensor sketches of ﬁg(W, W, W).
5: Find CP decomposition {\;}¥_;,A = B = C = {v;}¥_; of M3(W, W, W) using either fast
tensor power method or fast ALS method.
6: Output: estimates of prior parameters d&;

20t ), (WH T,

dag(ap+1)

Taot2)202 and topic distributions f1; =

D.1 LDA and spectral LDA

LDA models a collection of documents by a topic dictionary & € RY*X and a Dirichlet prior
o € RF, where V is the vocabulary size and k is the number of topics. Each column in &® is
a probability distribution (i.e., non-negative and sum to one) representing the word distribution of
a particular topic. For each document d, a topic mixing vector hy; € R¥ is first sampled from a
Dirichlet distribution parameterized by «. Afterwards, words in document d i.i.d. sampled from a
categorical distribution parameterized by ®h.

A spectral method for LDA based on 3rd-order robust tensor decomposition was proposed in [1]
to provably learn LDA model parameters from a polynomial number of training documents. Let
x € RV represent a single word; that is, for word w we have 2, = 1 and 2, = 0 for all w’ # w.
Define first, second and third order moments M, My and M3 as follows:

M, = E[z1]; (20)
M; = E[z1 ® @3] — DM, @ M;; @3y
ag+1
M; = E[z; ® 2 ® x3] — oo + 2(E[l‘1 Rz @ M)+ E[z1 @ M; ® x] + E[M; ® 1 ® x2))
2
209 M, ® M; @ M. (22)

+ R —
(a0 +1)(ao +2)
Here g = ), oy, is assumed to be a known quantity. Using elementary algebra it can be shown

that

1 k

Mo= — S ] ; 23
2 ao(a0+1); 7 (23)
9 k

To extract topic vectors {g,;}¥_; from My and M3, a simultaneous diagonalization procedure is
carried out. More specifically, the algorithm first finds a whitening matrix W € RY*¥ with or-
thonormal columns such that WTM,yW = I, . In practice, this step can be completed by
performing a truncated SVD on My, My = U3V, and set W, = Uy /+/ g Afterwards,
tensor CP decomposition is performed on the whitened third order moment M3(W, W, W) ¢ to
obtain a set of eigenvectors {vy}/~_ ;. The topic vectors {g }4_, can be subsequently obtained
by multiplying {Uk}le with the pseudoinverse of W. Note that Eq. (20,21,22) are defined in
exact word moments. In practice we use empirical moments (e.g., word frequency vector and co-
occurrence matrix) to approximate these exact moments.

SFor a tensor T € RY*V*V and a matrix W € RY ¥, the product Q = T(W, W, W) € R¥*FxF jg
v
defined as Qiy iz ,i5 = Z Tj1,52,55 Wi i1 Wiia,in Wi ig-

J1,J2,53=1
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D.2 Fast spectral LDA

To further accelerate the spectral method mentioned in the previous section, it helps to first iden-

tify computational bottlenecks of spectral LDA. In general, the computation of ﬁl, ﬁQ and the
whitening step are not the computational bottleneck when V' is not too large and each document is

not too long. The bottleneck comes from the computation of (the sketch of) ﬁg(W, W, W) and
its tensor decomposition. By Eq. (22), the computation of ﬁg (W, W, W) reduces to comput-
ing M;@B(W, W, W), Elz; @z, ® 1/\\/11](W, W, W), 7 and E[z; @ @2 @ 23](W, W, W). The
first term M?S (W, W, W) poses no particular challenge as it can be written as (WTﬁ1)®3 . Its

sketch can then be efficiently obtained by applying techniques in Section 3.1. In the remainder of
this section we focus on efficient computation of the sketch of the other two terms mentioned above.

We first show how to efficiently sketching I@[:c 1 Q@@ @ x3](W, W, W) given the whitening matrix
W and D training documents. Let TE[x; ® 2 ® x3](W, W, W) denote the whitened k x k X k

tensor to be sketched and write T = ZdDzl T4, where T is the contribution of the dth training
document to T. By definition, T can be expressed as Ty, = Ny(W, W, W), where W is the
V' x k whitening matrix and N is the V' x V' x V empirical moment tensor computed on the dth

document. More specifically, for i, j, k € {1,--- ,V} we have
ngi(ng —1)(nax —2), 1=j ==k
1 ndi(ndz - 1)nd§€, g ék;
Na,ijr = naing (Ng — 1 J=ki#7;
ma(ma = 1)(ma = 2) | n4i(ng; — 1ng;, i=k,i#Jj;
NgiMNdj Nk, otherwise.

Here my is the length (i.e., number of words) of document d and ny € RV is the corresponding word
count vector. Previous straightforward implementation require at least O (k® +mgk?) operations per
document to build the tensor T and O(k*LT) to decompose it [30, 29], which is prohibitively slow
for real-world applications. In section 3 we discussed how to decompose a tensor efficiently once
we have its sketch. We now show how to build the sketch of T efficiently from document word
counts {nq}5 ;.

By definition, T ; can be decomposed as
v v
Ty =p® =) ni(w; ® w; @ ptw; O p @ wi+p @ w; @ w;) + ¥ _ 2nw?, (25)
i=1 i=1
where p = Wn and w; € R¥ is the ith row of the whitening matrix W. A direct implementation
is to sketch each of the low-rank components in Eq. (25) and compute their sum. Since there are
O(myg) tensors, building the sketch of T4 requires O(my) FFTs, which is unsatisfactory. However,
note that {w;}}_, are fixed and shared across documents. So when scanning the documents we
maintain the sum of n; and n;p and add the incremental after all documents are scanned. In this
way, we only need O(1) FFT per document with an additional O (V') FFTs. Since the total number
of documents D is usually much larger than V, this provides significant speed-ups over the naive
method that sketches each term in Eq. (25) independently. As a result, the sketch of T can be
computed in O(k(>_,mq) + (D + V)blogb) operations, which is much more efficient than the
O(k?(3°,ma) + DE?) brute-force computation.

We next turn to the term K[z, ® x5 ® ﬁl](W,W, W). Fix a document d and let p = Wny.
Define g = WM. By definition, the whitened empirical moment can be decomposed as

v
Elz) ® 22 @ Mi)(W, W, W)= npopagq, (26)
i=1
Note that Eq. (26) is very similar to Eq. (25). Consequently, we can apply the same trick (i.e.,
adding p and n;p up before doing sketching or FFT) to compute Eq. (26) efficiently.

7and also E[z; ® M, ® z2](W, W, W), E[ﬁl ® 1 ® x2](W, W, W) by symmetry.
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Appendix E  Proofs
E.1 Proofs of some technical propositions

Proof of Proposition 2. We prove the proposition for the case ¢ = 2 (i.e., H is 2-wise independent).
This suffices for our purpose in this paper and generalization to ¢ > 2 cases is straightforward. For
notational simplicity we omit all modulo operators. Consider two p-tuples I = (Iy,---,1l,) and

U=, ,1;,) such that I # I'. Since H is permutation invariant, we assume without loss of
generality that for some s < pand 1 < ¢ < s we have [; = I.. Fix t,t' € [b]. We then have

PrH() =t NH(I') =t]=)_ > Pr[a(ly) + -+ h(ls) = d
a h(l)++h(ls)=a
> Pr(h(ls1) =ri A+ Ah(lp) =1p AR(lyy) =14 A ARD) =1, 27)

Ts41+-+rp=t—a
r;+1+~~+r;:t'7a

Since h is 2p-wise independent, we have

1 1

P —q] = = —pr]=p"1. - =

tlh(l) + -+ h(l) =al = 3 Prfa(l) = A h(l) =] =6 = 0

ritotrs=a
> Pr(h(lsp1) =ri A= Ah(ly) =1y Ah(lyy) =10 A AR(L) = 1))

Tsy1+-+rp=t—a
r;+1+--~+7";:t7a

sy, 1 1

b2(pfs) b2'

Summing everything up we get Pr[H (1) = t AH(I') = t'] = 1/b?, which is to be demonstrated. [J

Proof of Proposition 1. Since both FFT and inverse FFT preserve inner products, we have
(ST, S1,u * S2.u * S3.e,) = (F(81), F(81,u) 0 F(82,u) 0 F(83e,))
= (F(sT) o F(S1,u) 0 F(S2,u); F(S3.e;))
= (F Y (F(st) o F(81.u) 0 F(82.1)), 83.e;)-

E.2 Analysis of tensor sketch approximation error

Proofs of Theorem 1 is based on the following two key lemmas, which states that (54, 35) is a
consistent estimator of the true inner product (A, B); furthermore, the variance of the estimator
decays linearly with the hash length . The lemmas are interesting in their own right, providing
useful tools for proving approximation accuracy in a wide range of applications when colliding hash
and symmetric sketches are used.

Lemma 1. Suppose A, B € Q" R" are two symmetric real tensors and let 34, sg € C? be the

symmetric tensor sketches of A and B. That is,

§A(t) = Z T4y "'UipAil,--~7ip§ (28)
H iy, ip)=t
§]§(t) = Z (oM "'UipBil,-~~,ip~ (29)
H(ia i) =t
1< <y

Assume H iy, - ,ip) = (h(i1) +--- + h(ip)) mod b are drawn from a 2-wise independent hash
Sfamily. Then the following holds:

Eno [(3a,35)] = (A,B), (30)

~ ~ 4P || A 2 B 2
Vo [(8a,85)] < PIAEIBIE

b €1y



Lemma 2. Following notations and assumptions in Lemma 1. Let {A;}™ | and {B;}*, be sym-
metric real n X n X n tensors and fix real vector w € R™. Then we have

E|Y wiw;(3a,35,)| = D ww;(Ai,B); (32)
| i i
47| w|/* (max; || A2 L IB12
V| S wiwy(5a,5) | < [[w]]* (max; || ZIIF)(maXLH i) (33)

Proof of Lemma 1. We first define some notations. Letl = (I3, -+ ,1,,) € [d]? be a p-tuple denoting
a multi-index. Define A; := Ay, ..., and o(l) := oy, ---0y,. For LI’ € [n]P, define §(1,1") =1
if h(ly) + -+ + h(lp) = h(1}) + -+ + h(l)( mod b) and §(1,1") = 0 otherwise. For a p-tuple
l € [n]P, let L(I) € [n]P denote the p-tuple obtained by re-ordering indices in I in ascending
order. Let M(I) € N’ denote the “expanded version” of 1. That is, [M(1)]; denote the number of

occurrences of the index ¢ in I. By definition, || M(1)||; = p. Finally, by definition By = By if
' = £(I') and By = 0 otherwise.
Eq. (30) is easy to prove. By definition and linearity of expectation we have
[(3a.35)] = > _o(L.1)a()Asa(1")By. (34)
Ly
Note that § and ¢ are independent and

E,[o(0)o(l')] = {

Also 6(1,1') = 1 with probability 1 whenever £(I) = £(I'). Note that B; = 0 whenever I’ # L(I).
Consequently,

1, L) =L(l');

0, otherwise. (35)

E[(3a,35)] = Z AB.y = (A B). (36)
len]P

For the variance, we have the following expression for E[(Sa, §]§>2]:

E[(3a,35)% = Y. E[0V)(r.v)] Elo)el)a(r)o(r')] ALA,ByB,  (37)
Ll rr

=Y ElU, ). (38)
Ll rr

We remark that E[o(1)5(1")a(r)o(r')] = 0if M(1) — M(1') # M(r) — M(r’). In the remainder
of the proof we will assume that M (1) — M(1") = M(r) — M(r'). This can be further categorized
into two cases:
Case 1: I' = L(I) and ' = L(r). By definition E[oc(l)d(l)o(r)a(r')] = 1 and
E[5(1,1")6(r,r")] = 1. Subsequently E[t(1,1’,r,7")] = A;A,.ByB,. and hence

> E[t(,V,r,r')] =Y AABB, = (A, B)>. (39)

Lrl/'=L(1),r"=L(r) Lr

Case 2: I' # L(I) or v # L(r). Since M(l) — M) = M(r) — M(r') # 0 we

have E[5(1,1")5(r, 7’ )] = 1 /b because h is a 2-wise independent hash function. In addition,
Elle(®a()o(r)a(r)]] < 1.

To enumerate all (1,1, 7, ') tuples that satisfy the colliding condition M(1) — M(l') = M(r) —

M(r") # 0, we fix 8 || M(1) — M(1')||; = 2¢ and fix ¢ positions each in I and 7 (for I’ and 7’ the

positions of these indices are automatically fixed because indices in I’ and v’ must be in ascending

$Note that sum( (1)) = sum(M(1")) and hence || M (1) — M(1’)||; must be even. Furthermore, the sum
of positive entries in (M(l) — ./\/l(l’)) equals the sum of negative entries.
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order). Without loss of generality assume the fixed ¢ positions for both [ and r are the first g indices.
The 4-tuple (I, 7,1, ') with || M(l) — M(l")||; = 2q can then be enumerated as follows:

Z t({L, U, r,r)

’
Lrlr

M@ =M )=M(r)—M(r")
M@ =M@) =29

Z Z Z t(iol,L(jol),i0r,L(jor))

i€[n]? jE€[n]9 1e[n]P 1
re[n)P—9

1
g Z AiolAiorBjolBjor
i,j€[n]?

Lre[n]P—1

1
= 3 Z (A(eiy, - e, L+ 1),B(ej, - e, L 1))

i,j€n]*

1
< g Z ||A(ei17"'7eiqa]:7"'7I)|‘%||B(ej17"'aequI7"'7I)||%‘
4,j€[n]?
IAE 1B
b .

Here o denotes concatenation, thatis, ¢ ol = (41, ,4q,l1, -+ ,lp—q) € [n]P. The fourth equation
is Cauchy-Schwartz inequality. Finally note that there are no more than 4” ways of assigning ¢
positions to I and I’ each. Combining Eq. (39) and (40) we get

IN

(40)

V[(3a,35)] = E[(3a,55)% — (A,B)? < w,

which completes the proof. O

Proof of Lemma 2. Eq. (32) immediately follows Eq. (28) by adding everything together. For the
variance bound we cannot use the same argument because in general the m? random variables are
neither independent nor uncorrelated. Instead, we compute the variance by definition. First we
compute the expected square term as follows:

2

E|(> wiw;(3a,,35,)
5

= Y wiwjwpwy - EBE)S(r, )] Elo()a(l)a(r)o(r')] - [Aili[As][Bjly Byl

0,4, 5"
Ly ror
41)
Define X = Zi w; A; and Y = Zl w;B;. The above equation can then be simplified as
2
E || wiw;(3a,.35) = Y E[B(EI)(r, )] Elo()a()o(r)o(r)] - XiXe Yy Y.
ij LU e
(42)
Applying Lemma 1 we have
L 4P| X|1Z 1Y ||
VY wiwi(3a,.35,)| < % (43)
i\
Finally, note that
X7 = wiw;(Ai, Aj) <> wiw;l|As]| p|| Al p < ||wH2m§X 1A% 44
i,j ()
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With Lemma 1 and 2, we can easily prove Theorem 1.

Proof of Theorem 1. First we prove the £ (u) bound. Let A = T and B = u®3. Note that || A || =
| T||F and |B||# = ||u||* = 1. Note that [T (I, u,u)]; = T(e;, u,u). Next we consider €5 (u) and
let A=T,B =¢e; ®u® u. Again we have ||A||r = ||T||r and | B||r = 1. A union bound over
alli =1,--- ,nyields the result. For the inequality involving w we apply Lemma 2. O

E.3 Analysis of fast robust tensor power method

In this section, we prove Theorem 3, a more refined version of Theorem 2 in Section 4.2. We struc-
ture the section by first demonstrating the convergence behavior of noisy tensor power method, and
then show how error accumulates with deflation. Finally, the overall bound is derived by combining
these two parts.

E.3.1 Recovering the principal eigenvector

Define the angle between two vectors v and w to be 6 (v, u) . First, in Lemma 3 we show that if
the initialization vector u is randomly chosen from the unit sphere, then the angle 6 between the
iteratively updated vector u; and the largest eigenvector of tensor T, v, will decrease to a point
that tan 0 (v1, u;) < 1. Afterwards, in Lemma 4, we use a similar approach as in [35] to prove that
the error between the final estimation and the ground truth is bounded.

Suppose T is the exact low-rank ground truth tensor and Each noisy tensor update can then be
written as

atJrl = 't[‘(]:7 U, Ut) + é(ut), (45)

where €(u;) = E(I,us,ut) + e2,7(uy) is the noise coming from statistical and tensor sketch
approximation error.

Before presenting key lemmas, we first define ~-separation, a concept introduced in [1].

Definition 1 (y-separation, [1]). Fixi* € [k], u € R™ and v > 0. u is y-separated with respect to
v;~ if the following holds:

Aix (U, %) — 16[1132\1?2} Ai{w, v;) > YA (w, v+ ). (46)

Lemma 3 analyzes the first phase of the noisy tensor power algorithm. It shows that if the initializa-
tion vector ug is y-separated with respect to v; and the magnitude of noise &(u;) is small at each
iteration ¢, then after a short number of iterations we will have inner product between u; and v; at
least a constant.

Lemma 3. Let {vy,va, -+, v} and {\1,Aa, -+, A} be eigenvectors and eigenvalues of tensor
T € R™*™*" where A1 |(v1,ug)| = mz[i]s]c i [(vi, up)| . Denote V= (v, -+ ,v;) € R™¥F as the
ic

matrix for eigenvectors. Suppose that for every iteration t the noise satisfies

[(vi,&(u))| < 1 Vi€ [n] and |[V'E(w)] < e 47)
suppose also the initialization wg is y-separated with respect to vy for some v € (0.5,1). If
tan 6 (vy,ug) > 1, and

1 1-(1 2 1-(1 2
€1 <min [ ———— , (1+a)/ A <v1,u0>2 and e < ﬂ)\l (v, u)|
4R Ay o 2 2v2(1 + )

(48)
for some o > 0, then for a small constant p > 0, there exists a T > log, (1 + p) tan@ (vy,uo)

such that after T iteration, we have tan 6 (v, ur) < ﬁ,
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Proof. Let iy = T (I, ue, ut) + €(uy) and upy1 = er1/ ||Be41]] . For a € (0,1), we try to
prove that there exists a 7" such that for ¢t > T’

1
_ [(v1, w1 _ [(v1, W) 51 49)
tan&(’vl,utH) 1/2 7 1/2
(1 = (o1, u41)” <Z (v, Uyp1) >
i=2
First we examine the numerator. Using the assumption ‘( ] < ¢ and the fact that

(vi, Upp1) = N (vi,ut)2 + (v;,&(uy)), we have

(i, @ a)| > N (i, w)® — ex > [, w)| (A (03, w)] — e/ [(vi, w)]).- (50)
For the denominator, by Holder’s inequality we have

n 1/2 n
(Z <Ui7ﬁt+1>2> = (Z (/\i <'Ui,’ut>2 + <’Ui,é~:(ut)>)1/2> (&2))

=2 1=2
" 1/2 n 1/2
< (Z A2 <vi,ut>4> + (Z(vi,é(ut)>2> (52)
1=2 =2
n 1/2
< m;éalx)\i [{(vi, uy)] ( <vi,ut>2> + € (53)
1=2
1/2 1/2
< (1= tor?) " (s o wl + o (1 or,?)
(54
Equation (50) and (51) yield
1 S [(v1, )| A1 (w1, ue)| — a1/ [(v1, )| (55)
tanf (vi, wry1) 2\ 1/2 o\ 1/2
(1= for ) " max A fonue)] + o/ (1= (or,un)?)
_ 1 )‘1 ‘<'Ul,’ll,t>| - 61/ |<’U1,Ut>| (56)

1/2
tan @ ('Ulaut) mjlx )\’L |<vi; ut>| + 62/ (1 i <U1,ut>2)

To prove that the second term is larger than 1 + «, we first show that when ¢ = 0, the inequality
holds. Since the initialization vector is a y—separated vector, we have

A1 [{v1, ug)| — Hé%)\z [(vi, wo)| = yA1 [(v1,u0)], (57)
Hé%()\i [{vi, uo)| < (1 —7)A1 [{v1,u0)| < 0.5\ [(v1,u0)], (58)

the last inequality holds since v > 0.5. Note that we assume tan (vi,uo) > 1 and hence
(v1,u0)* < 0.5. Therefore,

N\ 1/2
L=(1+a)/2, o (1—<u1,u0> ) (1—(1+a)/2))\ onu)]. (59
€ _— v, ug)| < v1,ug)| .
2 > 2\/5(14—0{) 1 1 0 2(1+O{) 1 1 0
Thus, for ¢ = 0, using the condition for €¢; and e; we have
A1 [(vi, uo)| — €1/ [(vi, wo)| A (i, uo)| — €1/ [{vi, wo)| S1+a
/2 = /2 = ‘
mase Ay (03, o) | + €2/ (1 - <'ul,u0>2) 0.5M1 (w1, wo)| + €2/ (1 - <'ul,u0>2)
(60)

The result yields 1/ tan 6 (v, u1) > (1 + «)/tan 6 (vq, ug) . This also indicates that |(vy, u1)| >
[{v1,up)|, which implies that

1 1—(1 2 1-(1 2
€1 < min v (1+a)/ A (v1,us)? and ey < 1=(+a)2 A1 |(v1, ue)]
g A +9 2 2v2(1 + a)




also holds for t = 1. Next we need to make sure that for ¢ > 0
m:x Ai [{vi, ue)| < 0.5M1 (v, uy)l. (62)

In other words, we need to show that % > 2. From Equation (58), for t = 0,
;ﬁ i t

Mil(wrug| ﬁ > 2. Forevery i € [k],

max Xil{viue)| =

(v, tg1)] < N [(vaue) [P+ e < (v, we)| (N [, we)| 4+ €1/ [(vi, u)) - (63)
With equation (50), we have
A (1, Uis)] _ Al |<'U17'at+1>| [{v1, )| (A1| V1, W) \('vulut)l) (64)
Ai [(viswer )| A |<Ui7ﬁt+1>| N (s, uy |()\l| vi,uy)| \(velu >|)
_ ( ’Ul,’uf |) )\ <v€117ut> (65)
i | Vi, Uy | 14+ A €1 (>\1Hv17ut>|)2
X 1<v1,m>2 Ail{viue)l
(v1, us)] 1- SR
( 1, Ut ) A1 (v1,ug)
O\ (s w))| 52?13” o (/\1\<v1,ut>|>2
Ar{v1,u)? \ Nil(viue)]
(66)
1- )\1<v€11ut>2
- 1 4 maXicpy Ai €1 ’ (67)
<M>2 A A(eru)®
Ai[(visui)
Letk = max‘fl A Fort = 0, with conditions on €; the following holds:
Al |<v17u1>| > 1- )\1<'U117'Uf0>2 (68)
)\i |<’UZ', U1>| - 1 max;e (k] Ai €1
<)\1|(v1,u0)\>2 A1 A1{v1,u0)?
Xil(vi uo)]
1— -1
> - 4n:2 —9 (69)
= + v
4T dry2

With the two conditions stated in Equation (61), following the same step in (60), we have
> (14 a)m. By induction > (1+ a)m. for t > 0.

1 1
tan 0(vy,us) > tan @(vq,ueq1)

Subsequently,
1 1
— > (1 r_____— 70
tan @ (vy,ur) — (1+a) tan 6 (v1, ug) (70)
Finally, we complete the proof by setting 7" > log, |, (1 + p) tan 6 (vy,uo). O

Next, we present Lemma 4, which analyzes the second phase of the noisy tensor power method. The
second phase starts with tan 6(v1,ug) < 1, that is, the inner product of v; and g is lower bounded
by 1/2.

Lemma 4. Let vy be the principal eigenvector of a tensor T and let uy be an arbitrary vector in
RY that satisfies tan 0(v1,ug) < 1. Suppose at every iteration t the noise satisfies

4l|e(us)]] < e(M — A2) and 4|<vl,é(ut)>’ < (A1 — A\2) cos? 0 (v, uo) (71)

for some € < 1. Then with high probability there exists T = O ( AI/EAQ log(1/ e)) such that after T

iteration we have tan 0 (vy,ur) < e.

Proof. Define A := ’\12)‘2 and X := vi. We have the following chain of inequalities:

) < X (L) 4+ 2w)|
tan 6 (v1, T (I w, u) 4+ &(u)) < [T (T (1, u,u) + &(w))]|

(72)
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[XTT (T, u,w)|| + || VT&(u)||

p (73)
T I T (@ w,w)|| - [|vTE(u)||
T
_ X uH + E()] 74
)\1 |'u1 u| |'v1 u)|
e Jw)|
I P o
oful” 5 Bl efe]
vl u I'UI |2
2 Ao Ae (1 + tan?6 (v, u))
< tan 9(v1,u))\ —|—3A+ 1 3A (76)
Ao+ A
< max ( )\j + Ae tan? 6 (v1, u)) )
Ao + Ae
< max (e, N 1 2A tan 6 (v, u)) (78)

The second step follows by triangle inequality. For w = wuy, using the condition tan (v1,ug) < 1
we obtain

A2 + A Ao + A
tanf (vy,u;) < max <e, ﬁ tan® 6 (vl,u)> < max <e, ﬁ tané (vl,u)> (79)

Since iziﬁg < max (Qﬁm) < ()\2/>\1)1/4 < 1, we have

tan @ (v1,uq) = tan 0 (v1, T (I, wp, up) + €(uy)) < max (e, (A2/A1)4 tan 6 (vl,u0)> <1
(80)
By induction,
tan 0 (v1, uep1) = tan (v1, T (L, ug) + E(uy)) < max (e, (A2/A1) Y4 tan @ (vl,ut)) <1
for every t. Eq. (78) then yields
tan @ (vy,ur) < max (e, maxe, ()\2/)\1)L/4 tan 6 (vy, u0)> . (81)

Consequently, after T = log(/\{z/h)fl/z; (1/e) iterations we have tan 0 (vi, ur) < e. O

Lemma 5. Suppose v, is the principal eigenvector of a tensor T and let uy € R™. For some
a,p > 0and e < 1, if at every step, the noise satisfies

A1 — A2
4

[[€(ur)l| < e

and |(v1,&(uy))| < min < ! A 1-(1+ a)/2)\1> !

4 maXic k) Ai +92 b 2\/5(1 + Oé) 2

b)
TN
A1

(82)

then with high probability there exists an T = O (logl_m (I1+p)7Ty/n+ )\ 1og(1/e)) such

that after T iterations we have || (I — uTuT) v1 || <e

Proof. By Lemma 2.5 in [35], for any fixed orthonormal matrix V and a random vector u, we
have max;¢ (k) tan 0(v;, u) < 7y/n with all but O(171 + e=(d)) probability. Using the fact that
cosf (vi,up) > 1/(1 + tanf (vy,up)) > f’ the following bounds on the noise level imply the
conditions in Lemma 3:

1—-(1 2
[V7etwn)]| < 5= an J(on, ewo)
V2(1 +a)Ty/n
1 1—(1 2 1
Smin p—— ~ Al, ( +OZ)/ )\1 ) Vt.
4#” +2 2 T>n
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- 1-(14)/2
Note that |(vy, &(uy))| < Wﬁm)

assume tan 6 (vy,ug) < 1 and prove that for every u;, tan6 (vy,u:) < 1, which is equivalent
to saying that at every step, cos 8 (v1,u;) > % By plugging the inequality into the second con-

dition in Lemma 4, we have |[(v1,&(u:))| < w. The lemma then follows by the fact that
H(I —upur”) v1]| =sinf (ur,v1) < tan (urp,vy) <e. O

E.3.2 Deflation

In previous sections we have upper bounded the Euclidean distance between the estimated and the
true principal eigenvector of an input tensor T. In this section, we show that error introduced from
previous tensor power updates can also be bounded. As a result, we obtain error bounds between
the entire set of base vectors {v; }¥_; and their estimation {;}%_,.
Lemma 6. Let {vi, v, ,vg} and {\1, Ao, - , \i.} be orthonormal eigenvectors and eigenval-
ues of an input tensor T. Define Amax := max;e[x) Ai. Suppose {0;}Y5_, and {\;}I_, are estimated
eigenvector/eigenvalue pairs. Fix e > 0 and any t € [k]. If

’;\i — /\1| < /\1'6/27 and ||1A1,l — qu <e (83)
for all i € [t], then for any unit vector u the following holds:

t 2
Z[Av;m AAW] (L, w)| <4(2.5Mmax + Omax + 1.5)6)2 € +9(1 + ¢/2)2A2,,

=1
(84)
+8(1 4 €/2)° A% 1€ (85)
<BOAZ, € (86)

Proof. Following similar approaches in [1], Lemma B.5, we define ot = b — (v 9;)v; and
D, = [AU?S — 5\113;@3} D, (I, u,u) can then be written as the sum of scaled v; and viT products
as follows:
D; (T, u,u) :)\i(uTvi)gvi - j\i(uTi;i)Qﬁi (87)
:)\Z-(uTvi)Qvi — S\Z(UT (@f‘ + (v;rffz)vl>) (v + (v, 'vl)vz) (88)
= (M= M@ 90)*) (@Ti)? = 2851 ) (0] 9% (wT07) = (o] 0:)(uT9") ) v;
(W o)) +uTo)) (o)

L1 ) (89)
Suppose A; and B; are coefficients of v; and (i;f‘

v;

L1
v;

), respectively. The summation of D; can
t
-3 B (’UL /|lo- )
i=1 2
t 2 t
i=1 i=1
¢ t 2
< ZAf +2 <Z |Bi|>
i=1

be bounded as
2

2
+2

)

We then try to upper bound |A;]|.
Al <[ (N = (o] 90)?) (T 00)? = 20 (w51 (0] 002 (uT i) = Nifw] o) (o] (©90)

M| 079)7) (wTon)? 2 (n
¥ ) 9; — i 1)

g(/\i|1— v ;) |+

\i ) 19 — vgl| |u v

+(ni+
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< (1.5||vi—'f)i||2+ (AH— A= A ) ||'ui—®i\|) T, |
+ (i A = Ad]) 193 = il (92)
< (25X + (A + L5)e) e |uv| + (1 +€/2) A (93)
Next, we bound |B;| in a 51m11ar manner.
S| (wToi ! o, + uﬂﬁ)] (94)
2 ()\i T PV ) bt ((uTvi)z +|lot 2) (95)
<2(1 + €¢/2)Nie(uTv:)? + 2(1 + €/2) N (96)
O

Combining everything together we have

t 2 t t 2
> D (Luu)|| <2> AZ+2 (Z |Bi|> 97)
=1

=1 i=1

t
<3 4N+ A+ 15)2 € [ul v, [” +4(1+ ¢/2)° 2%

i=1
t 2
<22 (1+ ¢/2)Nie(uv;)% +2(1 + 6/2)Ai63> (98)
1=1
<4(2.5Amax + Amax + 1.5)€) 2Z|u vil” + 401+ €/2)°22 ¢
i=1
t 2
+2 (2(1 +€/2) Amaxe Y (u0;)” +2(1 + 6/2))\maX63> (99)
i=1

<4 (2.5 max + (Amax 4+ 1.5)€)> € +9(1 + ¢/2)222 ' +8(1 4 €/2)2X\2, €.
(100)

E.3.3 Main Theorem

In this section we present and prove the main theorem that bounds the reconstruction error of fast
robust tensor power method under appropriate settings of the hash length b and number of indepen-
dent hashes B. The theorem presented below is a more detailed version of Theorem 2 presented in
Section 4.2.

Theorem 3. Let T = T + E € R"*"™ " where T = Zle \vP? and {v;}F_, is an orthonormal

basis. Suppose (01, 1), (01, A1), - (D, \i) is the sequence of estimated eigenvector/eigenvalue
pairs obtained using the fast robust tensor power method. Assume ||E|| = e. There exists constant

C1,C5,Cs,a, p, T > 0 such that the following holds: if

A1
e< (4 , and T = Cy <1og1+a 1+ p)T\er W log(l/e)) , (101)

n max

and

\/lnw/loggwm | In(InL/logy(k/m) + Cy _ \/ In(8)
(k) 410 (L/ log, (k/n)) In(Z/og, (k/n))

) > 1.02 <1 +
(102)
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Suppose the tensor sketch randomness is independent among all tensor product evaluations. If

B = Q(log(n/7)) and the hash length b is set to

IT| 7 70 16¢” || T|J%

20
1—(14a)/2 mingepg (A — Ai—1)
AL, 2v/2(1+a) )‘1) e

with probability at least 1 — (n + 71 + e™™), there exists a permutation 7 on k such that

b> S, € 2|5 p (103)

2 . ;
E— (4maxi€[k] (Xi/A1)+2

. P koL
Ae(iy — Aj’ < ;”6, and | T -3 X058 < ce, (104)

[vr() — 0] <e,

for some absolute constant c.

Proof. We prove that at the end of each iteration ¢ € [k], the following conditions hold

e 1. Forall j <z, |v,r(j) — f)j| <€ and

R N
Ar(i) — Aj‘ <5
e 2. The tensor error satisfies

T— o7 | = X Aeiyvg(y | (TLuw)|| < 56e (109

j<i j>itl

First, we check the case when ¢ = 0. For the tensor error, we have
> iy | Luw)| = lle(@)] < llezr(w)]| + B @ u,u)|| < e+e= 2 (106)

The last inequality follows Theorem 1 with the condition for b. Next, Using Lemma 5, we have that
[vr@) — 01| < (107)
In addition, conditions for hash length b and Theorem 1 yield
Ai = Ai—1
4

6)\i

+e T p <

Aey = 1| € lerz ()]l + T = 01,61 — w, 61— v)]| < ¢
(108)

Thus, we have proved that for ¢ = 1 both conditions hold. Assume the conditions holdupto: = ¢—1
by induction. For the tth iteration, the following holds:

1 A®3 3
_Z)\jvj — Z /\W(j)vff’(j) (I, u,u)

i<t J>t+1
K t
T ®3 N A®3 ®3
< [T = 2 Ay | Tww) Z A5 = Mm@y | S € V50Amace.

For the last inequality we apply Lemma 6. Since the condltlon is satisfied, Lemma 5 yields
[or(r1) = O] < e (109)
Finally, conditions for hash length b and Theorem 1 yield

)\Tr(t+1) - 5\t-s-1 < H€1,T(’Ul)|| + | T(9; — v1,91 — u, U1 — ’U1)H

Ai — Ni—1 €N;
< e~ T Ty < > (110)

O
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Appendix F  Summary of notations for matrix/vector products

We assume vectors a,b € C™ are indexed starting from 0; that is, @ = (ag, a1, ,a,—1) and
b= (bo, b1, ,bn—1). Matrices A, B and tensors T are still indexed starting from 1.

Element-wise product For a,b € C", the element-wise product (Hadamard product) a o b € R"
is defined as

aob = (agbo,aiby, - ,an_1bp_1). (111)

Convolution For a,b € C”, their convolution a *x b € C™ is defined as

axb= Z aibj, Z aibj,"' , Z aibj ) (112)

(i+j) mod n=0 (i+j) mod n=1 (i+j) mod n=n—1
Inner product For a,b € C”, their inner product is defined as
(@,b) = aib;, (113)
i=1

where b; denotes the complex conjugate of b;. For tensors A, B € C™*™*"_ their inner product is
defined similarly as

(AB)= > A;;iBi s (114)
i,7,k=1

Tensor product For a,b € C”, the tensor product a ® b can be either an n X n matrix or a vector
of length n2. For the former case, we have

agpbg apby -+ apbp1
Cllb() a1b; ce albn—l
a®b= . . . . . (115)
an—.lbO an—.lbl te an—l'bn—l

If @ ® b is a vector, it is defined as the expansion of the output matrix. That is,
a ® b= (apbo, agby,- -+ ,aoby_1,a1bo, a1by, -+, an_1bp_1). (116)

Suppose T is an n X n x n tensor and matrices A € R"*™1 B € R"*™2 and C € R"*™3, The
tensor product T(A, B, C) is an my X mqy X mg tensor defined by

[T(A,B,C)], ;.= Y. TijwAiiBj;Cpp. (117)
i’ k'=1

Khatri-Rao product For A, B € C"*™, their Khatri-Rao product A ® B € C™**™ is defined
as

AOB= (A1 ®Bau),Ap) @B, ,Aum) @Bum), (118)
where A ;) and B ;) denote the ith rows of A and B.

Mode expansion For a tensor T of dimension n X n X n, its first mode expansion T € R7xn
is defined as

Ti110 Tine - Tian Ti2n - Tinn
T To11 Toi2 -+ Toi1pn Top1 -+ Tong (119)
w=| . : )
Tn,l,l Tn,1,2 e Tn,l,n Tn,2,1 e Tn,n,n

The mode expansions T'(3) and T (3) can be similarly defined.
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