A Polynomial-time Mixing Proofs

For sets A, B, we denote A® B := (A\ B)U (B \ A).

Lemma A.1. Define the maps nss: : Cssr — &, for each pair (S,S") € € x Ewith S ~ S, as
follows:

_ [ AeBas, F(S)>F(©)
nss (A, B) = { A® B S, otherwise

Then, each map ngsg is injective.

Proof. Assume that F'(S’) > F(S),and S’ = S U {r}, for some r € V. Assume that we are given
C:=A® B® S, and we want to recover A and B. We will denote by < the natural ordering of the
ground set V. First, we define

K- ={velCaS|v=<r}
Kt={neCaS|v-r}.
Then, we can recover A and V' as follows:
A=SOK"™
B=SaoK".

The case S’ = S\ {r}, as well as the two cases for F'(S’) < F(S) are completely analogous.
Note that the distinction based on the value of the function has no effect on the proof here, but is
technically needed for the next lemma. The only thing that changes between the cases is whether the
element r that gets added or removed in the transition (.5,S”) belongs to A or B, which is always
straightforward to determine from the type of the transition (for additions it belongs to B, and for
removals to A). O

Lemma 1. Forany S ~ S’, and any A, B € &, it holds that
p(A)p(B) < 2nexp(28¢r)Q(S, S )p(nss: (A, B)).

If F' is submodular or supermodular, then the bound is improved to

p(A)p(B) < 2nexp(Br)Q(S, S")p(nss (A, B)).

Proof. We will consider the case S’ = S U {r}, for some r € V, with F(S") > F(S). Again, the
other three cases are completely analogous by using ngs: as defined in

We first compute

Q(S,8") =p(S)P(S, 5
) by definition of the Gibbs sampler
1 _exp(BF(S)) exp(BF(S"))

= ) + exp(BE(S)) by definition of our models

> — by F(5") = F(S)

As a result, we get

< 2 exp(B(F(4) + F(B) - F(S))). 5)

10



Let us denote (r(A, B) := F(A)+ F(B) — F(AUB) — F(AN B), forany A, B C V, so that
Cr = maxy pcv |Cr (A, B)|. Then, if we denote C' := ngs/ (A, B) = A® B & S, we have
F(A)+ F(B) — F(S)

= (F(A)+ F(B) - F(AUB) — F(AN B)) — (F(5) + F(C) —
= (F(A)+ F(B) - F(AUB) = F(AN B)) — (F(5) + F(C) —
= (r(A,B) = (r(S,C) + ( )

< 2(r + F(O).

(AUB) - F(ANnB))+ F(C)
(SUC)—-F(SNnQ))+ F(C)

~— —

F
F

If F' is submodular, then (r(A, B) and (r(S,C) are both non-negative, therefore (r(A, B) —
Cr(S,C)+F(C) <(p+F(C) =(s+ F(C). Similarly, if F' is supermodular, then (r (A, B) and
¢r (S, C) are both non-positive, therefore (r (A, B)—(r(S,C)+F(C) < (p+F(C) = s+ F(C).
Substituting these bounds in (3) gives us the result of the lemma. O

B Fast Mixing Proofs

Lemma B.1. Forany S,R C V with R = S U {r}, if we define

)= | PS4 p(RU )
T SN RS D pRUE) + B\ D

then it holds that

> paie(v) < ypp
v#ET

Proof. For any v # r, we have

exp(BF (S U{v})) B exp(BF(RU {v}))
exp(BF(SU{v})) +exp(BF(S\{v})) exp(BF(RU{v})) + exp(BF(R\ {v}))
exp(BAr(v]S))  exp(BAF(v|R))
1+exp(BAR(v]S)) 1+ exp(BAF(v|R))

exp(BAp(v]S)) — exp(BAF(v|R)) ’
(14 exp(BAF(v]S)))(1 + exp(BAF(v|R)))
exp(BAp(v]S)) — exp(BAF(v|R))
exp(BAFp(v]S)) + eXP(ﬁAF( |R))
xp(B(Ar(v]S) — Ar(v|R))) — 1‘
(B(AF(v]S) = Ap(v|R))) + 1
B
= tanh <2’(AF(’U|S) - AF(UR))|> .

pdif(v) =

o

¢}

Xp

The lemma follows then by the definition of v g, and the fact that R = S U {r}. O

Lemma B.2. If F is submodular or supermodular, and decomposed according to (3), then

VTEB =718

Proof. Forany S, R C V with R = S U {r}, and any v € V, we have

Ap(e]S) — Ap(o|R) = F(SU {v}) — F(S\ {v}) — F(RU{v}) + F(R\ {v})
= F(SU{o}) — F(S\ {0}) = F(RU {o}) + J(R\ {v})
= Af(v]S) - Af(vlR).
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Corollary 2. For any submodular function F that can be written in the form of @), with f being its
monotone (also decomposable) part according to (3), if we define

0 _maxz \/JT and Ay —maXZ\/fz

Le[L]

then it holds that
B
V18 < S05As

Proof. Forany S, R C V with R = S U {r}, we have

>~ tanh (31(25(415) — &, 012 )

vFET

< Z §|(Af(v|5) — Ay (v|R))| by tanh(z) < z, forall z > 0
vET

< z g(Af(Uw) — Af(v|R)) by submodularity of f
v#ET

= gZ(f(SU {v}) = F(S\{v}) = F(SU{ry U{vh) + F(SU{r}\ {v}))

vFET

= O S (S U ) — S8\ () — Fe(SUrF U o)+ Ju(S U () {0))

v#r £€[L]

<053 min {£(S U o)) ~ S\ D) (S U )\ (o) — 15 (o)
v#r e[l
#rLe[L) by monotonicity of f,

Z Z min { f¢(v), fo(r)} by submodularity of f,

v#r LE[L)

o> VW) felr)

v#Tr LE[L]

VIer) Y NV Few).

vFET

IN IN

N N

~
o,
=

The result follows by maximizing both sides over S and r. O
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