One-shot learning and big data with n = 2

Lee H. Dicker Dean P. Foster
Rutgers University University of Pennsylvania
Piscataway, NJ Philadelphia, PA
ldicker@stat.rutgers.edu dean@foster.net
Abstract

We model a “one-shot learning” situation, where very few observations
Y1, ..., Yn € R are available. Associated with each observation y; is a very high-
dimensional vector z; € R?, which provides context for 3; and enables us to pre-
dict subsequent observations, given their own context. One of the salient features
of our analysis is that the problems studied here are easier when the dimension
of x; is large; in other words, prediction becomes easier when more context is
provided. The proposed methodology is a variant of principal component regres-
sion (PCR). Our rigorous analysis sheds new light on PCR. For instance, we show
that classical PCR estimators may be inconsistent in the specified setting, unless
they are multiplied by a scalar ¢ > 1; that is, unless the classical estimator is ex-
panded. This expansion phenomenon appears to be somewhat novel and contrasts
with shrinkage methods (¢ < 1), which are far more common in big data analyses.

1 Introduction

The phrase “one-shot learning” has been used to describe our ability — as humans — to correctly
recognize and understand objects (e.g. images, words) based on very few training examples [1} [2]].
Successful one-shot learning requires the learner to incorporate strong contextual information into
the learning algorithm (e.g. information on object categories for image classification [[1]] or “function
words” used in conjunction with a novel word and referent in word-learning [3]]). Variants of one-
shot learning have been widely studied in literature on cognitive science [4} 3], language acquisition
(where a great deal of relevant work has been conducted on “fast-mapping”) [3} 658, and computer
vision [} [9]. Many recent statistical approaches to one-shot learning, which have been shown to
perform effectively in a variety of examples, rely on hierarchical Bayesian models, e.g. [[115} 8]

In this article, we propose a simple latent factor model for one-shot learning with continuous out-
comes. We propose effective methods for one-shot learning in this setting, and derive risk approx-
imations that are informative in an asymptotic regime where the number of training examples n
is fixed (e.g. m = 2) and the number of contextual features for each example d diverges. These
approximations provide insight into the significance of various parameters that are relevant for one-
shot learning. One important feature of the proposed one-shot setting is that prediction becomes
“easier” when d is large — in other words, prediction becomes easier when more context is provided.
Binary classification problems that are “easier” when d is large have been previously studied in
the literature, e.g. [[10H12]; this article may contain the first analysis of this kind with continuous
outcomes.

The methods considered in this paper are variants of principal component regression (PCR) [13].
Principal component analysis (PCA) is the cornerstone of PCR. High-dimensional PCA (i.e. large
d) has been studied extensively in recent literature, e.g. [14H22]. Existing work that is especially
relevant for this paper includes that of Lee et al. [19]], who studied principal component scores in
high dimensions, and work by Hall, Jung, Marron and co-authors [10} [11} 18} 21], who have studied
“high dimension, low sample size” data, with fixed n and d — oo, in a variety of contexts, including



PCA. While many of these results address issues that are clearly relevant for PCR (e.g. consis-
tency or inconsistency of sample eigenvalues and eigenvectors in high dimensions), their precise
implications for high-dimensional PCR are unclear.

In addition to addressing questions about one-shot learning, which motivate the present analysis,
the results in this paper provide new insights into PCR in high dimensions. We show that the clas-
sical PCR estimator is generally inconsistent in the one-shot learning regime, where n is fixed and
d — oco. To remedy this, we propose a bias-corrected PCR estimator, which is obtained by expand-
ing the classical PCR estimator (i.e. multiplying it by a scalar ¢ > 1). Risk approximations obtained
in Section 5 imply that the bias-corrected estimator is consistent when n is fixed and d — oo. These
results are supported by a simulation study described in Section 7, where we also consider an “ora-
cle” PCR estimator for comparative purposes. It is noteworthy that the bias-corrected estimator is an
expanded version of the classical estimator. Shrinkage, which would correspond to multiplying the
classical estimator by a scalar 0 < ¢ < 1, is a far more common phenomenon in high-dimensional
data analysis, e.g. [23H25[] (however, expansion is not unprecedented; Lee et al. [[19] argued for
bias-correction via expansion in the analysis of principal component scores).

2 Statistical setting

Suppose that the observed data consists of (y1,X1), ..., (Yn,Xn), where y; € R is a scalar outcome
and x; € R? is an associated d-dimensional “context” vector, for i = 1, ..., n. Suppose that 3; and
x; are related via

yi = hif+&ER, hi~N(0,n°), &~ N(0,07), (1)
x; = hyVdu+e eRY €~ N(0,721), i=1,...,n. )

The random variables h;, &; and the random vectors €; = (€;1, ..., eid)T, 1 < ¢ < n, are all assumed
to be independent; h; is a latent factor linking the outcome y; and the vector x;; &; and €; are
random noise. The unit vector u = (u1, ..., uq)? € R¢ and real numbers 6,y € R are taken to be

non-random. It is implicit in our normalization that the “x-signal” ||h;yv/dul||? < d is quite strong.

Observe that (y;,x;) ~ N (0, V') are jointly normal with

B 92772 +0.2 enQ,Y\/guT 3)
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To further simplify notation in what follows, let y = (y1,...,4,)7 = hf + & € R", where h =
(hiy ooy b)) € = (€1,..,&)T € R, and let X = (x1,...,x,)7 = vv/dhu” + E, where E =
(€ij)1<i<n, 1<)<a-

Given the observed data (y, X), our objective is to devise prediction rules  : R? — R so that the
risk

RV (@) = EV{Q(Xnew) - ynew}2 = EV{Q(Xnew) - hnequ9}2 + 02 (4)

is small, where (Ynew, Xnew) = (Pnewd + Enew, RnewYVdU + €,¢,) has the same distribution as
(yi,x;) and is independent of (y, X'). The subscript “V” in Ry and Ey indicates that the parameters
0,n,0,T,7,uare specified by V, as in ; similarly, we will write Py (-) to denote probabilities with
the parameters specified by V.

We are primarily interested in identifying methods ¢ that perform well (i.e. Ry (g) is small) in
an asymptotic regime whose key features are (i) n is fixed, (ii) d — oo, (iii) 02 — 0, and (iv)
inf n?y2 /72 > 0. We suggest that this regime reflects a one-shot learning setting, where n is small
and d is large (captured by (i)-(ii) from the previous sentence), and there is abundant contextual
information for predicting future outcomes (which is ensured by (iii)-(iv)). In a specified asymptotic
regime (not necessarily the one-shot regime), we say that a prediction method ¢ is consistent if
Ry (g) — 0. Weak consistency is another type of consistency that is considered below. We say that
7§ is weakly consistent if |{j — Ynew| — 0 in probability. Clearly, if § is consistent, then it is also
weakly consistent.



3 Principal component regression

By assumption, the data (y;,x;) are multivariate normal. Thus, Ey (y;|x;) = x! 3, where 3 =

6yn>vdu/(t? + n?>~y2d). This suggests studying linear prediction rules of the form §(Xpew) =

xL B, for some estimator (3 of 3. In this paper, we restrict our attention to linear prediction rules,

focusing on estimators related to principal component regression (PCR).

Letl; > --- > l,aq > 0 denote the ordered n largest eigenvalues of XTX and let 11y, ..., Qypg de-
note corresponding eigenvectors with unit length; 11y, ..., @, A¢ are also referred to as the “principal
components” of X. Let Uy, = (i; --- 0) be the d x k matrix with columns given by 1y, ..., U,
for1 < k < n Ad. Inits most basic form, principal component regression involves regressing y
on XU, for some (typically small) k, and taking 8 = Uy (UF X7 XU,,)~*UF XTy. In the problem
considered here the predictor covariance matrix Cov(x;) = 721 + n*y?duu’ has a single eigen-
value larger than 72 and the corresponding eigenvector is parallel to 3. Thus, it is natural to restrict
our attention to PCR with £ = 1; more explicitly, consider

. al x7” 1

Byer = e = 7o Xy (5)

In the following sections, we study consistency and risk properties of chr and related estimators.

4 Weak consistency and big data with n = 2

Before turning our attention to risk approximations for PCR in Section 5 below (which contains
the paper’s main technical contributions), we discuss weak consistency in the one-shot asymptotic
regime, devoting special attention to the case where n = 2. This serves at least two purposes. First,
it provides an illustrative warm-up for the more complex risk bounds obtained in Section 5. Second,
it will become apparent below that the risk of the consistent PCR methods studied in this paper
depends on inverse moments of 2 random variables. For very small n, these inverse moments do
not exist and, consequently, the risk of the associated prediction methods may be infinite. The main
implication of this is that the risk bounds in Section 5 require n > 9 to ensure their validity. On the
other hand, the weak consistency results obtained in this section are valid for all n > 2.

4.1 Heuristic analysis for n = 2

Recall the PCR estimator H and let Jper(x) = XTBPCT be the associated linear prediction rule.

For n = 2, the largest eigenvalue of X7 X and the corresponding eigenvector are given by simple
explicit formulas:

1
b= 5 {|X1|2 + || * + \/(||X1||2 — ||x2|[2)2 +4(X1TX2)2}

andﬁ1 :\71/||\A’1|

2 where

{1l = x4yl =l )2 + 2 xa)? b 43

V) =
2X1Tx2
These expressions for /; and 01; yield an explicit expression for chr when n = 2 and facilitate
a simple heuristic analysis of PCR, which we undertake in this subsection. This analysis suggests

that g, is not consistent when 0% — 0and d — oo (at least for n = 2). However, the analysis
also suggests that consistency can be achieved by multiplying 3., by a scalar ¢ > 1; that is, by

per
expanding (3,,.,.. This observation leads us to consider and rigorously analyze a bias-corrected PCR

method, which we ultimately show is consistent in fixed n settings, if 0> — 0 and d — co. On the
other hand, it will also be shown below that ¢, is inconsistent in one-shot asymptotic regimes.

For large d, the basic approximations ||x;||?> &~ v2dh? + 72d and x{ x2 ~ ~2?dh;h; lead to the
following approximation for gpe, (Xnew):
2072 4 1,2
N T 7 B (hl + h2)
cr\Xnew) = ~ hnewe cr 6
Yp (X ) Xnewlgpcr ’72(h% +h%) +7—2 +€p ( )




where

2
Cper = Y hnew ﬁ{XTg
v = Rd0T + 1) + 72
Thus,
2
“ T
Yper (Xnew) — Ynew = hnewa + €pcr — fneuw (7)

V2(hi + h3) + 72
The second and third terms on the right-hand side in , €per — Enew, Tepresent a random error
that vanishes as d — oo and 62 — 0. On the other hand, the first term on the right-hand side in
(7D, —72hnewd/{v*(h? 4+ h3) + 72}, is a bias term that is, in general, non-zero when d — oo and
o — 0; in other words g, is inconsistent. This bias is apparent in the expression for ypm,(xm,,)
given in (6); in particular, the first term on the right-hand side of (6)) is typically smaller than A, 6.

One way to correct for the bias of g, is to multiply 3,,.,. by
Lo (M +h3)+7° > 1
h—l 2h3+h3) ~ 7

where

1
ta= 5 { Il el = /(a2 = a2 + ) 2

is the second-largest eigenvalue of X7 X . Define the bias-corrected principal component regression
estimator
Bre = By = AT X7
bc_ll_l2 pcr_ll_l21 y
and let §0(x) = x73,, be the associated linear prediction rule. Then Jpe(Xnew) = X2 Bpe =
Rnewt + €pe, Where N
new AT T
T R R I e
One can check that if d — oo, 02 — 0 and 6,72 1?72 are well-behaved (e.g. contained in a
compact subset of (0, 00)), then Jpe(Xnew) — Ynew = €be — 0 in probability; in other words, Fp.
is weakly consistent. Indeed, weak consistency of . follows from Theorem 1 below. On the other
hand, note that F|e,.| = co. This suggests that Ry (§,.) = 0o, which in fact may be confirmed by
direct calculation. Thus, when n = 2, ;. is weakly consistent, but not consistent.

4.2 Weak consistency for bias-corrected PCR

Now suppose that n > 2 is arbitrary and that d > n. Define the bias-corrected PCR estimator
. L. 1
B = = lnﬁpcr R

and the associated linear prediction rule §p.(x) = xTBbC. The main weak consistency result of the

paper is given below.

Theorem 1. Suppose that n > 2 is fixed and let C C (0,00) be a compact set. Let r > 0 be an
arbitrary but fixed positive real number. Then

af XTya, (8)

lim  sup Py {|Upc(Xnew) = Ynew| > 1} = 0. &)
400 .y, ryeC
o“—0 ucR?
On the other hand,
liminf inf Py {|Uper (Xnew) — Ynew| > r} > 0. (10)

d—oo O,n,7,7eC
0’2*)0 ue]Rd

A proof of Theorem 1 follows easily upon inspection of the proof of Theorem 2, which may be
found in the Supplementary Material. Theorem 1 implies that in the specified fixed n asymptotic
setting, bias-corrected PCR is weakly consistent @I) and that the more standard PCR method ¢,
is inconsistent (I0). Note that the condition 0,7, 7, € C in (9) ensures that the x-data signal-to-
noise ratio 7%y? /72 is bounded away from 0. In , it is noteworthy that I /(l; — {,,) > 1: in
order to achieve (weak) consistency, the bias corrected estimator Bbc is obtained by expanding chr'
By contrast, shrinkage is a far more common method for obtaining improved estimators in many
regression and prediction settings (the literature on shrinkage estimation is vast, perhaps beginning
with [23]).



5 Risk approximations and consistency

In this section, we present risk approximations for ., and g that are valid when n > 9. A more
careful analysis may yield approximations that are valid for smaller n; however, this is not pursued
further here.

Theorem 2. Let W,, ~ X2 be a chi-squared random variable with n degrees of freedom.

(a) Ifn>9andd > 1, then

4.4 2
D) = g2 _ 0 Wa Ay
Ry (Jper) = o [1+E{(n2y2Wn+72)2H+O<n d+n>
) s 9 927727_2
+0*? By {(u"a1)® — 1} +O<77272d+72 :

(b) Ifd > n > 9, then

5 ) = o2 n*y? o’ 7
By (§oe) = {1+E<n272Wn+T2m>}+O{\/@ <n272n+72\/7”7d>}

2
+6202Ey, {llll (uTay)? - 1} (11)
92,”27,2 ,,72,_)/24»7,2
toaag 2\ VTR o > (12)
neysd+ 1 22 W, + 1724/n/d

62 n 72 T
o| L2 : |
P?y2d+72V d | 2420 +72y/nfd  (n2y2n + 72/n/d)?

A proof of Theorem 2 (along with intermediate lemmas and propositions) may be found in the
Supplementary Material. The necessity of the more complex error term in Theorem 2 (b) (as opposed
to that in part (a)) will become apparent below.

When d is large, o2 is small, and 4, n, 7,7y € C, for some compact subset C' C (0, 00), Theorem 2
suggests that

Rv(:l)pcr) ~ 92 2EV { ll u1 — 1}
X l X 2
Ry (goc) =~ 6*n°Ev {l 1l (u"iy)? - 1} :
1 —
Thus, consistency of .. and @;. in the one-shot regime hinges on asymptotic properties of

Ey{(uTa;)? — 1}2? and Ev{l1/(ly — I,)(uTd;)? — 1}2. The following proposition is proved
in the Supplementary Material.

Proposition 1. Let W,, ~ 2 be a chi-squared random variable with n degrees of freedom.

(a) Ifn>9andd > 1, then

T2 2 n
E -1 —_— .
Ao £ () 0 (i)

(b) Ifd > n > 9, then

ll 2 n 7'4
E ua 2—1} =04~ - :
V{ll—l ( 1) {d (77272n+7-2 /n/d)Q}

Proposition 1 (a) implies that in the one-shot regime, By {(u’0;)? — 1}2 — E{7%/(n*y*W,, +

72)2} # 0; by Theorem 2 (a), it follows that Uper 1s inconsistent. On the other hand, Proposition 1
(b) 1mphes that By {ll/ 1= 1) (uThy)? - 1}2 — 0 in the one-shot regime; thus, by Theorem 2
(b), Y. is consistent. These results are summarized in Corollary 1, which follows immediately from
Theorem 2 and Proposition 1.




Corollary 1. Suppose that n > 9 is fixed and let C C (0, 00) be a compact set. Let Wy, ~ X2 be a
chi-squared random variable with n degrees of freedom. Then

2 2
-
lim su Ry (g - 0’E | —————— =
d‘>°° 0., ’Iy)GC V(ypm”) ! 77272Wn + 72
0’ —0 ER

and

lim sup Ry (%) = 0.
d»00 g rvEC
o”—0 ueR?

For fixed n, and inf %42 /72 > 0, the bound in Proposition 1 (b) is of order 1/d. This suggests that
both terms (IT)-(T2) in Theorem 2 (b) have similar magnitude and, consequently, are both necessary
to obtain accurate approximations for RV (g]bc) (It may be desirable to obtain more accurate approx-

imations for Ey {11 /1y — 1) (uTa)? — 1} this could potentially be leveraged to obtain better
approximations for Ry (Jpc)- ) In Theorem 2 (a), the only non-vanishing term in the one-shot ap-
proximation for Ry (fper) involves Ey {(u”;)? — 1} this helps to explain the relative simplicity
of this approximation, in comparison with Theorem 2 (b).

Theorem 2 and Proposition 1 give risk approximations that are valid for all d and n > 9. How-
ever, as illustrated by Corollary 1, these approximations are most effective in a one-shot asymptotic
setting, where n is fixed and d is large. In the one-shot regime, standard concepts, such as sam-
ple complexity — roughly, the sample size n required to ensure a certain risk bound — may be of
secondary importance. Alternatively, in a one-shot setting, one might be more interested in metrics
like “feature complexity”: the number of features d required to ensure a given risk bound. Approx-
imate feature complexity for . is easily computed using Theorem 2 and Proposition 1 (clearly,
feature complexity depends heavily on model parameters, such as 6, the y-data noise level o2, and
the x-data signal-to-noise ratio n2~?2/72)

6 An oracle estimator

In this section, we discuss a third method related to 9., and {., which relies on information that
is typically not available in practice. Thus, this method is usually non-implementable; however, we
believe it is useful for comparative purposes.

Recall that both g, and 3, depend on the first principal component G, which may be viewed as
an estimate of u. If an oracle provides knowledge of u in advance, then it is natural to consider the
oracle PCR estimator

5y ul’XTy

Bor = W XTXu"
and the associated linear prediction rule o, (x) = XTBOT. A basic calculation yields the following
result.

Proposition 2. [fn > 3, then

02,,72,]_2 1

~ 2

r p— 1 .
Ry (Gor) (U +77272d+72> ( +n—2>

Clearly, 4, is consistent in the one-shot regime: if C' C (0, 0o) is compact and n > 3 is fixed, then

lim sup Ry (Jor) =0.
dﬁ X 9.n,7 ’yEC’
o250 ueRd

7 Numerical results

In this section, we describe the results of a simulation study where we compared the performance of
Upers Joe> and Jor. We fixed 0 = 4, 0% =1/10,n? =4,+* =1/4, 72 = 1,and u = (1,0, ....,0) €



R? and simulated 1000 independent datasets with various d, n. Observe that >y? /7% = 1. For each
simulated dataset, we computed 3,,.,., By, B,, and the corresponding conditional prediction error

RV (my’ X) E [{y(xnew) - ynew}2‘ Yy, X]

; T 2 2,2 T\(7 2 0=n
B-=B) ("I +n°y*duu’ )(B—B) +o T
for § = Yper, Yve> Yor- The empirical prediction error for each method 7 was then computed by av-
eraging Ry (g|y, X) over all 1000 simulated datasets. We also computed the“theoretical” prediction
error for each method, using the results from Sections 5-6, where appropriate. More specifically, for
Yper and 9y, we used the leading terms of the approximations in Theorem 2 and Proposition 1 to
obtain the theoretical prediction error; for 3., we used the formula given in Proposition 2 (see Table
1 for more details). Finally, we computed the relative error between the empirical prediction error

Table 1: Formulas for theoretical prediction error used in simulations (derived from Theorem 2 and
Propositions 1-2). Expectations in theoretical prediction error expressions for ,., and g were
computed empirically.

Theoretical prediction error formula

4,4 2
o* 1+ B{ oty }| + 0°nB (i)
o? {1+E(

2.2 R 2
n272WZ+’Yr2\/m + 00 By {llljl" (ua)* - 1}
927727_2 {1 + E

(o7 +

Yper

?bc
274>

77272Wn+7'2\/n/d> }

6%n3r2 1
i) (14 752)

'77272 d+7_2

_|_

Yor

and the theoretical prediction error for each method,

(Empirical PE) — (Theoretical PE)
Empirical PE

Relative Error = ’ ‘ x 100%.

Table 2: d = 500. Prediction error for ., (PCR), §. (Bias-corrected PCR), and 9, (oracle). Rel-
ative error for comparing Empirical PE and Theoretical PE is given in parentheses. “NA” indicates

that Theoretical PE values are unknown. )
Bias-corrected

PCR PCR Oracle
n =2 Empirical PE 18.7967 4.8668 1.5836
Theoretical PE (Relative Error)| NA 00 (00) 00 (00)
n =4 Empirical PE 6.4639 0.8023 0.3268
Theoretical PE (Relative Error)| NA NA 0.3416 (4.53%)
n =9 Empirical PE 1.4187 0.3565 0.2587
Theoretical PE (Relative Error)| 1.2514 (11.79%)|0.2857 (19.86%)|0.2603 (0.62%)
n = 20 Empirical PE 0.4513 0.2732 0.2398
Theoretical PE (Relative Error)| 0.2987 (33.81%)|0.2497 (8.60%) [0.2404 (0.25%)

The results of the simulation study are summarized in Tables 2-3. Observe that ¢, has smaller
empirical prediction error than g, in every setting considered in Tables 2-3, and g, substantially
outperforms g, in most settings. Indeed, the empirical prediction error for 4, when n = 9 is
smaller than that of g,., when n = 20 (for both d = 500 and d = 5000); in other words, .
outperforms .-, even when g,., has more than twice as much training data. Additionally, the
empirical prediction error of ¢ is quite close to that of the oracle method g,,, especially when n
is relatively large. These results highlight the effectiveness of the bias-corrected PCR method . in
settings where o2 and n are small, n?~? /72 is substantially larger than 0, and d is large.

For n = 2, 4, theoretical prediction error is unavailable in some instances. Indeed, while Proposition
2 and the discussion in Section 4 imply that if n = 2, then Ry (§pc) = Ry (§or) = 00, we have not



Table 3: d = 5000. Prediction error for ¢, (PCR), 4. (Bias-corrected PCR), and ¢, (oracle).
Relative error comparing Empirical PE and Theoretical PE is given in parentheses. “NA™ indicates

that Theoretical PE values are unknown. )
Bias-corrected

PCR PCR Oracle
n =2 Empirical PE 17.9564 2.0192 1.0316
Theoretical PE (Relative Error)| NA 00 (00) 00 (o0)
n =4 Empirical PE 6.1220 0.2039 0.1637
Theoretical PE (Relative Error)| NA NA 0.1692 (3.36%)
n =9 Empirical PE 1.2274 0.1378 0.1281
Theoretical PE (Relative Error)| 1.2485 (1.72%)|0.1314 (4.64%)|0.1289 (0.62%)
n = 20 Empirical PE 0.3150 0.1226 0.1189
Theoretical PE (Relative Error)| 0.2997 (4.86%)[0.1200 (2.12%)|0.1191 (0.17%)

pursued an expression for Ry ({per) when n = 2 (it appears that Ry (§per) < 00); furthermore, the
approximations in Theorem 2 for Ry (Jpcr), Rv () do not apply when n = 4. In instances where
theoretical prediction error is available, is finite, and d = 500, the relative error between empirical
and theoretical prediction error for ¢, and g ranges from 8.60%-33.81%; for d = 5000, it ranges
from 1.72%-4.86%. Thus, the accuracy of the theoretical prediction error formulas tends to improve
as d increases, as one would expect. Further improved measures of theoretical prediction error
for gpcr and {p. could potentially be obtained by refining the approximations in Theorem 2 and
Proposition 1.

8 Discussion

In this article, we have proposed bias-corrected PCR for consistent one-shot learning in a simple
latent factor model with continuous outcomes. Our analysis was motivated by problems in one-shot
learning, as discussed in Section 1. However, the results in this paper may also be relevant for
other applications and techniques related to high-dimensional data analysis, such as those involving
reproducing kernel Hilbert spaces. Furthermore, our analysis sheds new light on PCR, a long-studied
method for regression and prediction.

Many open questions remain. For instance, consider the semi-supervised setting, where additional
unlabeled data x,,41, ..., Xy is available, but the corresponding y;’s are not provided. Then the
additional x-data could be used to obtain a better estimate of the first principal component u and
perhaps devise a method whose performance is closer to that of the oracle procedure ,,- (indeed,
Jor May viewed as a semi-supervised procedure that utilizes an infinite amount of unlabeled data
to exactly identify u). Is bias-correction via inflation necessary in this setting? Presumably, bias-
correction is not needed if IV is large enough, but can this be made more precise? The simulations
described in the previous section indicate that {. outperforms the uncorrected PCR method gy,
in settings where twice as much labeled data is available for ... This suggests that role of bias-
correction will remain significant in the semi-supervised setting, where additional unlabeled data
(which is less informative than labeled data) is available. Related questions involving transductive
learning [26, [27]] may also be of interest for future research.

A potentially interesting extension of the present work involves multi-factor models. As opposed
to the single-factor model @-@, one could consider a more general k-factor model, where y; =
h76+¢; and x; = Sh; +e¢;; here h; = (h;1, ..., hix)T € R¥ is a multivariate normal random vector
(a k-dimensional factor linking y; and x;), @ = (01, ...,0;)T € R¥, and S = \/E(mul CeYEUg)
is a k x d matrix, with 1, ...,v; € R and unit vectors uy, ..., u; € R 1t may also be of interest
to work on relaxing the distributional (normality) assumptions made in this paper. Finally, we point
out that the results in this paper could potentially be used to develop flexible probit (latent variable)
models for one-shot classification problems.
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