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1 Proofs

1.1 Proof of Theorem 1

Theorem 1 (largest eigenvalue growth rate).

Proof. Under assumption A2, we have

K2 ≥
1

pn

pn∑
i=1

E[(yni1)8] ≥ 1

pn

pn∑
i=1

E4[(yni1)2] ≥ γ4
1

pn

⇐⇒ γ1 ≤ p
1
4
nK

1
4
2 .

Let us assume (1) pn = n and (2) yn1 is a zero mean gaussian variable with E[(yn1 )2] = 4
√
pn, while

yni>1 = 0. In this model, A2 holds:

1

pn

∑
i

E[(yni )8] = 105.

For the largest eigenvalue we have γn1 = 4
√
pn, which attains the above rate and thereby proves that

no lower rate exists for all sequences.

1.2 Proof of Theorem 2

Theorem 2 (dispersion growth rate).

Proof. Under assumption A2, we have

dn =
1

pn

∑
i

(γi −
∑
j

γj)
2 ≤ 1

pn

∑
i

γ2
i ≤

√
1

pn

∑
i

γ4
i ≤

√
1

pn

∑
i

E[(yni )8] ≤
√
K2.

Now assume we have gaussian data with

γi =

{
c for i ≤ pn/2
0 for i > pn/2.

There is a c for which A2 is fulfilled:
1

pn

∑
i

E[(yni )8] =
1

pn
105

∑
i

γi =
105

2
c ≤ K2.

For the dispersion, we have

dn =
1

pn

∑
i

(γi −
∑
j

γj)
2 =

1

pn

pn
2

(c− 1

2
c)2 =

1

8
c2.

The above rate is attained and therefore no lower rate exists which bounds all sequences.

1.3 Proof of Theorem 3

Note that Theorem 3 makes use of Theorem 4. Let us first state some helpful properties of the
estimators appearing in λ̂:

Lemma 1. V̂ar(Sij), V̂ar(Tij),
∑
ij Ĉov(Sij , Tij) and (Sij − Tij)

2 are unbiased estimators of
Var(Sij), Var(Tij),

∑
ij Cov(Sij , Tij) and E[(Sij − Tij)2].

Proof. follows directly by calculation of the expectations.

Theorem 3 (Consistency of Shrinkage).
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The proof of consistency under the new assumptions is similar to the standard shrinkage proof in
[1]. An additional ingredient is the k-dependent limit behaviour from Theorem 4, which allows us
to find bounds on specific terms which would otherwise not converge to zero in the limit.

Proof. in a first step, let us rewrite the relative error:

m =

(
λ∗ − λ̂
λ∗

)2

=

(
1− λ̂

λ∗

)2

.

For p→∞, we have

lim
p→∞

m = lim
p→∞

(
1− λ̂

λ∗

)2

= lim
p→∞

1−

(
npp
−2
∑
ij V̂ar(S′ij)

p−max(1,2k)
∑
ij(S

′
ij − Tij)2

)
·

(
npp
−2
∑
ij Var(S′ij)

p−max(1,2k)
∑
ij E[(S′ij − Tij)2]

)−1
2

.

Here, the factors which have been introduced make each expression bounded from above and below.
Let us now look at the convergences of these normalized estimators.

Bound on the Variance of the Dispersion The dispersion is

1

pmax(1,2k)

∑
ij

(Sij − Tij)2 =
1

pmax(1,2k)

∑
ij

S2
ij − 2SijTij + T 2

ij .

Let us here only analyse the first term on the r.h.s. which has the highest variance, for the other terms
the proof is similar but easier:

1

pmax(1,2k)

∑
ij

S2
ij =

1

pmax(1,2k)

∑
ij

(
1

n

∑
s

yisyjt

)2

=
p2

pmax(1,2k)n2

∑
st

(
1

p

∑
i

yisyit

)2

=
p2

pmax(1,2k)n2

∑
s

(
1

p

∑
i

y2
is

)2

+
p2

pmax(1,2k)n2

∑
s,t6=s

(
1

p

∑
i

yisyit

)2

.

(1)

We show that the variance goes to zero by showing that both terms on the right-hand side have zero
variance in the limit. For the first term, we have:

Var

 p2

pmax(1,2k)n2

∑
s

(
1

p

∑
i

y2
is

)2
 ≤ p4

pmax(2,4k)n3
E

(1

p

∑
i

y2
i1

)4


=
p4

pmax(2,4k)n3
E

(1

p

∑
i

x2
i1

)4
 ≤ p4

pmax(2,4k)n3
E

[
1

p

∑
i

x8
i1

]

≤ p4

pmax(2,4k)n3
K2 → 0.

Therefore the first term in eq. (1) converges to it expectation. Let us now look at the second term:

Var

 p2

pmax(1,2k)n2

∑
s,t6=s

(
1

p

∑
i

yisyit

)2


=
p4

pmax(2,4k)n4

∑
s,t6=s

∑
s′,t′ 6=s′

Cov

(1

p

∑
i

yisyit

)2

,

(
1

p

∑
i

yisyit

)2
 . (2)
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The covariance expression only depends on the cardinal of the intersection, which we denote by
({s, t} ∪ {s′, t′})# and which can take the values of 0, 1 and 2. When this cardinality is zero,

({s, t} ∪ {s′, t′})#
= 0,

there is independence and the covariance is zero as well. For

({s, t} ∪ {s′, t′})#
= 1,

we have 4n(n− 1)(n− 2) epxressions of the form

Cov

(1

p

∑
i

yisyit

)2

,

(
1

p

∑
i

yisyit

)2
 = Cov

(1

p

∑
i

yi1yi2

)2

,

(
1

p

∑
i

yi1yi3

)2


= E

(1

p

∑
i

yi1yi2

)2(
1

p

∑
i

yi1yi3

)2
− E

(1

p

∑
i

yi1yi2

)2
E

(1

p

∑
i

yi1yi3

)2


≤ max

E

(1

p

∑
i

yi1yi2

)2(
1

p

∑
i

yi1yi3

)2
 ,E2

(1

p

∑
i

yi1yi2

)2
 ,

as both terms are positive. For the first term, we have

E

(1

p

∑
i

yi1yi2

)2(
1

p

∑
i

yi1yi3

)2
 =

1

p4

∑
i,j,i′,j′

E [yi1yi′1yj1yj′1]E [yi2yi′2]E [yj3yj′3]

=
1

p4

∑
i,j

E
[
y2
i1y

2
j1

]
E
[
y2
i2

]
E
[
y2
j3

]
≤ 1

p2

(
1

p

∑
i

√
E [y4

i1]E
[
y2
i2

])2

A6
≤ 1 + α4

p2

(
1

p

∑
i

E2
[
y2
i2

])2

=
1 + α4

p2
Θ
(
max(1, p4k−2)

)
.

For the second term, we have

E2

(1

p

∑
i

yi1yi2

)2
 =

 1

p2

∑
i,j

E2 [yi1yj1]

2

=
1

p2

(
1

p

∑
i

E2
[
y2
i1

])2

=
1

p2
Θ
(
max(1, p4k−2)

)
Therefore, we have, combined with the prefactors,

p44n(n− 1)(n− 2)

pmax(2,4k)n4

∣∣∣∣∣∣Cov

(1

p

∑
i

yisyit

)2

,

(
1

p

∑
i

yisyit

)2
∣∣∣∣∣∣

=
4p4

pmax(2,4k)n

1

p2
O
(
max(1, p4k−2)

)
=

1

n
O (1)→ 0,

and we have shown that for the terms with ({s, t} ∪ {s′, t′})#
= 1, the variance goes to zero.

For
({s, t} ∪ {s′, t′})#

= 2,

we get 2n(n− 1) expressions of the form∣∣∣∣∣∣Cov

(1

p

∑
i

yisyit

)2

,

(
1

p

∑
i

yisyit

)2
∣∣∣∣∣∣ =

∣∣∣∣∣∣Cov

(1

p

∑
i

yi1yi2

)2

,

(
1

p

∑
i

yi1yi2

)2
∣∣∣∣∣∣

≤ 1

p4

∑
i,j,i′,j′

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|
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In this summation, we decompose the set of integers into two disjoint subsets: {1, . . . , p}4 = Q∪R,
where Q is the set of distinct integers and R is the remainder:

=
1

p4

∑
i,j,i′,j′∈Q

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|+ 1

p4

∑
i,j,i′,j′∈R

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)| .

For the sum over Q, we obtain can bring this into a form which is zero as a consequence of A3′:

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|
=
∣∣E2 [yi1yi′1yj1yj′1]− E2 [yi1yi′1]E2 [yi2yi′2]

∣∣ = E2 [yi1yi′1yj1yj′1]

= (Cov (yi1yi′1, yj1yj′1) + E [yi1yi′1]E [yj1yj′1])
2

= (Cov (yi1yi′1, yj1yj′1))
2
. (3)

Taking the prefactors into account, we get

p42n(n− 1)

pmax(2,4k)n4

1

p4

∑
(i,j,i′,j′)∈Q

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|

≤ 48
p4

pmax(2,4k)n2

∑
(i,j,i′,j′)∈Q

(Cov (yi1yi′1, yj1yj′1))
2

|Qp|

= O (1) ·
∑

(i,j,i′,j′)∈Q

(Cov (yi1yi′1, yj1yj′1))
2

|Qp|
A3′→ 0.

For the sum over R, we have

1

p4

∑
(i,j,i′,j′)∈R

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|

≤ 1

p4

∑
i,j,j′

2
∣∣Cov

(
y2
i1y

2
i2, yj1yj2yj′1yj′2

)∣∣+ 4 |Cov (yi1yi2yi′1yi′2, yi1yi2yj1yj2)|

≤ 1

p4

∑
i,j,j′

2

√
E [y4

i1y
4
i2]E

[
y2
j1y

2
j2y

2
j′1y

2
j′2

]
+ 4

√
E
[
y2
i1y

2
i2y

2
j1y

2
j2

]
E
[
y2
i1y

2
i2y

2
j′1y

2
j′2

]

≤ 6

p4

∑
i,j,j′

E
[
y4
i1

]√
E
[
y4
j1

]√
E
[
y4
j′1

] A6
≤ 6(1 + α4)

p

(
1

p

∑
i

E2
[
y2
i1

])1

p

∑
j

E
[
y2
j1

]2

=
6(1 + α4)

√
K2

p
Θ
(
max(1, p2k−1)

)
. (4)

Together with the prefactors, we obtain

p42n(n− 1)

pmax(2,4k)n4

1

p4

∑
(i,j,i′,j′)∈R

|Cov (yi1yi2yi′1yi′2, yj1yj2yj′1yj′2)|

=
2

pmax(1,4k−1)n2
O
(
max(1, p2k−1)

)
→ 0.

and we have shown that for the terms with ({s, t} ∪ {s′, t′})#
= 2, the variance goes to zero.

Bound on the variance of np−2
∑
ij V̂ar(Sij) Let us first rewrite the sample estimate:

n

p2
V̂ar

(
S′ij
)

=
n

p2

 1

(n− 1)n

∑
s

(
yisyjs −

1

n

∑
s′

yis′yjs′

)2


=
1

(n− 1)p2

∑
s

y2
isy

2
js −

1

n

∑
s,s′

yisyjsyis′yjs′
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=
1

(n− 1)p2

(∑
n

y2
iny

2
jn − nS2

ij

)
.

Let us now have a look at the second term. In the last paragraph, we have already shown that the
variance of

1

pmax(1,2k)

∑
ij

S2
ij

goes to zero, which just differs by a larger prefactor.

For the first term, we have

Var

 1

(n− 1)p2

∑
ij

∑
n

y2
iny

2
jn

 =
n

(n− 1)2p4

∑
i,i′,j,j′

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
j′1

)
=

n

(n− 1)2p4

∑
(i,i′,j,j′)∈Q

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
j′1

)
+

n

(n− 1)2p4

∑
(i,i′,j,j′)∈R

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
j′1

)
.

We could do a proof without separating terms, but as we need the results later, we again decompose
the set of integers. If all integers are distinct, we obtain

n

(n− 1)2p4

∑
(i,i′,j,j′)∈Q

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
j′1

)
≤ n

(n− 1)2p4

∑
(i,i′,j,j′)∈Q

√
E[y4

i1y
4
j1]
√
E[y4

i′1y
4
j′1]

≤ n

(n− 1)2p4

∑
(i,i′,j,j′)∈Q

4

√
E[y8

i1]E[y8
j1] 4

√
E[y8

i′1]E[y8
j′1]

≤ n

(n− 1)2

(
1

p

∑
i

E[y2
i1]

)4

≤ n

(n− 1)2
K2 → 0.

For (i, i′, j, j′) ∈ R we have
n

(n− 1)2p4

∑
(i,i′,j,j′)∈R

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
j′1

)
≤ 6n

(n− 1)2p4

∑
i,j,i′

Cov
(
y2
i1y

2
j1, y

2
i′1y

2
i1

)
+ Cov

(
y2
i1y

2
j1, y

4
i′1

)
≤ 6n

(n− 1)2p4

∑
i,j,i′

√
E[y4

i1y
4
j1]
√
E[y4

i′1y
4
i1] +

√
E[y4

i1y
4
j1]
√
E[y8

i′1]

≤ 6n

(n− 1)2p4

∑
i,j,i′

4

√
E[y8

i1]E[y8
j1] 4

√
E[y8

i′1]E[y8
i1] + 4

√
E[y8

i1]E[y8
j1]
√
E[y8

i′1]

≤ 12n(1 + α8)

(n− 1)2p4

∑
i,j,i′

E[y2
i1]E[y2

j1]E2[y2
i′1] ≤ 6n

(n− 1)2p
K2O

(
max(1, p2k−1)

)
→ 0.

(5)

1.4 Proof of Theorem 4

We start by proving a lemma:
Lemma 2. For p→∞,

λ? →

(
1 +

∑
i E2 [Σii − Tii]∑
i,j Var

(
S′ij
) )−1

. (6)
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Proof. For this proof, we start by manipulating the analytic formula for λ∗ in the eigenbasis:

λ? =

∑
i,j Var

(
S′ij
)
−
∑
i Cov

(
S′ii, Tii

)∑
i,j Var

(
S′ij
)

+
∑
i

{
Var
(
Tii
)

+ E2 [Σii − Tii]
}

=

(
1−

∑
i Cov

(
S′ii, Tii

)∑
i,j Var

(
S′ij
) ) ·(1 +

∑
i Var

(
Tii
)∑

i,j Var
(
S′ij
)+

∑
i E2 [Σii − Tii]∑
i,j Var

(
S′ij
) )−1

.

Now, in order to proof the lemma, we have to show that

lim
p→∞

∑
i Cov

(
S′ii, Tii

)∑
i,j Var

(
S′ij
) = 0 and lim

p→∞

∑
i Var

(
Tii
)∑

i,j Var
(
S′ij
) = 0.

hold. We first show that∑
i

Cov
(
S′ii, Tii

)
=
∑
i

Var
(
Tii
)

=
1

pn

∑
ij

Cov
(
y2
i1, y

2
j1

)
.

For the covariance expression, we have∑
ij

Cov
(
S′ij , Tij

)
=
∑
i

Cov
(
S′ii, Tii

)

=
∑
i

Cov

 1

n

∑
s

y2
is,

1

np

∑
jt

y2
jt


=

1

pn2

∑
ij

∑
st

Cov
(
y2
is, y

2
jt

)
=

1

pn

∑
ij

Cov
(
y2
i1, y

2
j1

)
.

For the variance of the Tij , we have

∑
ij

Var
(
Tij
)

=
∑
i

Var
(
Tii
)

=
∑
i

Var

 1

np

∑
jt

y2
jt


=

1

p2n2

∑
it

Var

∑
j

y2
jt


=

1

pn
Var

∑
j

y2
j1


=

1

pn

∑
ij

Cov
(
y2
i1, y

2
j1

)
.

In the next step, we show that
∑
ij Var

(
S′ij
)
≥ 1

n

∑
ij Cov

(
y2
i1, y

2
j1

)
:

∑
ij

Var
(
S′ij
)

=
1

n2

∑
ij

Var

(∑
t

yityjt

)

=
1

n

∑
ij

Var (yi1yj1)

=
1

n

∑
ij

{
E
[
y2
i1y

2
j1

]
− E2 [yi1yj1]

}
=

1

n

∑
ij

{
Cov

(
y2
i1, y

2
j1

)
+ E

[
y2
i1

]
E
[
y2
j1

]
− E2 [yi1yj1]

}

7



≥ 1

n

∑
ij

Cov
(
y2
i1, y

2
j1

)
= p

∑
ij

Var
(
Tij
)
.

Putting things together, we have

lim
p→∞

∑
i Cov

(
S′ii, Tii

)∑
i,j Var

(
S′ij
) = lim

p→∞

∑
i Var

(
Tii
)∑

ij Var
(
S′ij
) ≤ lim

p→∞

1

p
= 0

and eq. (6) follows.

With Lemma 2, we can now prove Theorem 4:
Theorem 4 (Kolmogorov Limit behaviour).

Proof. In order to prove the statements, we have to find bounds for the variance term
∑
i,j Var

(
S′ij
)

and the eigenvalue dispersion
∑
i E2 [Σii − Tii]. The bounds on the dispersion are nearly directly

given by A4′, because of the fast convergence of the estimate of the average eigenvalue Tii →
p−1

∑
i γi:

lim
p→∞

∑
i

E2 [Σii − Tii] = lim
p→∞

∑
i

(γi −
1

p

∑
j

γj)
2 = Θ

(
max

(
p, p2k

))
.

The variance term we analyse in the eigenbasis. For the lower bound, we distinguish two cases: for
k = 1, we have ∑

i,j

Var
(
S′ij
)
≥
∑
i

Var
(
S′ii
)

=
1

n

∑
i

{
E
[
y4
i1

]
− E2

[
y2
i1

]}
≥ 1

n

∑
i

β4E2
[
y2
i1

]
=
β4p

n

1

p

∑
i

γ2
i

= Θ
(
max

(
1, p2k−1

))
= Θ(p).

For the case k < 1, we have∑
i,j

Var
(
S′ij
)

=
1

n

∑
i,j

{
E
[
y2
i1y

2
j1

]
− E2 [yi1yj1]

}
≥ 1

n

∑
i,j

{
E
[
y2
i1

]
E
[
y2
j1

]
− E2 [yi1yj1]

}
≥ 1

n

(∑
i

E
[
y2
i1

])2

− 1

n

∑
i

E2
[
y2
i1

]
≥ p2

n

(
1

p

∑
i

E
[
x2
i1

])2

− p

n

1

p

∑
i

γ2
i

= Θ(p)−Θ(max(1, p2k−1)) = Θ(p).

For the upper bound, we have∑
i,j

Var
(
S′ij
)
≤ 1

n

∑
i,j

{√
Var(y2

i1)Var(y2
j1) + E

[
y2
i1

]
E
[
y2
j1

]
− E2 [yi1yj1]

}

≤ 2

n

∑
i,j

√
E[y4

i1]E[y4
j1] ≤ 2p2

n
(1 + α4)

(
1

p

∑
i

E[y2
i1]

)2

= Θ(p).

As the lower and the upper bound are identical, we have

lim
p→∞

∑
i,j

Var
(
S′ij
)

= Θ(p).

Comparing with the dispersion, we we see that

8



• for k ≤ 0.5 both terms grow at the same rate, therefore λ∗ neither goes to zero nor goes to
1.

• for k > 0.5, the dispersion grows with rate Θ(p2k), faster than the rate of the variance.
Hence λ∗ goes to zero.

1.5 Proof of Theorem 5

Before we can prove Theorem 5, we have to obtain a rate on the convergence of the eigendecompo-
sition.
Lemma 3 (convergence of eigendecomposition).

Proof. We follow the same steps as in [2]. Let us define

s2
u :=

1

n

n∑
ν=1

(uν)2, κ := ‖v‖su,

ρj :=
1

nsu

n∑
ν=1

uνξνj , βij :=
1

n

n∑
ν=1

ξνi ξ
ν
j .

With these definitions, let us write down the sample covariance matrix in a basis where v is collinear
to the first basis vector:

Sn =


κ2 + 2κρ1 + β11 b2 . . . bp

b2 β22 . . . β2p

...
...

. . .
...

bp βp2 . . . βpp

 ,

where bi = κρi + β1j . Let us now rotate in the eigenbasis of the β-submatrix:

V SnV
T =


κ2 + 2κρ1 + β11 b̃2 . . . b̃p

b̃2 λ2 . . . 0
...

...
. . .

...
b̃p 0 . . . λp

 (7)

where b̃i = κρ̃i + β̃1j with

ρ̃j =
1

nsu

n∑
ν=1

uν ξ̃νj , β̃ij =
1

n

n∑
ν=1

ξ̃νi ξ̃
ν
j .

where ξ̃νi is the noise in the β-eigenbasis. Matrices like the one in eq. (7) are called arrowhead
matrices, their characteristic equations have a simple form:

f(λ) = (λ− κ2 − 2κρ1 − β11)−
p∑
j=2

b̃2j
λ− λj

. (8)

To solve the characteristic equation, we use the Marchenko-Pastur law which yields the density of
the eigenvalues λj of the submatrix:

fMP(x) =
1

2πxc

√
(b− x)(x− a), x ∈ [a, b],

with a = (1−
√
c)2 and with b = (1 +

√
c)2.

As the random variable b̃j has variance λj(κ2 +2κρ1 +β11)/n, we introduce a new random variable
ηj = (λj(κ

2 + 2κρ1 + β11)/n)−1/2b̃j . We obtain
p∑
j=2

b̃2j
λ− λj

= (κ2 + 2κρ1 + β11)
p− 1

n

1

p− 1

p∑
j=2

λjn
2
j

λ− λj
.

9



In the large n, p limit we have κ2 → 1 , ρ1 = O(1/
√
p) → 0 and β11 → Var(β11) = 1. The

fluctuations in the η2
j average out – therefore, we have

lim
p,n,→∞

p∑
j=2

b̃2j
λ− λj

= (‖v‖2 + 1)
p− 1

n

∫ b

a

fMP(x)
x

λ− x
dx.

Plugging this into eq. (8) and solving for λ, we obtain

λ(α) = α+ c
α

α− 1
.

For the eigenvectors of the arrowhead matrix, there is also a closed form expression: up to normal-
ization, the eigenvector corresponding to the eigenvalue λ is given by

v =

(
1,

b̃2
λ− λ2

, . . . ,
b̃p

λ− λp

)
and the overlap is therefore

R2 =
〈v, e1〉
‖v‖2

=
1∑p

j=2 b̃
2
j/(λ− λj)2

.

In the large n, p limit this again turns into an integral,

lim
p,n,→∞

R2 =
1

1 + p/n
∫ b
a
fMP(x)x/(λ− x)2dx

.

whose evaluation finishes the proof.

Before we start with the proof of the optimality of oc-Shrinkage, let us introduce some notation.
Let Y denote data in their eigenbasis and ei denote the sample eigenvectors, sorted by decreasing
eigenvalue. Based on the ei, we define a new orthonormal set of vectors vi such that:

v1 = e1 and 〈vi, ej〉 = 0 if j 6= i, j 6= 1. (9)

For the rotated data set U = V Y we then have

uit = yit〈vi, ei〉+ y1t〈vi, e1〉 := yit

√
1− ε2

i + y1tεi, (10)

making the covariance matrix an arrowhead matrix [2]. The εi quantify the error in the estimate of
the first eigendirection: if all εi are zero, the first eigendirection and the first sample eigendirection
coincide. We have the following lemma:

Lemma 4. In the limit, for the sum over the squared εi, we have

lim
p→∞

∑
i≥2

ε2
i ≤ K6n

−k.

Proof. By definition, we have

lim
p→∞

∑
i≥2

ε2
i = lim

p→∞

∑
i≥2

|〈e1, vi〉|2

= lim
p→∞

(
1− |〈e1, v1〉|2

)
.

Using Theorem 3 –here the noise is even bounded by a constant– we have

≤ lim
p→∞

(
1− np2k−1 − 1

np2k−1 + pk

)

≤ lim
p→∞

(
pk

np2k−1 + pk

)

10



≤ lim
p→∞

(
1

npk−1 + 1

)
≤ lim
p→∞

K6n
−k.

Corollary 1. In the limit, for the sum over the absolute values of the εi,

lim
p→∞

∑
i≥2

|εi| ≤
√
K6n

1/2−k/2

holds.

Proof. Let us assume ∑
i≥2

ε2
i = K6n

−k.

Then, the sum over the absolute values of εi is maximized if εi = ε holds. Then, we have∑
i≥2

ε2 = pε2 = K6n
−k ⇔ ε = ±

√
K6n

−k/2−1/2

⇒
∑
i≥2

|εi| ≤
√
K6n

1/2−k/2.

For Theorems 5 and ?? we need to know under which circumstances we are allowed to exchange
maximization and summation:
Lemma 5. Let A1′ hold and X1, ..., Xp be a set of random variables, µi := E[Xi], σ2

i := E[X2
i ]

and E[X4
i ] <∞, and let xin denote the nth realization of the ith random variable. Then,

lim
p→∞

max
i

1

n

∑
m

xim = max
i

E[Xi].

Proof. Let µmax := maxi µi. The probability for the maximum of the l.h.s being larger than the
r.h.s. plus ε is

lim
p→∞

∑
i

P

(
1

n

∑
m

xim > max
i

E[Xi] + ε

)

= lim
p→∞

∑
i

P

(
1

n

∑
m

xim − µi > max
i
µi − µi + ε

)

≤ lim
p→∞

∑
i

P

(
1

n

∑
m

(xim − µi) > ε

)
to show that this probability goes to zero, we use the following inequality:

P (y > ε)ε4 =

∫ ∞
ε

dy p(y)ε4 ≤
∫ ∞
ε

dy p(y)y4 ≤ E[y4]

≤ lim
p→∞

∑
i

1

ε4
E

{ 1

n

∑
m

(xim − µi)

}4


≤ lim
p→∞

∑
i

1

ε4

{
1

n3
E
[
(xin − µi)4

]
+

3(n− 1)

n3
E2
[
(xin − µi)2

]}
≤ lim
p→∞

K1

ε4

{
1

n2
max
i

E
[
(xin − µi)4

]
+

3(n− 1)

n2
max
i

E2
[
(xin − µi)2

]}

11



= 0.

Now we are ready to prove that, asymptotically, our procedure obtains the optimal shrinkage strength
λ∗ôc on the estimated orthogonal complement:
Theorem 5 (consistency of oc-shrinkage).

Proof. The normalized mean squared error on the sample orthogonal complement is defined by

MSEôc(λ) :=
1

p

∑
i,j≥2

{Côc − (1− λ)Sôc − λTôc}2ij

=
1

p

∑
i,j≥2

(Côc,ij − Sôc,ij)2 + λ2(Sôc,ij − Tôc,ij)2 + 2λ(Côc,ij − Sôc,ij)(Sôc,ij − Tôc,ij).

Minimization yields

arg min
λ
MSEôc(λ) =

1

p

∑
i,j≥2(Côc,ij − Sôc,ij)(Sôc,ij − Tôc,ij)

1

p

∑
i,j≥2(Sôc,ij − Tôc,ij)2

:=
Wôc

Êôc
.

We have to show that, in the limit, this is equal to

λ̂ôc =
V̂ôc

Êôc
.

As the denominator is the same, we have to show that the numerator is identical in the limit. There-
fore, we prove the following equalities:

lim
p→∞

Wôc
(1)
= lim

p→∞
Woc

(2)
= lim

p→∞
Voc

(3)
= lim

p→∞
V̂oc

(4)
= lim

p→∞
V̂ôc. (11)

Equalities (1) and (4) state that, in the limit, it does not matter if the quantities are calculated on the
true or on the sample orthogonal complement. On the true orthogonal complement, we can prove
the desired equality.

Equality (1) is proven in Lemma 6, equality (2) in Lemma 7. By the consistency of Shrinkage,
equality (3) holds. Last, equality (4) is proven in Lemma 8.

For Lemmas 6, 7 and 8, see Section 1.6.

1.6 Additional lemmas (Lemma 6-8)

For the following lemmas, we use the rotated version of the data defined in eq. (10), using the basis
from eq. (9).
Lemma 6. Under the above assumptions,

lim
p→∞

Woc = lim
p→∞

Wôc.

Proof of Lemma 6. We have

Wôc =
∑
i,j≥2

1

p
(Côc,ij − Sôc,ij)(Sôc,ij − Tôc,ij)

= p−1
∑
i,j≥2

Côc,ijSôc,ij − Côc,ijTôc,ij − S2
ôc,ij + Sôc,ijTôc,ij . (12)

Now we have to show that, in the limit, the four terms are equal to those in the true orthogonal
complement. Let us start with the first term in eq. (12):

lim
p→∞

p−1
∑
i,j≥2

Côc,ijSôc,ij = lim
p→∞

(pn)−1
∑
i,j≥2

E[uiuj ]
∑
s

uisujs

12



= lim
p→∞

(pn)−1
∑
i,j≥2

E
[(
yi

√
1− ε2

i + y1εi

)(
yj

√
1− ε2

j + y1εj

)]

·
∑
s

(
yi

√
1− ε2

i + y1εi

)(
yj

√
1− ε2

j + y1εj

)
= lim
p→∞

(pn)−1
∑
i,j≥2

∑
s

{
E [yiyj ] yisyjs

(2)
+ E [yiyj ] yisyjs(ε

2
i ε

2
j − ε2

i − ε2
j )

(3)
+ E

[
y2

1

]
y2

1sε
2
i ε

2
j

(4)
+ 2E [yiy1] yisy1s(1− ε2

i )ε
2
j

(5)
+ (2E [yiy1] yjsy1s + E [yiyj ] y1sy1s + E [y1y1] yisyjs)

√
(1− ε2

i )
√

(1− ε2
j )εiεj

(6)
+ 2E [yiyj ] yisy1s(1− ε2

i )
√

(1− ε2
j )εj

(7)
+ 2E [yiy1] y2

1s

√
(1− ε2

i )εiε
2
j

(8)
+ 2E [y1yi] yisyjs(1− ε2

i )
√

(1− ε2
j )εj

(9)
+ 2E

[
y2

1

]
yisy1s

√
(1− ε2

i )εiε
2
j

}
.

The first term is equal to Coc,ijSoc,ij , we therefore have to show that the terms (2)-(9) go to zero.
As the covariance matrix of the yi is diagonal, the terms (4), (7) and (8) are always zero. Let us start
with term (2):

lim
p→∞

(pn)−1

∣∣∣∣∣∣
∑
i,j≥2

∑
s

E [yiyj ] yisyjs(ε
2
i ε

2
j − ε2

i − ε2
j )

∣∣∣∣∣∣
= lim
p→∞

(pn)−1
∑
i≥2

E
[
y2
i

] ∣∣∣ε4
i − 2ε2

i

∣∣∣ ∣∣∣∣∣∑
s

y2
is

∣∣∣∣∣
≤ lim
p→∞

2(pn)−1
∑
i≥2

E
[
y2
i

]
ε2
i

∣∣∣∣∣∑
s

y2
is

∣∣∣∣∣
= lim
p→∞

2(pn)−1K6n
−k max

i≥2
E
[
y2
i

] ∣∣∣∣∣∑
s

y2
is

∣∣∣∣∣
= lim
p→∞

2p−1K6n
−k max

i≥2
E
[
y2
i

]
E[y2

i ]

= 0.

For term (3), we have

lim
p→∞

(pn)−1

∣∣∣∣∣∣
∑
i,j≥2

∑
s

E
[
y2

1

]
y2

1sε
2
i ε

2
j

∣∣∣∣∣∣
≤ lim
p→∞

(pn)−1K2
6n
−2kE

[
y2

1

]∑
s

y2
1s

= lim
p→∞

(pn)−1K2
6n
−2knE2

[
y2

1

]
= lim
p→∞

p−1K2
6E2

[
z2

1

]
= 0.
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Term (5) is

lim
p→∞

1

pn

∣∣∣∣∣ ∑
i,j≥2

∑
s

(
2E [yiy1] yjsy1s + E [yiyj ] y

2
1s + E

[
y2

1

]
yisyjs

)√
(1− ε2

i )
√

(1− ε2
j )εiεj

∣∣∣∣∣
≤ lim
p→∞

1

pn

∑
i,j≥2

∣∣∣√(1− ε2
i )
√

(1− ε2
j )εiεj

∣∣∣∣∣∣∣∣∑
s

(
E [yiyj ] y

2
1s + E

[
y2

1

]
yisyjs

) ∣∣∣∣∣
≤ lim
p→∞

1

pn

∑
i≥2

ε2
i

∣∣∣∣∣∑
s

E
[
y2
i

]
y2

1s

∣∣∣∣∣+
∑
i,j≥2

∣∣∣εiεj∣∣∣
∣∣∣∣∣∑
s

E
[
y2

1

]
yisyjs

∣∣∣∣∣
≤ lim
p→∞

1

p

K6n
−kE[y2

1 ] max
i≥2

E
[
y2
i

]
+ E

[
y2

1

]
n−1

∑
i≥2

ε2
i

∣∣∣∣∣∑
s

y2
is

∣∣∣∣∣+ E
[
y2

1

]
n−1

∑
i,j≥2,j 6=i

∣∣∣εiεj∣∣∣
∣∣∣∣∣∑
s

yisyjs

∣∣∣∣∣


≤ lim
p→∞

1

p

K6n
−k
(
E[y2

1 ] max
i≥2

E
[
y2
i

]
+ E

[
y2

1

]
max
i≥2

E[y2
i ]
)

+ 2E
[
y2

1

]
n−1

∑
i,j≥2,j 6=i

ε2
i

∣∣∣∣∣∑
s

yisyjs

∣∣∣∣∣


≤ lim
p→∞

2K6

p

E[z2
1 ] max

i≥2
E
[
z2
i

]
+ E

[
z2

1

]
max
i≥2

∑
j≥2,j 6=i

E[zizj ]


= 0.

For the term (6), we have

lim
p→∞

(pn)−1

∣∣∣∣∣∣
∑
i,j≥2

∑
s

2E [yiyj ] yisy1s(1− ε2
i )
√

(1− ε2
j )εj

∣∣∣∣∣∣
≤ lim
p→∞

2p−1
∑
i≥2

|εi|

∣∣∣∣∣n−1
∑
s

E
[
y2
i

]
yisy1s

∣∣∣∣∣
≤ lim
p→∞

2p−1n1/2 max
i≥2

∣∣∣∣∣n−1
∑
s

E
[
z2
i

]
zisz1s

∣∣∣∣∣
≤ lim
p→∞

2p−1n1/2 max
i≥2

∣∣E [z2
i

]
E[ziz1]

∣∣
= 0.

Finally, we have term (9)

lim
p→∞

(pn)−1

∣∣∣∣∣∣
∑
i,j≥2

∑
s

2E
[
y2

1

]
yisy1s

√
(1− ε2

i )εiε
2
j

∣∣∣∣∣∣
≤ lim
p→∞

2p−1K6n
k/2E

[
z2

1

]∑
i≥2

|εi|

∣∣∣∣∣n−1
∑
s

zisz1s

∣∣∣∣∣
≤ lim
p→∞

2p−1K6n
k/2n1/2E

[
z2

1

]
max
i≥2

∣∣∣∣∣n−1
∑
s

zisz1s

∣∣∣∣∣
= lim
p→∞

2p−1K6n
k/2n1/2E

[
z2

1

]
max
i≥2
|E[ziz1]|

= 0.

Let us continue with the second term in eq. (12):

lim
p→∞

p−1
∑
i,j≥2

Côc,ijTôc,ij = lim
p→∞

p−1
∑
i≥2

Côc,iiTôc,ii
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= lim
p→∞

p−2n−1
∑
i≥2

E

[(
yi

√
1− ε2

i + y1εi

)2
]∑
k≥2

∑
s

(
yks

√
1− ε2

k + y1sεk

)2

= lim
p→∞

p−2n−1
∑
i≥2

E
[(
y2
i (1− ε2

i ) + y2
1ε

2
i

)]∑
k≥2

∑
s

(
y2
ks(1− ε2

k) + y2
1sε

2
k + 2yksy1s

√
1− ε2

kεk

)

= lim
p→∞

p−2n−1

{∑
i≥2

E
[
y2
i

]∑
k≥2

∑
s

y2
ks

+
∑
i≥2

E
[
−y2

i ε
2
i + y2

1ε
2
i

]∑
k≥2

∑
s

(
−y2

ksε
2
k + y2

1sε
2
k + 2yksy1s

√
1− ε2

kεk

)}
.

The first term is equal to Coc,ijSoc,ij , we therefore have to show that the remainder goes to zero:

lim
p→∞

∣∣∣∣∣∣p−2n−1
∑
i≥2

E
[
−y2

i ε
2
i + y2

1ε
2
i

]∑
k≥2

∑
s

(
−y2

ksε
2
k + y2

1sε
2
k + 2yksy1s

√
1− ε2

kεk

)∣∣∣∣∣∣
≤ lim
p→∞

p−2K6n
−k max

i≥2

∣∣E[y2
i ] + E[y2

1 ]
∣∣max
k≥2

∣∣∣∣∣n−1
∑
s

(
−y2

ksK6n
−k + y2

1sK6n
−k + 2yksy1s

√
K6n

−k/2
)∣∣∣∣∣

= lim
p→∞

p−2K2
6n
−2k max

i≥2

∣∣E[y2
i ] + E[y2

1 ]
∣∣max
k≥2

∣∣−E[y2
k] + E[y2

1 ]
∣∣

= 0.

Let us now have a look at the third term in eq. (12):

lim
p→∞

p−1
∑
i,j≥2

S2
ôc,ij = lim

p→∞
p−1n−2

∑
i,j≥2

∑
s

uisujs
∑
t

uitujt

= lim
p→∞

p−1n−2
∑
i,j≥2

∑
s,t

(
yis

√
1− ε2

i + y1sεi

)(
yjs

√
1− ε2

j + y1sεj

)
·
(
yit

√
1− ε2

i + y1tεi

)(
yjt

√
1− ε2

j + y1tεj

)
= lim
p→∞

p−1n−2
∑
i,j≥2

∑
s,t

{
yisyjsyityjt

(2)
+ yisyjsyityjt(ε

2
i ε

2
j − ε2

i − ε2
j )

(3)
+ y2

1ty
2
1sε

2
i ε

2
j

(4)
+ 2yity1tyisy1s(1− ε2

i )ε
2
j

(5)
+ (2yity1tyjsy1s + 2y1sy1syityjt)

√
(1− ε2

i )
√

(1− ε2
j )εiεj

(6)
+ 4yityjtyisy1s(1− ε2

i )
√

(1− ε2
j )εj

(7)
+ 4yity1ty

2
1s

√
(1− ε2

i )εiε
2
j

}
.

The first term is equal to S2
oc,ij , we therefore have to show that the terms (2)-(9) go to zero. Let us

start with term (2):

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

yisyityjsyjt(ε
2
i ε

2
j − ε2

i − ε2
j )

∣∣∣∣∣∣
≤ lim
p→∞

2

pn2

∑
i≥2,j≥2

∣∣∣∣∣∑
s,t

yisyityjsyjtε
2
i

∣∣∣∣∣
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≤ lim
p→∞

2

pn2

∑
i≥2

ε2
i

∣∣∣∣∣∣
∑

s,t,j≥2

yisyityjsyjt

∣∣∣∣∣∣
≤ lim
p→∞

2

pn2
K6n

−k max
i≥2

∣∣∣∣∣∣
∑

s,t,j≥2

yisyityjsyjt

∣∣∣∣∣∣
j = i :

∑
s

y4
is +

∑
s,t6=s

y2
isy

2
it

j 6= i :
∑
s,j≥2

y2
isy

2
js +

∑
s,t,j≥2

yisyityjsyjt

≤ lim
p→∞

2K6

n1+k
max
i≥2

∣∣∣∣∣∣1pE[y4
i1] +

n− 1

p
E2[y2

i1] +
1

p

∑
j 6=i

E[y2
i1]E[y2

j1] +
n− 1

p

∑
j 6=i

E2[yi1yj1]

∣∣∣∣∣∣
= 0.

For term (3), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

y2
1sy

2
1tε

2
i ε

2
j

∣∣∣∣∣∣
≤ lim
p→∞

K2
6n
−2k

pn2

∣∣∣∣∣∣
∑
s

y4
1s +

∑
s,t6=t

y2
1sy

2
1t

∣∣∣∣∣∣
≤ lim
p→∞

K2
6n
−2k

p

∣∣∣∣ 1nE[y4
1s] +

n− 1

n
E[y2

1s]E[y2
1t]

∣∣∣∣
≤ lim
p→∞

K2
6

p

∣∣∣∣ 1nE[z4
1 ] +

n− 1

n
E2[z2

1 ]

∣∣∣∣
= 0.

Term (4) goes to zero as

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

2(1− ε2
i )ε

2
j · yisyity1sy1t

∣∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

pn2

∑
i≥2

∣∣∣∣∣∑
s,t

yisyity1sy1t

∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

p

∑
i≥2

∣∣∣∣∣∣ 1

n2

∑
s

y2
isy

2
1s +

1

n2

∑
s,t6=s

yisyity1sy1t

∣∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

p

∑
i≥2

∣∣∣∣ 1nE[y2
i1y

2
11] +

n− 1

n
E2[yiy1]

∣∣∣∣
≤ lim
p→∞

2K6

p

∑
i≥2

∣∣∣∣ 1nE[z2
i1z

2
11] +

n− 1

n
E2[ziz1]

∣∣∣∣
= 0.

For term (5), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

2εiεj

√
1− ε2

i

√
1− ε2

j · (yisy1tyjty1s + yisyjsy
2
1t)

∣∣∣∣∣∣
≤ lim
p→∞

1

pn2

∑
i≥2,j≥2

εiεj

∣∣∣∣∣∑
s,t

2 · (yisy1tyjty1s + yisyjsy
2
1t)

∣∣∣∣∣
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≤ lim
p→∞

2

pn2

∑
i≥2

ε2
i

∣∣∣∣∣∣
∑
s

(2y2
isy

2
1s) +

∑
s,t6=s

(yisy1tyity1s + y2
isy

2
1t)

∣∣∣∣∣∣
+

2

pn2

∣∣∣∣∣∣
∑

i≥2,j≥2 6=i

|εiεj |
∑
s

(2yisy
2
1syjs) +

∑
s,t6=s

(yisy1tyjty1s + yisyjsy
2
1t)

∣∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

pn2
max
i≥2

∣∣∣∣∣∣
∑
s

(2y2
isy

2
1s) +

∑
s,t6=t

(yisy1tyity1s + y2
isy

2
1t)

∣∣∣∣∣∣
+

4K6n
1−k

pn2

∑
i≥2,j≥26=i

ε2
i

∣∣∣∣∣∣
∑
s

(2yisy
2
1syjs) +

∑
s,t6=s

(yisy1tyjty1s + yisyjsy
2
1t)

∣∣∣∣∣∣
≤ lim
p→∞

2K6

pn2
max
i≥2

∣∣∣∣∣∣
∑
s

(2z2
isz

2
1s) +

∑
s,t6=s

(zisz1tzitz1s + z2
isz

2
1t)

∣∣∣∣∣∣
+

2K6

pn2
max
i≥2

∑
j≥26=i

∣∣∣∣∣∣
∑
s

(2zisz
2
1szjs) +

∑
s,t6=s

(zisz1tzjtz1s + ziszjsz
2
1t)

∣∣∣∣∣∣
≤ lim
p→∞

2K6

p
max
i≥2

∣∣∣∣(2n−1E[z2
i z

2
1 ] +

n− 1

n
(E2[ziz1] + E[z2

i ]E[z2
1 ])

∣∣∣∣
+

2K6

p
max
i≥2

∑
j≥26=i

∣∣∣∣2n−1E[ziz
2
1zj ] +

n− 1

n
(E[ziz1]E[z1zj ] + E[zizj ]E[z2

1 ])

∣∣∣∣
= 0.

For term (6), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

4yityjtyisy1s(1− ε2
i )
√

(1− ε2
j )εj

∣∣∣∣∣∣
≤ lim
p→∞

4

pn2

∑
i≥2,j≥2

|εj |

∣∣∣∣∣∑
s,t

yityjtyisy1s

∣∣∣∣∣
≤ lim
p→∞

4
√
K6n

−1/2

pn2

∣∣∣∣∣∣max
j≥2

∑
i≥2

∑
s,t

zitzjtzisz1s

∣∣∣∣∣∣
≤ lim
p→∞

4
√
K6n

1/2

p

∣∣∣∣∣∣max
j≥2

∑
i≥2

∑
s,t

n−1E[z2
i zjz1] +

n− 1

n
E[zizj ]E[ziz1]

∣∣∣∣∣∣
= 0.

Finally, for term (7), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn2

∑
i≥2,j≥2

∑
s,t

4ε2
i εj

√
1− ε2

j · y
2
1sy1tyjt

∣∣∣∣∣∣
≤ lim
p→∞

4K6n
−k

pn2

∑
j≥2

|εj |

∣∣∣∣∣∑
s,t

y2
1sy1tyjt

∣∣∣∣∣
≤ lim
p→∞

4K
3/2
6 n1/2

pn2
max
j≥2

∣∣∣∣∣∣
∑
s

z3
1szjs +

∑
s,t6=s

z2
1sz1tzjt

∣∣∣∣∣∣
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= lim
p→∞

4n1/2

p
max
j≥2

∣∣∣∣n−1E[y3
1yj ] +

n− 1

n
E[y2

1 ]E[y1yj ]

∣∣∣∣
= 0.

Let us continue with the fourth and last term in eq. (12):

lim
p→∞

p−1
∑
i,j≥2

Sôc,ijTôc,ij = lim
p→∞

p−1
∑
i≥2

Sôc,iiTôc,ii

= lim
p→∞

p−2n−2
∑
i≥2

∑
t

u2
it

∑
k≥2

∑
s

u2
ks

= lim
p→∞

p−2n−2
∑
i≥2

∑
t

(
yit

√
1− ε2

i + y1tεi

)2∑
k≥2

∑
s

(
yks

√
1− ε2

k + y1sεk

)2

= lim
p→∞

p−2n−2
∑
i≥2

∑
t

(
y2
it(1− ε2

i ) + y2
1tε

2
i + 2yity1t

√
1− ε2

i εi

)

·
∑
k≥2

∑
s

(
y2
ks(1− ε2

k) + y2
1sε

2
k + 2yksy1s

√
1− ε2

kεk

)

= lim
p→∞

p−2n−2
∑
i,k≥2

∑
s,t

{
y2
ity

2
ks

(2)
+ y2

ity
2
ks(ε

2
i ε

2
k − ε2

i − ε2
k)

(3)
+ y2

1ty
2
1sε

2
i ε

2
k

(4)
+ 4yity1tyksy1s

√
1− ε2

i εi

√
1− ε2

kεk

(5)
+ 2y2

1ty
2
ksε

2
i (1− ε2

k)

(6)
+ 4y2

ityksy1s(1− ε2
i )
√

1− ε2
kεk

(7)
+ 4y2

1tyksy1sε
2
i

√
1− ε2

kεk.

The first term is equal to Soc,ijToc,ij , we therefore have to show that the remaining terms (2)-(7) go
to zero. First note that the terms (3), (4) and (7) already appeared in the third term in eq. (12). For
term (2), we have

lim
p→∞

p−2n−1

∣∣∣∣∣∣
∑
i,k≥2

∑
s,t

y2
ity

2
ks(ε

2
i ε

2
k − ε2

i − ε2
k)

∣∣∣∣∣∣
≤ lim
p→∞

2p−2n−2
∑
i,k≥2

∣∣∣∣∣∑
s,t

y2
ity

2
ksε

2
i

∣∣∣∣∣
≤ lim
p→∞

2p−2n−2K6n
−k max

i≥2

∣∣∣∣∣∣
∑
k≥2

∑
s,t

y2
ity

2
ks

∣∣∣∣∣∣
≤ lim
p→∞

2p−2n−2K6n
−k max

i≥2

∣∣∣∣∣∣
∑
k≥2

∑
s

y2
isy

2
ks +

∑
s,t6=s

y2
ity

2
ks

∣∣∣∣∣∣
≤ lim
p→∞

2p−1K6n
−k 1

p

∑
k

max
i≥2

{
n−1E[y2

i y
2
k] +

n− 1

n
E[y2

i ]E[y2
k]

}
= 0.

Term (5) is

lim
p→∞

p−2n−2

∣∣∣∣∣∣
∑
i,k≥2

∑
s,t

2y2
1ty

2
ksε

2
i (1− ε2

k)

∣∣∣∣∣∣
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≤ lim
p→∞

2p−2n−2K6n
−k
∑
k≥2

∣∣∣∣∣∑
s,t

y2
1ty

2
ks

∣∣∣∣∣
≤ lim
p→∞

2p−1K6
1

p

∑
k≥2

{
n−1E[z2

1z
2
k] +

n− 1

n
E[z2

1 ]E[z2
k]

}
= 0.

and, finally, term (6) is

lim
p→∞

p−2n−2

∣∣∣∣∣∣
∑
i,k≥2

∑
s,t

4y2
ityksy1s(1− ε2

i )
√

1− ε2
kεk

∣∣∣∣∣∣
≤ lim
p→∞

4p−2n−2
∑
i,k≥2

|εk|

∣∣∣∣∣∑
s,t

y2
ityksy1s

∣∣∣∣∣
≤ lim
p→∞

4p−1
√
K6n

1/2 1

p

∑
i≥2

max
k≥2

n−1
∑
i≥2

E[z2
i zkz1] +

n− 1

n
E[z2

i ]E[zkz1]


= 0.

As we have shown that all terms eq. (12) converge to the corresponding terms in the true orthogonal
complement, the same holds for Wôc.

Lemma 7. Under the above assumptions,

lim
p→∞

Woc = lim
p→∞

Voc.

Proof of Lemma 7.

lim
p→∞

Woc = lim
p→∞

∑
i,j

1

p
(Coc,ij − Soc,ij)(Soc,ij − Toc,ij)

= lim
p→∞

p−1
∑
i,j

Coc,ijSoc,ij − Coc,ijToc,ij − S2
oc,ij + Soc,ijToc,ij

= lim
p→∞

p−1
∑
i,j

Soc,ijToc,ij − Coc,ijToc,ij − (S2
oc,ij − Coc,ijSoc,ij)

(a)
= lim

p→∞
p−1

∑
i,j

E[Soc,ijToc,ij ]− E[Soc,ij ]E[Toc,ij ]− (E[S2
oc,ij ]− E2[Soc,ij ])

= lim
p→∞

p−1
∑
i,j

Cov(Soc,ij , Toc,ij)−Var(Soc,ij)

= lim
p→∞

Voc.

As we see, for the lemma to hold we have to show that equality (a) holds. Convergence of the first
and third term to their expectations was already necessary for the consistency of analytic shrinkage.
It remains to be shown that the variance of the second and the fourth term goes to zero.

The variance of the second term in the limit is

lim
p→∞

Var

p−1
∑
i,j

Coc,ijToc,ij

 = lim
p→∞

1

p2
Var

(∑
i

Coc,iiToc,ii

)

= lim
p→∞

1

p2

∑
i,j

Coc,iiCoc,jjCov (Toc,ii, Toc,jj)

= lim
p→∞

1

p2

∑
i,j

Coc,iiCoc,jjCov

(
1

np

∑
ks

y2
ks,

1

np

∑
lt

y2
lt

)
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= lim
p→∞

1

p4n

∑
i,j,k,l

Coc,iiCoc,jjCov
(
y2
k, y

2
l

)
= 0,

and the variance of the fourth term in the limit is

lim
p→∞

Var

p−1
∑
i,j

Coc,ijSoc,ij

 = lim
p→∞

1

p2
Var

(∑
i

Coc,iiSoc,ii

)

= lim
p→∞

1

p2

∑
i,j

Coc,iiCoc,jjCov (Soc,ii, Soc,jj)

= lim
p→∞

1

p2

∑
i,j

Coc,iiCoc,jjCov

 1

n

∑
s

y2
is,

1

n

∑
jt

y2
jt


= lim
p→∞

1

p2n

∑
i,j

Coc,iiCoc,jjCov
(
y2
i , y

2
j

)
= 0.

Lemma 8. Under the above assumptions,

lim
p→∞

V̂oc = lim
p→∞

V̂ôc.

Proof of Lemma 8. Let us now look at the sum over the V̂ar(S′′ij), the estimated variance of the
covariance matrix in the basis defined above:

1

p

∑
i≥2,j≥2

V̂ar
(
S′′ij
)

=
1

p(n− 1)n

∑
i≥2,j≥2

∑
s

(
uisujs −

1

n

∑
t′

uit′ujt′
)2

=
1

p(n− 1)n

∑
i≥2,j≥2

(∑
s

u2
isu

2
js −

1

n

∑
s,t

uitujtuisujs

)
.

Note that the second term was already analysed in the third term of eq. (12). We therefore only have
to analyse the first term:

1

p(n− 1)n

∑
i≥2,j≥2

∑
t

u2
itu

2
jt =

1

p(n− 1)n

∑
i≥2,j≥2

∑
t

(
yit

√
1− ε2

i + y1tεi

)2 (
yjt

√
1− ε2

j + y1tεj

)2

=
1

p(n− 1)n

∑
i≥2,j≥2

∑
t

(
y2
it(1− ε2

i ) + yity1tεi

√
1− ε2

i + y2
1tε

2
i

)
·
(
y2
jt(1− ε2

j ) + yjty1tεj

√
1− ε2

j + y2
1tε

2
j

)
=

1

p(n− 1)n

∑
i≥2,j≥2

∑
t

{
y2
ity

2
jt

(2)
+ y2

ity
2
jt(ε

2
i ε

2
j − ε2

i − ε2
j )

(3)
+ y4

1tε
2
i ε

2
j

(4)
+ 4yityjty

2
1t

√
1− ε2

i εi

√
1− ε2

jεj

(5)
+ 2y2

1ty
2
jtε

2
i (1− ε2

j )

(6)
+ 4y2

ityjty1t(1− ε2
i )
√

1− ε2
jεj

(7)
+ 4y3

1tyjtε
2
i

√
1− ε2

jεj .
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For term (2), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

y2
ity

2
jt(ε

2
i ε

2
j − ε2

i − ε2
j )

∣∣∣∣∣∣
≤ lim
p→∞

1

pn(n− 1)

∑
i≥2,j≥2

∣∣∣∣∣∑
t

y2
ity

2
jt(ε

2
i ε

2
j − ε2

i − ε2
j )

∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

n(n− 1)
max

i≥2,j≤2

(∑
t

y4
it + y4

jt

)

≤ lim
p→∞

4K6n
−k

n(n− 1)
max
i≥2

(∑
t

y4
it

)

= lim
p→∞

4K6n
−k

n− 1
max
i≥2

E[y4
i ]

= 0.

Term (3) is

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

y4
1tε

2
i ε

2
j

∣∣∣∣∣∣
≤ lim
p→∞

K2
6n
−2k

pn(n− 1)

∣∣∣∣∣∑
t

y4
1t

∣∣∣∣∣
= lim
p→∞

K2
6n
−2k

p(n− 1)
E[y4

1 ]

= 0.

Term (4) is

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

4yityjty
2
1t

√
1− ε2

i εi

√
1− ε2

jεj

∣∣∣∣∣∣
≤ lim
p→∞

4

pn(n− 1)

∑
i≥2,j≥2

|εiεj |

∣∣∣∣∣∑
t

yityjty
2
1t

∣∣∣∣∣
≤ lim
p→∞

4

pn(n− 1)

{∑
i≥2

ε2
i

∣∣∣∣∣∑
t

y2
ity

2
1t

∣∣∣∣∣+ 2
∑

i≥2,j≥26=i

ε2
i

∣∣∣∣∣∑
t

yityjty
2
1t

∣∣∣∣∣
}

≤ lim
p→∞

4K6n
−k

pn(n− 1)

{
max
i≥2

∣∣∣∣∣∑
t

y2
ity

2
1t

∣∣∣∣∣+ max
i≥2

∣∣∣∣∣∣
∑
j≥26=i

∑
t

yityjty
2
1t

∣∣∣∣∣∣
}

≤ lim
p→∞

4K6n
−k

p(n− 1)

{
max
i≥2

E[y2
i y

2
1 ] + max

i≥2

∑
j≥26=i

∣∣E[yiyjy
2
1 ]
∣∣}

= 0.

For term (5), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

2y2
1ty

2
jtε

2
i (1− ε2

j )

∣∣∣∣∣∣
≤ lim
p→∞

2K6n
−k

pn(n− 1)

∑
j≥2

∣∣∣∣∣∑
t

y2
1ty

2
jt

∣∣∣∣∣
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≤ lim
p→∞

2K6n
−k

p(n− 1)

∑
j≥2

E[y2
1y

2
j ]

= 0.

and for term (6)

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

4y2
ityjty1t(1− ε2

i )
√

1− ε2
jεj

∣∣∣∣∣∣
≤ lim
p→∞

4

pn(n− 1)

∑
i≥2,j≥2

|εj |

∣∣∣∣∣∑
t

y2
ityjty1t

∣∣∣∣∣
≤ lim
p→∞

4
√
K6n

1/2

pn(n− 1)

∑
i≥2

max
j≥2

∣∣∣∣∣∑
t

z2
itzjtz1t

∣∣∣∣∣
≤ lim
p→∞

4
√
K6n

1/2

p(n− 1)

∑
i≥2

max
j≥2

E[z2
i zjz1]

= 0.

Finally, for term (7), we have

lim
p→∞

∣∣∣∣∣∣ 1

pn(n− 1)

∑
i≥2,j≥2

∑
t

4y3
1tyjtε

2
i

√
1− ε2

jεj

∣∣∣∣∣∣
≤ lim
p→∞

4

pn(n− 1)

∑
i≥2,j≥2

ε2
i |εj |

∣∣∣∣∣∑
t

y3
1tyjt

∣∣∣∣∣
≤ lim
p→∞

K
3/2
6 n1/2

pn(n− 1)
max
j≥2

∣∣∣∣∣∑
t

z3
itzjt

∣∣∣∣∣
≤ lim
p→∞

√
K6n

1/2

p(n− 1)
max
j≥2

E[z3
1zj ]

= 0.

With this, it is shown that the estimate of V converges to the same value for the estimated and the
true orthogal complement.
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2 Algorithm Listing

Input: data X , eigenvalues l, eigenvectors V
Output: aoc-shrinkage covariance matrix Caoc−shr

1: r∗ = 0, r = 1
2: λold = calc lambda(X)
3: νold = mean(l)
4: while TRUE
5: Xoc = V (:, r + 1 : p)TX
6: loc = l(r + 1 : p)
7: λnew = calc lambda(Xoc)
8: νnew = l(:, r + 1 : p)
9: ∆R = calc Delta R(Xoc, λnew, νnew, λold, νold)

10: σR = calc sigma R(loc, λnew, νnew, λold, νold)
11: σE = calc sigma E(loc)
12: if ∆R −m∆σR −mEocλ

2
newσE > 0

13: r∗ = r∗ + 1
14: r = r + 1
15: λold = λnew
16: νold = νnew
17: else
18: BREAK
19: end
20: end
21: Ppca = V (:, 1 : r∗)TV (:, 1 : r∗)
22: Poc = V (:, r∗ + 1 : p)TV (:, r∗ + 1 : p)
23: Csh = (1− λold) · S + λoldνoldeye(p)
24: return Caoc−sh = P T

pcaSPpca + P T
ocC

shPoc

3 Analytic formulas to conservatively estimate the oc-shrinkage
improvement

In order to evaluate the conservative estimate of the performance difference between standard shrink-
age and oc-shrinkage, we need variance estimates for numerator

V̂ :=
1

p

∑
i,j

{
V̂ar
(
Sij

)
− Ĉov

(
Sij , Tij

)}
and denominator

Ê :=
1

p

∑
i,j

(Sij − Tij)2

in the analytic shrinkage formula, σ̂2
V̂

and σ̂2
Ê

, and an estimate for correlation between these terms,

corr
(
V̂ôc, Êôc

)
= Cov

(
V̂ôc, Êôc

)
/σ̂V̂ σ̂Ê .

We first derive expressions only using the i.i.d. assumption, then simplify by assuming normality
and considering all expressions in the eigenbasis. The resulting formulas are quite long, but fast to
evaluate numerically.

3.1 Variance of V̂ = 1
p

∑
i,j

{
V̂ar
(
Sij

)
− Ĉov

(
Sij , Tij

)}
The variance of V̂ is given by

Var(V̂ ) = Var

1

p

∑
i,j

{
V̂ar
(
Sij

)
− Ĉov

(
Sij , Tij

)}
23



=
1

p2
Var

(
1

(n− 1)n2

∑
i,j

{∑
t

x2
itx

2
jt −

1

n

∑
s,t

xitxjtxisxjs

}

− 1

p(n− 1)n

∑
i,j

{∑
t

x2
itx

2
jt −

1

n

∑
s,t

x2
isx

2
jt

})

=
1

p2(n− 1)2n2
Var

(∑
i,j

{
p− 1

p

∑
t

x2
itx

2
jt −

1

n

∑
s,t

xitxjtxisxjs +
1

np

∑
s,t

x2
isx

2
jt

})

=
1

p2(n− 1)2n2

∑
i,j,k,l

{
n(p− 1)

p
Cov(x2

i1x
2
j1, x

2
k1x

2
l1)

+
1

n2
Cov

∑
t,s

xitxjtxisxjs,
∑
t′,s′

xkt′xlt′xks′xls′


+

1

n2p2
Cov

∑
t,s

x2
itx

2
js,
∑
t′,s′

x2
kt′x

2
ls′

− 2(p− 1)

np
Cov

∑
t

x2
itx

2
jt,
∑
t′,s

xkt′xlt′xksxls


+

2(p− 1)

np2
Cov

∑
t

x2
itx

2
jt,
∑
t′,s′

x2
kt′x

2
ls′

− 2

n2p
Cov

∑
t,s

xitxjtxisxjs,
∑
t′,s′

x2
kt′x

2
ls′

}.
Under the i.i.d. assumption, this expression simplifies:

=
1

p2(n− 1)2n2

∑
i,j,k,l

{
n(p− 1)

p
Cov(x2

i1x
2
j1, x

2
k1x

2
l1)

+
1

n2

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1) Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)

+ 4n(n− 1)(n− 2)Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)
}

+
1

n2p2

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)}
− 2(p− 1)

np

{
n · Cov

(
x2
i1x

2
j1, x

2
k1x

2
l1

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)}
− 2(p− 1)

np2

{
n · Cov

(
x2
i1x

2
j1, x

2
k1x

2
l1

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)}
+

2

n2p

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 2n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)}
=

1

p2(n− 1)2n2

∑
i,j,k,l

{
n2p2 − n2p− 2np2 + np+ 2n+ 2p+ 1

np2
Cov(x2

i1x
2
j1, x

2
k1x

2
l1)

− 4(n− 1)(np− n− p− 1)

np
Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+

2(n− 1)

n
Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)
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+
4(n− 1)(n− 2)

n
Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)

}
− 4(n− 1)(np− n− p− 1)

np2
Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+

2(n− 1)

np2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
+

4(n− 1)(n− 2)

np2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)
+

4(n− 1)

np
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
+

8(n− 1)(n− 2)

np
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)
.

For the nine different covariance expressions, Appendix 3.4 contains evaluations under normality.

3.2 Variance of Ê = 1
p

∑
i,j(Sij − Tij)2

For Ê, we have to calculate

Var
(
Ê
)

= Var

1

p

∑
i,j

(Sij − Tij)2


= Var

 1

pn2

∑
i,j

{∑
s,t

xisxjsxitxjt −
2

p
δij
∑
k

∑
s,t

xisxjsxktxkt +
1

p2
δij
∑
k,l

∑
s,t

xksxksxltxlt

}
= Var

 1

pn2

∑
i,j

{∑
s,t

xisxjsxitxjt −
1

p

∑
s,t

x2
isx

2
jt

}
=

1

p2n4

∑
i,j,k,l

{
Cov

(∑
s,t

xisxjsxitxjt,
∑
s,t

xisxjsxitxjt

)
− 2

p
Cov

(∑
s,t

xisxjsxitxjt,
∑
s,t

x2
isx

2
jt

)

+
1

p2
Cov

(∑
s,t

x2
isx

2
jt,
∑
s,t

x2
isx

2
jt

)}
Again, this expression simplifies under the i.i.d. assumption:

=
1

p2n4

∑
i,j,k,l

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1) Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)

+ 4n(n− 1)(n− 2)Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)

− 2

p

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 2n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)}
+

1

p2

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)}}
.
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Collecting terms, we obtain

=
1

p2n4

∑
i,j,k,l

{
np2 − 2pn+ n

p2
Cov(x2

i1x
2
j1, x

2
k1x

2
l1)

− 4n(n− 1)(p− 1)

p
Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1) Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)

+ 4n(n− 1)(n− 2)Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)
}

− 4n(n− 1)(p− 1)

p2
Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+

2n(n− 1)

p2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
+

4n(n− 1)(n− 2)

p2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)
− 4n(n− 1)

p
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
− 8n(n− 1)(n− 2)

p
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)
.

The same nine covariance expressions show up. Now, only the calculation of the covariance remains.

3.3 Covariance between V̂ and Ê

For the covariance, we obtain

Cov(V̂ , Ê) = Cov

(
1

p(n− 1)n

∑
i,j

{
p− 1

p

∑
t

x2
itx

2
jt −

1

n

∑
s,t

xitxjtxisxjs +
1

np

∑
s,t

x2
isx

2
jt

}
,

1

pn2

∑
i,j

{∑
s,t

xisxjsxitxjt −
1

p

∑
s,t

x2
isx

2
jt

})

=
1

p2(n− 1)n3

∑
i,j,k,l

{
(p− 1)

p
Cov

∑
t

x2
itx

2
jt,
∑
t′,s

xkt′xlt′xksxls


− (p− 1)

p2
Cov

∑
t

x2
itx

2
jt,
∑
t′,s′

x2
kt′x

2
ls′

− 1

n
Cov

∑
t,s

xitxjtxisxjs,
∑
t′,s′

xkt′xlt′xks′xls′


+

2

np
Cov

∑
t,s

xitxjtxisxjs,
∑
t′,s′

x2
kt′x

2
ls′

− 1

np2
Cov

∑
t,s

x2
itx

2
js,
∑
t′,s′

x2
kt′x

2
ls′

}.
As before, this simplifies under the i.i.d. assumption:

=
1

p2(n− 1)n3

∑
i,j,k,l

{
(p− 1)

p

{
n · Cov

(
x2
i1x

2
j1, x

2
k1x

2
l1

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)}
− (p− 1)

p2

{
n · Cov

(
x2
i1x

2
j1, x

2
k1x

2
l1

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)}
− 1

n

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1) Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)

+ 4n(n− 1)(n− 2)Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)
}
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+
2

np

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 2n(n− 1)Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
+ 2n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)}
− 1

np2

{
nCov(x2

i1x
2
j1, x

2
k1x

2
l1) + 4n(n− 1)Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
+ 2n(n− 1) Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
+ 4n(n− 1)(n− 2)Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)}
.

Collecting terms, we obtain

=
1

p2(n− 1)n3

∑
i,j,k,l

{
np2 − 2np− p2 + n+ 2p− 1

p2
Cov(x2

i1x
2
j1, x

2
k1x

2
l1)

+
2(n− 1)(np− n− 2p+ 2)

p
Cov

(
x2
i1x

2
j1, xk1xl1xk2xl2

)
− 2(n− 1)Cov (xi1xj1xi2xj2, xk1xl1xk2xl2)

− 4(n− 1)(n− 2)Cov (xi1xj1xi2xj2, xk1xl1xk3xl3)

− 2(n− 1)(np− n− 2p+ 1)

p2
Cov

(
x2
i1x

2
j1, x

2
k1x

2
l2

)
− 2(n− 1)

p2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l2

)
− 4(n− 1)(n− 2)

p2
Cov

(
x2
i1x

2
j2, x

2
k1x

2
l3

)
+

4(n− 1)

p
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
+

8(n− 1)(n− 2)

p
Cov

(
xi1xj1xi2xj2, x

2
k1x

2
l3

)
.

Again, these are the same nine covariance expressions as for the variances.

3.4 Calculation of the appearing covariance expressions

In the variance and covariance formulas above, only nine different covariance expressions appear.
Assuming normality, calculations in the eigenbasis simplify considerably: under normality,
uncorrelatedness implies independence.

1. covariance expression∑
ijkl

Cov
(
y2
i1y

2
j1, y

2
k1y

2
l1

)
=
∑
ijkl

E[y2
i1y

2
j1y

2
k1y

2
l1]− E[y2

i1y
2
j1]E[y2

k1y
2
l1]

=



∑
i E[y8

i ]− E2[y4
i ] =

∑
i 105γ4

i − 9γ4
i = 96

∑
i γ

4
i i = j = k = l (case 1)

4
∑
i,j 6=i E[y2

i ]E[y6
j ]− E[y2

i ]E[y2
j ]E[y4

j ] = 4
∑
i,j 6=i γi15γ3

j − γi3γ3
j i 6= j = k = l (case 2)

= 48
∑
i,j 6=i γiγ

3
j

0 i = j 6= k = l (case 3)
2
∑
ij 6=i E[y4

i ]E[y4
j ]− E2[y2

i ]E2[y2
j ] = 2

∑
ij 6=i 9γ2

i γ
2
j − γ2

i γ
2
j i = k 6= j = l (case 4)

= 16
∑
ij 6=i γ

2
i γ

2
j

4
∑
i,j 6=i,k 6=i,j E[y2

i ]E[y2
k]E[y4

j ]− E[y2
i ]E[y2

k]E2[y2
j ] i, k, j distinct, j = l (case 5)

= 4
∑
i,j 6=i,k 6=i,j 3γiγ

2
j γk − γiγ2

j γk = 8
∑
i,j 6=i,k 6=i,j γiγ

2
j γk

0 i, j, k, l distinct (case 6)
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2. covariance expression∑
ijkl

Cov
(
y2
i1y

2
j1, yk1yl1yk2yl2

)
= E[y2

i1y
2
j1yk1yl1]E[yk2yl2]− E[y2

i1y
2
j1]E[yk1yl1]E[yk2yl2]

The expression is zero when k = l does not hold. Four cases remain:

=



∑
i

(
E[y6

i ]− E[y4
i ]E[y2

i ]
)
E[y2

i ] =
∑
i 15γ4

i − 3γ4
i = 12

∑
i γ

4
i i = j = k = l (case 1)

2
∑
i,j 6=i E[y2

i ]E[y4
j ]E[y2

j ]− E[y2
i ]E3[y2

j ] = 2
∑
i,j 6=i γi3γ

3
j − γiγ3

j i 6= j = k = l (case 2)
= 4

∑
i,j 6=i γiγ

3
j

0 i, k, j distinct, k = l (case 3)
0 i 6= j 6= k = l (case 4)

3. covariance expression∑
ijkl

Cov
(
yi1yj1yi2yj2, yk1yl1yk2yl2

)
= E[yi1yj1yk1yl1]E[yi2yj2yk2yl2]−E[yi1yj1]E[yi2yj2]E[yk1yl1]E[yk2yl2]

The expression is zero if the indices are not paired. Three cases exist:

=


∑
i E2[y4

i ]− E4[y2
i ] =

∑
i 9γ4

i − γ4
i = 8

∑
i γ

4
i i = j = k = l (case 1)

0 i = j 6= k = l (case 2)
2
∑
i,j 6=i E2[y2

i ]E2[y2
j ] = 2

∑
i,j 6=i γ

2
i γ

2
j i = k 6= j = l (case 3)

4. covariance expression∑
ijkl

Cov
(
yi1yj1yi2yj2, yk1yl1yk3yl3

)
=E[yi1yj1yk1yl1]E[yi2yj2]E[yk3yl3]− E[yi1yj1]E[yi2yj2]E[yk1yl1]E[yk3yl3]

=
(
E[yi1yj1yk1yl1]− E[yi1yj1]E[yk1yl1]

)
E[yi2yj2]E[yk3yl3]

The expression is zero, if either i = j or k = l do not hold, or the first expection separates.
Therefore, only the case i = j = k = l remains:

=
∑
i

(
E[y4

i ]− E2[y2
i ]
)
E2[y2

i ] =
∑
i

(
3γ2
i − γ2

i

)
γ2
i = 2

∑
i

γ4
i .

5. covariance expression∑
ijkl

Cov
(
x2
i1x

2
j1, x

2
k1x

2
l2

)
= E[x2

i1x
2
j1x

2
k1x

2
l2]− E[x2

i1x
2
j1]E[x2

k1x
2
l2]

=
(
E[x2

i1x
2
j1x

2
k1]− E[x2

i1x
2
j1]E[x2

k1]
)
E[x2

l2]

=

{∑
ij

(
E[y6

i ]− E[y4
i ]E[y2

i ]
)
E[y2

l ] =
∑
il(15γ3

i − 3γ3
i )γl = 12

∑
ij γ

3
i γl i = j = k (case 1)

2 ·
∑
i,j 6=i,l(E[y4

i ]E[y2
j ]− E2[y2

i ]E[y2
j ])E[y2

l ] = 4
∑
i,j 6=i,l γ

2
i γjγl i = k 6= j (case 2)

6. covariance expression∑
ijkl

Cov
(
x2
i1x

2
j2, x

2
k1x

2
l2

)
= E[x2

i1x
2
j2x

2
k1x

2
l2]− E[x2

i1x
2
j2]E[x2

k1x
2
l2]

= E[x2
i1x

2
k1]E[x2

j2x
2
l2]− E[x2

i1]E[x2
j2]E[x2

k1]E[x2
l2]

=

{
E[x4

i1]E[x4
j2]− E2[x2

i1]E2[x2
j2] = 8

∑
ij γ

2
i γ

2
j i = k, j = l (case 1)

2 · 3
∑
i,j 6=l γ

2
i γjγl i = k, j 6= l (case 2)
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7. covariance expression∑
ijkl

Cov
(
x2
i1x

2
j2, x

2
k1x

2
l3

)
= E[x2

i1x
2
j2x

2
k1x

2
l3]− E[x2

i1x
2
j2]E[x2

k1x
2
l3]

=
(
E[x2

i1x
2
k1]− E[x2

i1]E[x2
k1]
)
E[x2

j2]E[x2
l3]

= 3
∑
ijl

γ2
i γjγl

8. covariance expression∑
ijkl

Cov
(
xi1xj1xi2xj2, x

2
k1x

2
l2

)
= E[xi1xj1xi2xj2, x

2
k1x

2
l2]− E[xi1xj1xi2xj2]E[x2

k1x
2
l2]

= E[xi1xj1x
2
k1]E[xi2xj2x

2
l2]− E2[xi1xj1]E[x2

k1]E[x2
l2]

The expression is only non-zero when i = j holds. In addition, either k = i = j or l = i = j has to
hold.

=

{∑
i E2[x4

i ]− E4[x2
i ] = 8

∑
i γ

4
i i = j = k = l (case 1)∑

i,l 6=i E[x4
i ]E[x2

i ]E[x2
l ]− E3[x2

i ]E[x2
l ] = 6

∑
i,l 6=i γ

3
i γl i = j = k 6= l (case 2)

9. covariance expression∑
ijkl

Cov
(
xi1xj1xi2xj2, x

2
k1x

2
l3

)
= E[xi1xj1xi2xj2x

2
k1x

2
l3]− E[xi1xj1xi2xj2]E[x2

k1x
2
l3]

=
(
E[xi1xj1x

2
k1]− E[xi1xj1]E[x2

k1]
)
E[xi2xj2]E[x2

l3]

The expression is only non-zero if i = j = k holds:

=
∑
il

(
E[y4

i ]− E2[y2
i ]
)
E[y2

i ]E[y2
l ]

=
∑
ij

(
3γ2
i − γ2

i

)
γiγj = 2

∑
ij

γ3
i γj .
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