A Proof of theorem 1

Theorem 1. An Ising model with J;; = 0 for j < i — 2 or j > i + 2, is also a cascaded logistic model.
Moreover, the parameter transformation is bijective.

The matrix form of the cascaded logistic model is

h1 0 0
hz w271 0 0
hs w31 wsz2 0 0
W = h4 0 W4,2 W4,3 0 0 (21)
hm 0 e 0 Wm,m—2 Wm,m—1
and the probabilities for each word can be written as
P(x1.m) = P($1)P(I2\$2)HP(£E¢|331:¢71) (22)
i=1
exp(xi(hi + Tic1Wii—1 + Ti2Wii—2))
P(zi|r1:i-1) = P(zi|ri—o, xio1) = - - . 23
(@ileri-1) (@ifzi-2, 2i-1) 1+ exp(h; + Tic1Wii—1 + Ti—oWii—2) 23)
The pentadiagonal Ising model parameters are
Jia Jiz Jis 0 0
Jo1 Jo2 Jaz  Joa 0 e 0
J3q1 Jzo J3z Jza Jas 0 e 0
J = 0  Jao Jaz Jaa Jus  Jags 0 0 (24)
0 e 0 Jm—2,m J’m—l,m Jm,m
The map between model parameters is
Jmfl,m = Wm,m—1 (26)
1+ exp(hm)
Im—1,m-1 = hm— 1 27
1,m—1 1+ Og(l—&—exp(hm—&—wm,m_l) 27

1 + exp(hi+1) ) ( 1 + exp(hi+2) )
' & (1 + exp(hit1 + Wwit1,:) & 14 exp(hit2 + wit2,:) 28)

(1 + exp(hiva + wit2:)) (1 + exp(hiye + wi+2,z’+1))>
(1 +exp(hi+2))(1 + exp(hite + Witz it1 + Wit2,i))
Jiit2 = Wit2, (30)

Jiit1 = Wit1,; + log ( (29)

fori € {1,...,m — 2}.

Proof. We show that the parameter mapping from a cascaded logistic model defines a maximum entropy model
with second order interactions for the m = 2 case and use induction.
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For the initial case, we check each probability.

1 1
Pz = —0) = P(z; = 0)P(xs = _
(331 O,ZBQ 0) (3}1 O) (332 O‘Q:‘l 0) 1 +6Xp(h1) 1 +6Xp(h2)
1
" 14 exp(h1) 14 exp(ha) exp(0)
1 ho
Pz — — 1) = P(g; — — 1l =
(@1=0,22 ) (@1 =0)P(z o1 =0) = 1+ exp(hi) 1+ exp(hz)
1 1
" 14 exp(h1) 1+ exp(ha) exp(dz)
exp(h1) 1
P(zy =1,25 = 0) = P(a1 = 1)P(z2 = Olz1 = 1
(a1 @2 =0) (a1 )P (w2 = Olzy )= 1+ exp(hi) 1+ exp(ha +w2,1)
- 1 1 1+ exp(hg) «p(hi)
" 14exp(hi) 1+ exp(he +w21) 1+ exp(hg)
1 1 1+ exp(h2) ) }
- hi+1
1+ exp(h1) 1+ exp(h2) exp{ LT T exp(ha + wa;1)
1

= ! exp (d1)
" 14+ exp(h1) 1+ exp(h2) P o1

exp(h1) exp(h2 + w2 1)

1+ exp(hi) 1+ exp(ha + w2,1)
1 1 (1 + exp(h2)) exp(h1) exp(h2 + w2,1)

1+ exp(hi) 1+ exp(h2) 1+ exp(h2 + w2,1)
1 1 1+ exp(h2) ) }

h1 +1 + ha +

1+ exp(h1) 1+ exp(h2) exp{ 18 (1 + exp(h2 + w2,1) 2T W2

1

1
" 1+exp(h1) 1+ exp(hz) exp(di +dz + J1.2)

Plzi=1lzo=1)=P(z1 =1)P(z2=1z1 =1) =

. _ 1 1 e s . .
With C' = Trep (i) TTep(ia) We conclude that the cascaded logistic is equivalent to the Ising model for the

m = 2 case.

For the induction step, we assume that P, (x2.) is cascaded logistic and the parameter mapping gives,

m—1 m—2
P* (l'QIm) 02 m €XP {Z Jz i + Z Jz i+1TiTi41 + Z Jz 1+2x1$z+1} (31)
1=2 =2 1=2
Coum = ﬁ _ (32)
e el exp(h;)

We extend the sparse cascaded logistic model to x1.,, (note the direction of the induction) so that
m
P(-Tl;m) = P($1)P($2 \xl)P(x3|;r:2, 1’1) H P($i|$i_1, Ll’i_z) (33)
i=4

When x1 = 0, then

P($1;m|$1 = O) P(l}l = O)P*(iEQm)

1

BRI

m—1 m—2
1
H’TP(]’L)CE m €XP {Z Jz iLg + Z Jz i+1LiLi41 + Z Jz 42T -T'H»l}

=2 =2 =2

m—1 m—2
= C1.m €xp {Z Jiixi + Z Jiip12iTie1 + Z Ji 1+Qm,xz+1}

i=1 i=1 i=1
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For the z1 = 1 case

P(CL‘Lm‘Il = 1) = P(CL‘1 = 1)P($2|5L‘1 = 1)P(l‘3|£€271‘1 = 1) HP(I»;|.Z‘Z‘717Z'¢72)

i—4
_ exp(h1) exp(w2(h2 + w2,1)) exp(zs(he + T2ws 2 + w31 ﬁ P(xil i, zies)
1+ exp(hi) 14 exp(ha + w2,1) 1+ exp(hs + zows,2 + w31 Pl s

)
)
exp(z3(he + raws 2 + ws 1))
14 exp(hs + zaws 2 + w3,1)

exp(h1) exp(za(h + wa1)
1+ exp(hi) 1+ exp(he + w21

P (1}2) x3|1:2 ki

- 7/ NP /1N P 1 21— 1y 11—
P (22) Pt ]12) H Ti|Tio1, Tiz2)
_ exp(h1) exp(xg(hz + w2,1)) exp(zs(hs + zows,2 + ws,1))
1+ exp(hi) 1+ exp(he + w2,1) 1+ exp(hs + zaws,2 + ws,1)
~1+exp(hz) 1+ exp(hs + z2ws,2)
exp(z2(h2)) exp(zz(hs + z2ws,2))

exp(h1) { ( 1+ exp(hz)
=GP 1
1+ exp(h1) ox o8 1+ exp(h2 + w2,1)

1 1+ exp(hs + ws,1) )
+lo + x2lo :
& (1+8Xp(h3 +w3,1)) 2708 <1—|—exp(h3—|—w372 + ws 1)
+x3h3 + x2x3w32 + v3ws,1 — r2he

1+ exp(h3 -+ ’wg,g)
+log (1 + exp(hs)) + z2 log ( T+ exp(hs) x3hs — T2x3w3 2

< (22im)

) + x2h2 + T2wa 1

- P (xQ:m)

_ 1+ exp(h2) 1+ exp(hs)
P {m1 (h1 +log (1 + exp(h2 + w2,1) +log 1+ exp(hs + ws,1)

1+ exp(hs + ws,1)
] ,
+x122 (wz,l + log (1 + oxp(hs + ws.s + W) + z1x3W3,1

1
1 + exp(h1)
=exp{z1di + z122J1,2 + T123J1 3}

m—1 m—2
1
. HTp(h)CZ m €XP {Z Jz iLg + Z Jz i+1LiLi41 + Z JZ 4225 xz+1}

=2 =2 =2

m—2
- Cl :m €XP {Z Jz iLg + Z Jz 1T Ti41 + Z Jz ’L+2I’LIZ+1}

i=1 i=1 i=1

(132 M)

The reverse direction, mapping the banded Ising model into a banded cascaded logistic model, follows from
the fact that the parameter mapping is invertible. O

B Second derivatives of UBM

The second derivatives of the log-likelihood (6) are

’L dgk Ogi 82 gi
90,00, ~ zk: (1 (e + agr) — P1(age)) - 90: 90, + Z »(ng + agr) — ¥(age)) 3690, (34)
82

ng (W1 (nx + ag) — i(age)) + 1 () — ¢1 (N +a), (35)

where 1)1 (+) is the trigamma function. Since 1 is a monotonically decreasing function, the first term is nega-
tive, while the second term is positive.
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