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Proof of Lemma 4: Let Q∗ = argminQ maxP D(P ||Q), then Q
∗� satisfies D(P �||Q∗�) ≤ R(P) for all P � ∈ P . �

Proof of Lemma 5: Let P1 and Q1 be distributions achieving redundancy R(PA) and R(PB). Then,
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Proof of Lemma 7: For 1 ≤ i ≤ T , let the distribution Qi = argminQ maxP∈Pi D(P ||Q) achieve the redundancy
bound R(Pi), and Q = 1

T

�T
i=1 QiThen for all i and all a ∈ A, Q(a) ≥ Qi(a)/T , and hence for any P ∈ P1 ∪
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Considering maximum over all distributions in P yields the desired result. �
Proof of Lemma 9: As mentioned in the proof sketch, we construct the distribution Λ∗ as follows. Pick any distribu-
tion Λ� ∈ Iτ and let Λ∗ =

�B
j=1 Λ

∗
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} is such that
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for j = 1, 2, . . . , B. In other words, Λ∗ ∈ Iτ is obtained from an arbitrary Λ� ∈ Iτ by making all the mj elements of
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j equal to

�mj

l=1 λ
�
l,j/mj , the average of the elements in Λ�

j , for j = 1, 2, . . . , B.

For any Λ ∈ Iτ , we analyze D(Λ||Λ∗). Let ϕj be the profile generated by Λj = {λj,1, . . . ,λj,mj}. Since ϕmed =
ϕ1 ∪ . . .ϕB = f((ϕ1,ϕ2, . . . ,ϕB)), a function of the B−tuple (ϕ1,ϕ2, . . . ,ϕB). By independence of sampling,
(ϕ1,ϕ2, . . . ,ϕB) is distributed as Λ1 × . . .ΛB . U
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where the first inequality follows from Lemma (4), and the last from the concavity of the logarithms.

We bound each of the summands as follows. Let ϕj = {µ1, µ2, . . . , µmj}, where µj is generated by λj . Using
Equation (5), if ϕj = {µ1, µ2, . . . , µmj}, then
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and since that µj is distributed λj,l, invoking Lemma 3,
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where in the last inequality, we use |λ∗
j − λ
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j . Combining the above inequalities, for all Λ ∈ Iτ ,
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Proof of Lemma 14: We construct a map f from the set of profiles to L and then show that for any Λ ∈ L, if ϕ ∼ Λ

P (f(ϕ) �= Λ) < �. (6)

Let ϕ = {µ1, µ2, . . .} be a profile. For each j = 1, 2, . . . ,K, let
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�
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r |

0 otherwise.

In other words, for each multiplicity µj we set the coordinate xi to 1 if µj is closest to λ
∗
i . Let x = x1 . . . xK . Let

ĉ ∈ C be the code with minimum Hamming distance from x. Then,

f(ϕ) = Λĉ.
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Let λ∗
i ∈ Λc be any element. Let Yi be a random variable that is 1 if the multiplicity µi generated by λ

∗
i is closest to a

λ
∗
j , j �= i and 0 otherwise. Using the fact that the minimum distance of the code is αK, the probability of error is at

most the probability that
�
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2 . So, for ϕ ∼ Λc
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Using Equation (7), an application of Chernoff bound,
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thus proving the result. �
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