Appendix

Proof of Lemma 2 (generalized MD guarantee). Note that for any w* € W,

U (Z fe(wi) = fu(w* ) >V fi(wi), Wy —w*)
t=1 t=1 t=1

= ((NV fe(we), Wiy — Wiy ) + (Vfe(wy), Wi — w*))

o~
Il
N

I
M3

(<77Vft(wt)»wt - W2+1> + <V‘II(Wt) - V\II(W£+1);W£+1 - W*>)

o~
Il
-

M=

(”nvft(wt)”)( Hwt - W:/:+1HX* + <V\I’(Wt) - V\I’(W£+1)7W£+1 - W*>)

~
Il
-

NE

<

nP 1 N
(p IV AW+ e = W+ (T w0) = T )ow] = w >)

t=1

Using simple manipulation we can show that
(VU(Wi) = VU(Wig1), Wi — W) = Ag (W W) — Ay (WHwipr) — Ay (Wes1|we)
where given any w,w’ € B,
Ay (wlw') = ¥(w) — ¥ (W) — (VI(W),w — W)

is the Bregman divergence between w and w’ w.r.t. function ¥. Hence,

n (Z fe(wi) = Z ft(W*)>

<y (7; IV AW+ e = Wi

t=1

zc* + (VU (W) — V(Wi ), Wi — w*>)
)3 (7; IV WP 5w = W+ B (") = B (w* 1) — Ao (wgmwt))
n

P 1
< Z (Z? IV fe(wo)|[% + . HWt - Wi

~+
—

e+ Au (WHW) — Ay (WHwiir) — Ay (Wi ’wt))

~
I
=

I
NE

P 1 ! * *
(AN + 2 s = Wil = A (whafw) ) + Ao (ww) = A (o)

t

1

<

Mz

p 1
(7; IV AW+ e = Wl — B (wz+1|wt)) L u(w)

t=1

Now since U is g-uniformly convex w.r.t. ||-|| y., for any w,w’ € B*, Ay (w'|w) > 1 |w — w'[|%.. Hence we

conclude that

1
q

(wi)ll% +

> hwe) =3 fiwr) <2

n*~'Bn L SUPwew U(w)

U(w*)
n

p n
< n*~!'Bn L SWPwew U (w)
p n
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(mpwew @ (w) ) 1/p

Plugging in the value of n = we get :

wew

n n 1/¢1
> filw) = fuwr) <2 (Sup \I/(w)) (Bn)'/P

dividing throughout by n conclude the proof. O

Lemma 10. Let 1 < p < 2 and C > 0 be fixed constants, the following statements are equivalent :

1. For all sequence of mappings (Xy,)n>1 where each x,, : {£1}"~! — B* and any xo € B*:

X + § szz

i=1

p

<P { xol% + D E[Ixn(e)]%]

n>1

sup E

W+

2. There exist a non-negative convex function ¥ on B with U(0) = 0, that is g-uniformly convex w.r.t. norm
q
[l 0. and for any w € B, L [w|%. < ¥(w) < T [lwll5,,

Proof. For any x € B* define ¥* : B* — R as

X + ZezxZ

i=1

1
T*(x) := sup C—supE

] = Ellxi(e)]
e

i>1

where the supremum is over sequence of mappings (X, ),>1 Where each x,, : {£1}"~! — B* and the sequence is

such that, sup E [||X +> 0, Xi”iv*] < oo. Since supremum of convex functions is a convex function, it is easily
n

verified that ¥*(-) is convex. Note that by the definition of M-type in Equation 8, we have that for any x, € B*,
U*(x9) < [|x0]|%%- On the other hand, note that by considering the sequence of constant mappings, x; = 0 for all
1 > 1, we get that for any xy € 57,

Xo + E 61Xz

1=1

1
U*(xg) = sup cr supE

1
] SSEIxI | >y ol
W i>1

a7 Xl < ¥ (x) < x4

Thus we can conclude that for any x € 57, or

For any x¢, yo € B*, by definition of U*(x) and ¥*(y), for any v > 0, there exist sequences (X, )n>1 and (¥, )n>1
s.t.:

i} 1
U*(xg) < asng

p
] Y Ellxi(olR] |+~

W i>1

Xo + Z EiXZ‘(E)
=1

and

U (y§)) < C]Ds%pEl

P
] > Elllyio)l%] ] +v

W i>1

Yo + Z €iyi(e)
i=1

In fact in the above two inequalities if the supremum over n were achieved at some finite ng, by replacing the original
sequence by one which is identical up to ng and for any ¢ > ng using x;(¢) = 0 (and similarly y;(¢) = 0), we can in
fact conclude that using these x’s and y’s instead,

p

N 1
U (x0) < | E X0+ €eixi(e) =Y Ellxi(el] | +v (11)

i>1 W i>1
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and
P
; 1
v < | HE||vot+ Y avi@| | - Y EllyilR] |+~ (12)

i>1 W i>1

Now consider a sequence formed by taking zg w and further let

S 14+ ¢ X()—Y()+ 1—¢ YO—X():E(X_ )
1 B B B B) oXo — Yo

1+€ 1—e¢
Z; = ( 5 0) €i—1Xi—1(€) + < 5 0> €i—1Yi—1(€)

where ¢y € {£1} is drawn uniformly at random. That is essentially at time ¢ = 1 we flip a coin and decide to go with
the sequence (x,,),>0 with probability 1/2 and (y,,)»>0 with probability 1/2. Clearly using the sequence (z,,)n>1,
we have that,

and for any ¢ > 2, define

1/p) P
P
1 n
U <X0+y()> = sup =5 SupE M—I—Zzi(eo,e) —ZIE[HZi(eo,e)H’;(]
2 (Z)n>1 P 2 i=1 W i>1
r P
1
2 G Zo+szz(€0,€) *ZE[||Zv:(€oa€)||fv]
L i>1 W i>1
r P r P
1 E |||xo + Zizl €;%;(€) e +E ||yo+ Zizl €yi(€) e .
- : - S Ellnten Il
- P 7 r p N
1 E |||xo + Zizl fixi(e) W +E||lyo + 2121 511}’11(6) W »
- ; - S Ellnten Ol
- P 7 r p -
1 Ell{xo+ 251 exile) W +E | |lyo+ X1 €iyile) e x0 —yoll” ZE[H (0. )]
= - - - - - z;(€o, )|y
o 2 2l &
- P 7 r p
1 E I XO"’Zizl €ixi(€) e +E YO+ZZ'21 eiyi(e) W X0 — Yo p
el 2 2 ly
B E [Ixi(e) %] + E[llyi(e)ll%]
i>1 2
P p
 FE|xo+ S axi@)]| |~ Tisi Blxil@)ly + ZEvo + Ty i@~ Xisi Elya(olle
B 2
_[|¥0— Yo ?
2 X
> U*(x0) + ¥*(y0) |[x0 = yol" .
= 2 2 ||y

where the last step is obtained by using Equations 11 and 12. Since y was arbitrary taking limit we conclude that for

any x¢ and yy,
\I/* \I/* P
(x0) + ¥*(yo) <yt <X0 +Y()> n

X0 — Yo
2

2 - 2

X
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Hence we have shown the existence of a convex function ¥* that is p-uniformly smooth w.r.t. norm ||-|| ,, such that
7 [FIhye < W*(-) < ||-||%. Using convex duality we can conclude that the convex conjugate ¥ of function ¥*, is

g-uniformly convex w.r.t. norm || - ||+ and is such that ||-|% < ®(-) < C?||-||{,. That 2 implies 1 can be easily
verified using the smoothness property of U*.

O
The following sequence of four lemma’s give us the essentials towards proving Lemma 5. They use similar techniques

as in [16].

Lemma 11. Let 1 < r < 2. If there exists a constant D > 0 such that any xo € B* and any sequence of mappings
(Xn)n>1, where x,, : {£1}"~1 — B* satisfy :

vneN, E

n
X + Z GiXi(E)
i=1

] < D(n+ 1) sup sup [x:(0)]x
e 0<i<n ¢

then for all p < r and o, = 7%()_1; we can conclude that any xo € B* and any sequence of mappings (X, )n>1, where
X, {£1}" 1 s B* will satisfy :
1/p
n
supE |||xo + Z €:%;(€) 1 < a, sup Z llxi(e)||%
" i=1 W ¢ \i>0

Proof. To begin with note that in the definition of type, if the supremum over n were achieved at some finite ng, then
by replacing the original sequence by one which is identical up to ng and then on for any ¢ > ng using x;(e) = 0
would only tighten the inequality. Hence it suffices to only consider such sequences. Further to prove the statement
we only need to consider finite such sequences (ie. sequences such that there exists some n so that for any ¢ > n,
x; = 0) and show that the inequality holds for every such n (every such sequence).

Restricting ourselves to such finite sequences, we now use the shorthand,

S =sup, (>, Hxi(e)Hg()l/p. Now define
In(e) = {i > 0| 5os < Ixi(e)llx < 5855}
T (e) = inf{i € I(¢)} and
Vm e N, T® (¢) = inf{i > T (¢),i € Iu ()}

Note that for any € € {+1}1,

SP |I;.
§P> N xie)lfh > Sl
i€l (€)

and so we get that sup, |I;,(¢)| < 2¥*1. From this we conclude that

E xo—i—in(e) ]S E Z x;(€)
i=1 W k>0 L ie]k(é) w~ |
=D B |12 %
k>0 L >0 wx |
3 (D sup{| (9"} sup{_sup ”’““”'”)
k>0 € € i€l (e)
<3 (D20 sup sup i@l oo>
k>0 € i€lk(e) ,
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< Z (D o(k+1)/r 27k/p5>
k>0
=D2Y" Y 2T g
k>0
2D
<—F——5
1—92G=%)
2D
S ey O
< 12DS

=~ r_p

n 1/17
=y, Sup <Z ||XL(€)||€(>
¢ \i=0

O

Lemma 12. Let 1 < r < 2. If there exists a constant D > 0 such that any xo € B* and any sequence of mappings
(Xn)n>1, where x,, : {£1}"71 — B* satisfy :

VneN, E||xq+ ZQ‘Xz‘(G)
i=1

0<i<n €

] < D(n+ 1YY" sup sup ||x;(€)]
W*

then for any p < r, any xo € B* and any mapping (X, )n>1, where x,, : {£1}"~! — B*:

P (sup

Proof. For any x¢ € B* and sequence (x,,),>1 define

1/(p+1)

o, \ P/ (p+1)
>§<2&9 Iolly + 3 E (ol

i>1

X0 + Z eixi(e)

i=1

W+

Vale) = Y IIxi(e)ll%
i=0
For appropriate choice of @ > 0 to be fixed later, define stopping time
7(€) = inf {n > 0|V,,41 > a’}
Now for any ¢ > 0 we have,

P <sup xo + Z €:X;(€)

=1

> c) <P(r(e) < 0) + P <7‘(e) = 00, sup
W

Z €:X;(€)

> c)
W*

> c) (13)
W*

(14)

nAT(e)

Xo+ Y exi(e)

i=1

<P(1(e) < o0) + P (T(e) > 0, sup

As for the first term in the above equation note that

xo|% + 5o, Elllxi(e) %
B(r(c) < o) = Bl > ar) < Pl Zio Ell(OIR]

To consider the second term of Equation 13 we note that (]L[T(E)N)} (%0 + 30 @) ¢,x; (e))) is a valid martingale

n>0

(stopped process) and hence, (H 7 (e)>0y (%0 + Z?:Af(é) eixi(e))H ) is a sub-matingale. Hence by Doob’s
W+*/ n>0
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inequality we conclude that,

nAT(e) nAT(e)
1
P|T >0, sup||xo + E €;%;(€) >c| < - supE | || M7 (e)>0p | X0 + g €% (€)
" i=1 " i=1
w* W

Applying conclusion of the previous lemma we get that

nAT(e) o 7(€) 1/p
P|T >0, sup||xo + Z €;%;(€) >c| < ?psup Iiros01 | IIxolls + Z llxi(e)|l%
n i— € i=1
W*
< 22 (gpytip = 22 ¢
T c c
Plugging the above and Equation 14 into Equation 13 we conclude that:
S Ixoll% + Xis1 Ellxi()l%] | apa
P (s%p Xg + Z €;%;(€) > c) < X Z; AL Z
1=1 W*
) 1/(p+1)
Using a = (OTC,, (||Xo||€v +2 51 E [||xz(e)||§(])) we conclude that
N i) 1/(p+1)
o, \ P/ (p+1
Pls ~ < i) p . p
<b%p xo+ Y exi(o > ) <2(% Ixolly + - Ellxi(0l
i=1 W i>1
This conclude the proof. O

Lemma 13. Let 1 < r < 2. If there exists a constant D > 0 such that any xg € B* and any sequence of mappings
(Xn)n>1, where x,, : {£1}"71 — B* satisfy :

vneN, E

0<i<n €

Xo + Z €:%;(€)
i=1

]gDW+U”TwprB$NX
W*

X0 + Z eixi(e)

i=1

sup AP P | sup
A>0 n

then for any p < r, any x¢ € B* and any sequence (x,,)n>1 satisfies :

. A>
W*

P+l
<max{ 477 ap [ Ixol% + D Ellxi(e)%] | 2% 1og(2) of | [Ixoll% + D E[llx:(e)ll%]
i>1 i>1

Proof. We shall use Proposition 8.53 of Pisier’s notes which is restated below to prove this lemma. To this end consider
any xo € B* and any sequence (x;);>1. Given an e € {1}, for any j € [M] and i € N let egj) = €(i—1)M+j- Let
zo = xo M ~1/? and define the sequence (z;);>; as follows, for any k € N given by k = j + (i — 1) M where j € [M]
and? € N,

zi(€) = xi(e(j)) M~
Clearly,
1 Y P
2ol + > Elllze(l%] = %ol + 57 >° S E [[xe(e)| ]

E>1 j=1k>1

= lxoll + > _Eflxi(e)%]

i>1

15



By previous lemma we get that for any ¢ > 0,

P (sup Zo + Z €;2;(€

i=1

1/(p+1)

a, \ P/ (p+1)
>%sz&ﬂ I7oll% + > Ell2i(e)]1%]
W*

i>1

1/(p+1)
., \ P/ (p+1)
=2(2) ol + D" E [xi(e) %]
i>1
Note that

=M-P sup sup
JEM] n

Zo + § E’LZ’L

i=1

sup

X0+Z i(€9))

i=1

W* 4%

Hence we conclude that

X0 + ZG(J (J))

i=1

. (G2
ap\ D
> C> <2 (f) ol + D Ellxi(e)l1%]
W*

i>1

P sup M~ 1/psup
JEM]

For any j € [M], defining ZU) = sup,,

X0+ Yy el(j )x; (eW9)) H and using Proposition 15 we conclude that for
W*

any ¢ > 0,

sup AP P sup Xo + Z €% (€ > A

A>0 =1 W

1
< max { ¢, 2c” log .
T +1)
1-2(22) % (|ixoll} + Lo Ellxi(e)[])

Picking

1/p
p+1

=4 a, | Ixoly + S Elxi()%]

i>1
>g
W*

P+l
<max{ 47 ap [ Ixol% + D Ellxi(e)%] | 2% log(2) af | [Ixoll% + > E[llx:(e)ll%]
i>1 i>1

we conclude that

sup AP P sup
A>0

Xg + E elxz

=1

b2

O

Lemma 14. Let 1 < r < 2. If there exists a constant D > 0 such that any xo € B* and any sequence of mappings
(Xn)n>1, where x,, : {£1}"~1 — B* satisfy :

X + Z EZ'XZ'(E)
=1

then for all p < r, we can conclude that any xo € B* and any sequence of mappings (X, )n>1 where each x,, :
{£1}" 1 B* will satisfy :

Xo + § szz

i=1

Vn € N,

]gpm+wﬁmmwwm@u
W*

0<i<n €

P
sup E

1104 D \?
W*] < (W) I\XOII’}#;EHIxi(e)HZ]

That is the pair (W, X) is of martingale type p.
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Proof. Given any p < r pick > p’ > p, due to the homogeneity of the statement we need to prove, w.l.o.g. we can
assume that

Ixoll% + DE [Ixi(e)ly] =1

i>1
Hence by previous lemma, we can conclude that
n ’
sup X' P [ sup|[xo + S exi(e)| > A ) < g2 B log(2) ok, < (32 ay) (15)
A>0 " i=1 We
Hence,
n p 00 n
s i p p—1 .
E stllp Xo + Zele(e) ] < g% a +p/ APTP (sgp Xg + Zelxl(e) > )\> d)\}
i=1 W @ i=1 W
<

f » p’ A])—p/ - 00
< i /
int S +p(32 ay) P

p—p
(46 o )? (46 ap)”

- <2 ;

(p' — p)p/? (p' —p)P/P

: p P’ ar v
Sg% aP + (46 o) -

Since ||X0H§; +> 5, E [Hxl(e)Hi’} =landp’ > p, we can conclude that ||xo |5 + >_;5; E[||x;(€)]|%] > 1 and so

E X0 + Zeixi(e)

sup
n i=1

p
46 o )P
] <2 090 all + LBl
WH i>1

<) (e S R (o))

-
® —p) =

Since p’ can be chosen arbitrarily close to r, taking the limit we can conclude that

X0 + Z €;%;(€)

i=1

] < U0 Ixoll% + D Eflxi(e) 3]

E Q
[bgp (r=p) :
w i>1

12D

=== we conclude that
T—p

Recalling that o), =

" : 104D \”
E [sup [xo+ 3 eixi(e ] < (Gemms) (Il + S EN (O]
" i=1 W p i>1
1104 D \*
< (228" Il + S Bl
p i>1
This concludes the proof. O

We restate below a proposition from Pisier’s note (in [17])
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Proposition 15 (Proposition 8.53 of [17]). Consider a random variable Z > 0 and a sequence Z W z®@ . drawn
iid from some distribution. For some 0 < p < 00, 0 < d < land R > 0,

1
sup]P’(sup M—pzm) >R> <é = supNP(Z>)\ SmaX{R,QRplog ()}
M>1 m<M A>0 1-46

Proof of Lemma 5. By Theorem 4 and our assumption that V,,(W, X') < Dn~(1=1/7) we have that for any sequence
(Xn)n>1 such that x,, : {£1}"~! +— X and any n > 1,

n

Z €;X; (E)

i=1

E

n

‘| < an(lf%)
W*
Hence we can conclude for any sequence (x,,),,>1 such that x,, : {£1}"~! + B* and any n > 1,

Z €;x;(€)

E

1<i<n €

1
] < Dn* sup sup|x;(e)]|
W*

Hence for any xg € B*, we have that

E |||xo + Z €:%;(€) <E Z €ix;(€) + [[%ollyy-
i=1 W i=1 wH
<E Z €ix;(€) + D [|xol
i=1 W
1
< Dn* sup sup [x,(6) Ly + D [xolLx
<2D(n+1)7 sup sup l[=i(€)]]
0<i<n €
Now applying Lemma 14 completes the proof. O
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