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Abstract

This document contains detailed proofs of theorems stated in the main article en-
titled Similarity-based Learning via Data Driven Embeddings

1 Proof of Theorem 2

We first recall the definition of a good similarity function.

Definition 1 (Good Similarity Function). A similarity function K : X x X — R is said to be an
(e,7, B)-good similarity for a learning problem where ¢,~v, B > 0 if for some transfer function
f: R — R and some weighing function w : X x X — [—B, B|, at least a (1 — €) probability mass
of examples x© ~ D satisfies

[w (@, ") f (K (2,2") = K(x,2")) [((z") = £(z), (") # £(z)] = Cpy (1)

z! x" ~DXD
where Cy = sup f(K(z,2'))— inf f(K(z,2"))
z,x' €X z,x'eX

Theorem 2 (Theorem 2 restated). If K is an (e,~, B)-good similarity with respect to transfer func-
tion f and weight function w then for any €1 > 0, with probability at least 1 — § over the choice

of d = (8/4%)In(2/de1) positive and negative samples, {xf}jzl C Dt and {x;}jzl Cc D~
respectively, the following classifier has error no more than € + €, at margin 3

d
() = senly(@).g(x) = 5 > wlaf a))f (Kwof) = K(ava)).

Proof. We shall prove that with probability at least 1 — 4, at least a 1 — ¢; fraction of points « that
satisfy Equation 1 are classified correctly by the classifier h(z). Overestimating the error by treating
the points that do not satisfy Equation 1 as always being misclassified will give us the desired result.

For any fixed z € X'T that satisfies Equation 1, we have

[w(a',2") f (K (z,2) = K(z,2")) [€(z") = 1,0(") = =1] = Cyy

x' &' ~D XD

hence the Hoeffding Bounds give us

Pr [g(x) < %} —Pr [; S wal a)f (K(waf) = K(r,ap)) < ;] < 2exp (id)

=1



Similarly, for any fixed z € X'~ that satisfies Equation 1, we have
(w(',2") f (K(z,2") — K(z,2")) [{(z") = =1,0(z") = 1] > Cp~

x!' x"" ~DXD

hence the Hoeffding Bounds give us

[t

Pr [g(x) > g} =

Pr foan)f (K(z x+)K(x,zi_))>ﬁ2y]
= Pr T ) f (

1
i=1
1
gzw(%v i
=1

K(z,z;) — K(z,z])) < g] < 2exp (’de)

where in the second step we have used antisymmetry of f.

Since we have shown that this result holds true individually for any point z that satisfies Equation 1,
the expected error (where the expectation is both over the choice of domain points as well as choice
of the landmark points) itself turns out to be less than 2 exp (—%) < €16. Applying Markov’s
inequality gives us that the probability of obtaining a set of landmarks such that the error on points
satisfying Equation 1 is greater than ¢; is at most 6.

Assuming, as mentioned earlier, that the points not satisfying Equation 1 can always be misclassified
proves our desired result. O

2 Comparison with the models of Balcan-Blum and Wang et al

In [1], Wang et al consider a model of learning with distance functions. Their model is similar to our
but for the difference that they restrict themselves to the use of a single transfer function namely the
sign function f = sgn(). More formally they have the following notion of a good distance function.

Definition 3 ([2] Definition 4). A distance function X, d : X xX — R is said to be an (¢, 7y, B)-good
distance for a learning problem where €,v, B > 0 if there exist two class conditional probability

distributions D(z|¢(x) = 1) and D(x|0(z) = —1) such that for all z € X, % < VB

and % < /B where D(x|l(x) = 1) and D(z|{(x) = —1) are the class conditional
probability distributions of the problem, such that at least a 1 — € probability mass of examples
x ~ D satisfies

D_ _ld(x,2") <d(x,2")[l(z") = l(x), (") # (x)] = %ﬂ 2)

z! & ~DXD

It can be shown (and is implicit in the proof of Theorem 5 in [1]) that the above condition is equiva-
lent to

E (W) (2" )W gy (@) sgn (d(z, ") — d(z, ")) [€(z") = €(z), 0(z") # U(z)] > 2y
x! x!"" ~DXD
where w1 (z) % and w_q(z) := %. Now define w(z',2”) =

We(z) (2" )wy(zry(2") and take f = sgn() as the transfer function in our model. We have, for a
1 — e fraction of points,

@ (2, ") f (K (2, 2") = K(z,2")) [€(2') = £(x), £(2") # £(x)] = Cpy

z’ x" ~DXD

which is clearly seen to be equivalent to
o [We) (@) w_ya)(27) sgn (K (2, 27) = K (z,2")) [€(z") = l(x), ((2") # U(x)] = 5

since Cy = 1 for the sgn() function. Thus the Wang et al model of learning is an instantiation of
our proposed model.

x/ x!" ~DX

In [2], Balcan-Blum present a model of learning with similarity functions. Their model does not
consider landmark pairs, just singletons. Accordingly, instead of assigning a weight to each land-
mark pair, one simply assigns a weight to each element of the domain. Consequently one arrives at
the following notion of a good similarity.



Definition 4 ([1], Definition 3). A similarity measure K : X x X — R is said to be an (e, ) -good

similarity for a learning problem where €, > 0 if for some weighing function w : X — [—1,1], at
least a 1 — € probability mass of examples x ~ D satisfies

E_lw (@) Kz, 2)l@") = tx)] > E_[w (@) K(z,2")|0(z') # £(x)] + 3)
Now define w4 := ED [w(z) |¢(x) =1] and w_ = ED [w (z) |¢(x) = —1]. Furthermore, take

w(z',2") = w(z')w(z") as the weight function and f = id() as the transfer function in our model.
Then we have, for a 1 — ¢ fraction of the points,

@ (@ 2”) f(K(z,a") = K(z,2")) [((a") = £(z), (") # £(x)] = Cpy
[ (K (x,2") = K(x,2") [((z') = l(x), £(2") # L(2)] =
(@ (2/,2") K(z,2")[(z") = £(x), (") # L(x)] =
LBl @) K () = ), (") £ )+
2K (z, 2 )[(2") = (z)] 2wy B [w(@)K (z,2)[e(2") # L(z)] +7
za)l@") = lx)] > E_[w' (@)K (z, 2 )|l() # L)+~
where C'y = 1 for the id() function and w'(z) = w(z)w_g(,). Note that this again guarantees a

classifier with margin  in the landmarked space. Thus the Balcan-Blum model can also be derived
in our model.

x/ x" ~DX

(o', 2’

g

x’ w”NDXD

E
z' &' ~D XD

Ewgz)]E[w

= E (K

x'~D

(
(

3 Proof of Theorem 3

Theorem 5 (Theorem 3 restated). Let F be a compact class of transfer functions with respect to
the infinity norm and €1,6 > 0. Let N (F,r) be the size of the smallest e-net over F with respect

64BZC§ In (163~N(]—',r)
E

to the infinity norm at scale r = 40 5- Then if one chooses d = 56 ) random

landmark pairs then we have the following with probability greater than (1-9)
Ep 2 (9000 @)] = B [ (Gtrio @) ||| <

We shall prove the theorem in two parts. As we shall see, one of the parts is fairly simple to prove.
To prove the other part, we shall exploit the Lipschitz properties of the loss function as well as
the fact that the class of transfer functions chosen form a compact set. Let us call a given set of
landmark pairs to be good with respect to a fixed transfer function f € F if for the corresponding
g, E[L(g(x))] <E[L(G(x))] + €1 for some small fixed e; > 0.

sup [
feF

We will first prove, using Lipschitz properties of the loss function that if a given set of landmarks is
good with respect to a given transfer function, then it is also good with respect to all transfer func-
tions in its neighborhood. Having proved this, we will apply a standard covering number argument
in which we will ensure that a large enough set of landmarks is good with respect to a set of transfer
functions that form an e-net over F and use the previous result to complete the proof.

We first prove a series of simple results which will be used in the first part of the proof. In the
following f and f’ are two transfer functions such that f’ € Bo.(f,7) N F

Lemma 6. The following results are true

1. Forany fixed f € F, zLED [L (G(f,w@,f))(x))] < ILED [L(G(fu)(2))] forallw e W.

2. For any fixed f € F, any fixed g obtained by an arbitrary choice of landmark pairs,
E |:L (g(f’w(grf))(x)ﬂ S z@’D [L (g(f’w)(x))] fOV all w € W

xz~D
7] By (2 (Cumion@)] = B, [ (Curwian®)] <

3. Forany [’ € Boo(f,7)N
CLTB.



4. For any fixed g obtained by an arbitrary choice of landmark pairs, ' € B (f,r7) N F,

By [ (e @)] = B 2 (9100, 0(@)]| < Cr

Proof. We prove the results in order,

1. Immediate from the definition of w(g, f).
2. Immediate from the definition of wg, 7).
3. We have ILED {L (G(f/,w(c‘f,))(x))} < x@NED {L (G(f’,wc,f))(x))} by an application of

Lemma 6.1 proven above. For sake of simplicity let us denote w(¢, sy = w for the next set
of calculations. Now we have

G (@) o w2, 2") f (K (z,2') — K(z,2") [0(z') = (), 0(z") # 0(z)]
< o DX D [w(z’,2") (f (K(z,2") = K(2,2")) +7) [((z") = £(z), (") # £(2))]
v arEpp 0 (@5 2") [ (K (z,2") = K(z,2")) [t(a) = Ua), ((z") # ()]
T B () ) = £(), 6a") # ()

< G(f’w) (1‘) +rB

where in the second inequality we have used the fact that || f — f’|| , < r and in the fourth
inequality we have used the fact that w € W. Thus we have G ) () < G5 (7) +

rB. Using the Lipschitz properties of L we can now get E_ [L (G (2)] <
xrr~

E [L(G(u)(x))] + CrrB.  Thus we have E [L (G(f/’w(cﬁf,))(as))} <

E [L (G(fzw(c,f))(x)ﬂ < E {L (G(f)w(G’f))(z))} +CLrB.

Similarly we can also prove erVED [L (G(ﬁw(G,f))(x))} < x@p [L (G(f/,w@,f/))(m))] +
C'1rB. This gives us the desired result.

4. The proof follows in a manner similar to the one for Lemma 6.3 proven above. O

Using the above results we get a preliminary form of the first part of our proof as follows :

Lemma 7. Suppose a set of landmarks is (€1/2)-good for a particular landmark f € F
(i.e. er?D [L (g(j',w(ayf))(x))} < z@D [L (G(fyw(cyf))(m)ﬂ + €1/2), then the same set of
landmarks are also €1-good for any f' € Boo(f,r) N F (ie. for all f' € By(f,r)NF,

IL]:ED {L (g(f/)w(ghf/))(x)ﬂ < IHNED [L (G(f’,wc,_f/))(x)ﬂ + €1) for some r =1 (€1).

Proof. Theorem 9 proven below guarantees that for any fixed f € F, with probability 1 — ¢ that

E L (900 @)] < E_[L(Grwe(@)] + e1/2. This can be achieved with d =

(64B%C% /€2) In(8B/de1). Now assuming that the above holds, using the above results we can get



the following for any f/ € B (f,r) N F.

ElE (e m@)] < B, L {00, @)] + CurB

(using Lemma 6.4)
x;I\E;D _L (g(jw(G,f))(x))} + CLTB
(using Lemma 6.2)

a:fIE:D L (G(fvwc,f))(l’)” +¢6/24+CrrB
(using Theorem 9)

x@’D _L (G(fIJU(G’f/)) (I)):l + 61/2 + 2CLTB
(using Lemma 6.3)

IN

IA

IN

Setting r = ﬁ gives us the desired result. O

Proof. (of Theorem 3) As mentioned earlier we shall prove the theorem in two parts as follows :

1. (Part I) In this part we shall prove the following :

?1612 LLED {L (g(ﬁwmn)(m))} - E [L (G(f,w(cyf))(.%‘))ﬂ < e

We first set up an e-net over F at scale r = ﬁ. Let there be N (F,r) elements in this

net. Taking d = (64B2C% /€?) In(8B - N (F,r) /de1) landmarks should ensure that the
landmarks, with very high probability, are good for all functions in the net by an application
of union bound. Since every function in JF is at least r-close to some function in the net,
Lemma 7 tells us that the same set of landmarks are, with very high probability, good for
all the functions in F. This proves the first part of our result.

2. (Part IT) In this part we shall prove the following :

oup [ 2, [1 (G )] = By [1 (s100.00)]] <

This part is actually fairly simple to prove. Intuitively, since one can imagine G as being
the output of an algorithm that is allowed to take the entire domain as its landmark set,

we should expect IHNED {L (G(ﬁw(cyf))(x))} < er?D {L (g(f,“,(gyf))(x))} to hold uncon-

ditionally for every f. For a formal argument, let us build up some more notation. As we
have said before, for any transfer function f and arbitrary choice of d landmark pairs P, we
letwy ) € [-B, B]d be the best weighing function for this choice of transfer function and
landmark pairs. Now let w(y ry be the best possible extension of w(, ¢ to the entire do-
main. More formally, for any w* € [~ B, B]* letw* = argmin ED [L (Gt (2))].

weW,wp=w*

Now Lemma 6.1 tells us that for any f € F and any choice of landmark pairs P,
E {L (G(j'.,wm,f))(x)ﬂ < wLED {L (G(fﬁm)(;v))}. Furthermore, since w(,,7) is cho-

z~D

sen to be the most beneficial extension of W(g,f)» WE also have ED [L (G(ﬁm> (x))} <
ED [L (g( Fwig. ) (x))} Together, these two inequalities give us the second part of the

proof. O

4 Proof of Theorem 5

We first recall the definition of a good similarity under a given loss function.



Definition 8. A similarity measure over a domain X, K : X x X — R is said to be an (¢, B)-good
similarity for a learning problem with respect to a loss function L : R — Rt where € > 0 if for some
transfer function f : R — R and some weighing function w : X x X — [—B, B, the following
holds true

E_[L(G(@)] < ¢ )
where G(x) = B [w(a',a") f (K(z,2) = K(x,a")) [{(a") = (), £(a") # 0(a)]

z/ 2! ~DXD

Theorem 9 (Theorem 5 restated). If K is an (e, B)-good similarity measure with respect to a C'p-
Lipschitz loss function L then for any €1 > 0, with probability at least 1 — § over the choice of
d = (16B%C? /€3)In(4B/de1) positive and negative samples from D+ and D~ respectively, the
following classifier has expected loss no more than € + €1 with respect to the loss function L

d
h(z) = sgn[g(x) Z zfx;) f(K(z,2)) — K(z,z;)).

&.M—‘

ie. ED [L(g(z))] < €+ €1 where {x?‘}?zl are the positive samples and {x; }j:

samples.

| are the negative

Proof. For any x € X, we have, by an application of Hoeffding bounds Pr [|G(z) — g(z)| > €] <
g

2exp (7 5;;2) since |g(z)| < B. Here the notation Pr signifies that the probability is over the
4B ln( ) we have Pr[|G(x) — g(x)| > e1] < 6%
g

For sake of simplicity let us denote by BAD (z ) the event |G(z) — g(x)| > €;. Thus we have, for
everyz € X, E [1BAD(w)} < 2. Since this is true for every x € X, this also holds in expectation i.e.
g

choice of the landmark points.

EE [1 BAD(w)] < 62. The expectation over z is with respect to the problem distribution D. Applying
zg

Fubini’s Theorem gives us EE [1 B AD(I)] < 2 which upon application of Markov’s inequality gives
gz

us Pr [IE [1BAD(m)] > 5] < 4. Thus, with very high probability we would always choose landmarks
g Lz
such that Pr [BAD(x)] < §. Thus we have, in such a situation, E [|G(z) — g(x)|] < (1—0)e1+6-2B
since sup |G(z) — g(x)| < 2B. For small enough § we have E [|G(z) — g(z)|] < 2¢;.
reX T

Thus we have E [L(g(2))] — E[L(G(2))] = E[L(g(z)) = L(G(2))] < E[CL - |g(z) - G(2)]] =
Ellg(z) — G(z)]] < 2CL€1 where we used the Lipschitz properties of the loss function L to
arrive at the second inequality. Putting €; = ;ﬁ we have E [L(g(z))] < E[L(G(z))] +€]; <e+¢€]

which gives us our desired result.

Actually we can prove something stronger since |E[L(g(z))] —E[L(G(z))] =

E[L(g(x)) - LG@)]| < E[L(g()) - LE@)] < E[Cy-lg(@) — G(a)] < &. Thus
we have € — €] < IE;[L(g(z))] <e+e€. O
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