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Abstract

In this paper, we provide a general theorem that establishes a correspon-
dence between surrogate loss functions in classification and the family
of f-divergences. Moreover, we provide constructive procedures for
determining the f-divergence induced by a given surrogate loss, and
conversely for finding all surrogate loss functions that realize a given
f-divergence. Next we introduce the notion of universal equivalence
among loss functions and corresponding f-divergences, and provide nec-
essary and sufficient conditions for universal equivalence to hold. These
ideas have applications to classification problems that also involve a com-
ponent of experiment design; in particular, we leverage our results to
prove consistency of a procedure for learning a classifier under decen-
tralization requirements.

1 Introduction

A unifying theme in the recent literature on classification is the notion of a surrogate loss
function—a convex upper bound on the 0-1 loss. Many practical classification algorithms
can be formulated in terms of the minimization of surrogate loss functions; well-known
examples include the support vector machine (hinge loss) and Adaboost (exponential 10ss).
Significant progress has been made on the theoretical front by analyzing the general statis-
tical consequences of using surrogate loss functions [e.g., 2, 10, 13].

These recent developments have an interesting historical antecedent. Working in the con-
text of experimental design, researchers in the 1960°s recast the (intractable) problem of
minimizing the probability of classification error in terms of the maximization of various
surrogate functions [e.g., 5, 8]. Examples of experimental design include the choice of a
quantizer as a preprocessor for a classifier [12], or the choice of a “signal set” for a radar
system [5]. The surrogate functions that were used included the Hellinger distance and var-
ious forms of KL divergence; maximization of these functions was proposed as a criterion
for the choice of a design. Theoretical support for this approach was provided by a classical
theorem on the comparison of experiments due to Blackwell [3]. An important outcome
of this line of work was the definition of a general family of * f-divergences” (also known
as “Ali-Silvey distances”), which includes Hellinger distance and KL divergence as special
cases [1, 4].



In broad terms, the goal of the current paper is to bring together these two literatures, in
particular by establishing a correspondence between the family of surrogate loss functions
and the family of f-divergences. Several specific goals motivate us in this regard: (1)
different f-divergences are related by various well-known inequalities [11], so that a cor-
respondence between loss functions and f-divergences would allow these inequalities to
be harnessed in analyzing surrogate loss functions; (2) a correspondence could allow the
definition of interesting equivalence classes of losses or divergences; and (3) the problem
of experimental design, which motivated the classical research on f-divergences, provides
new venues for applying the loss function framework from machine learning. In particular,
one natural extension—and one which we explore towards the end of this paper—is in re-
quiring consistency not only in the choice of an optimal discriminant function but also in
the choice of an optimal experiment design.

The main technical contribution of this paper is to state and prove a general theorem relat-
ing surrogate loss functions and f-divergences. * We show that the correspondence is quite
strong: any surrogate loss induces a corresponding f-divergence, and any f-divergence
satisfying certain conditions corresponds to a family of surrogate loss functions. Moreover,
exploiting tools from convex analysis, we provide a constructive procedure for finding loss
functions from f-divergences. We also introduce and analyze a notion of universal equiva-
lence among loss functions (and corresponding f-divergences). Finally, we present an ap-
plication of these ideas to the problem of proving consistency of classification algorithms
with an additional decentralization requirement.

2 Background and elementary results

Consider a covariate X € X, where X is a compact topological space, and a random
variable Y € Y := {—1,41}. The space (X x Y') is assumed to be endowed with a
Borel regular probability measure P. In this paper, we consider a variant of the standard
classification problem, in which the decision-maker, rather than having direct access to X,
only observes some variable Z € Z that is obtained via conditional probability Q(Z]X).
The stochastic map @ is referred to as an experiment in statistics; in the signal processing
literature, where Z is generally taken to be discrete, it is referred to as a quantizer. We let
Q denote the space of all stochastic @ and let Q, denote its deterministic subset.

Given a fixed experiment Q, we can formulate a standard binary classification problem as
one of finding a measurable function v € T' := {Z — R} that minimizes the Bayes risk
P(Y # sign(y(Z))). Our focus is the broader question of determining both the classifier
~v € T, as well as the experiment choice () € Q so as to minimize the Bayes risk.

The Bayes risk corresponds to the expectation of the 0-1 loss. Given the non-convexity of
this loss function, it is natural to consider a surrogate loss function ¢ that we optimize in
place of the 0-1 loss. We refer to the quantity R4 (7, Q) := E¢(Yv(Z)) as the ¢-risk. For
each fixed quantization rule @, the optimal ¢ risk (as a function of Q) is defined as follows:

Ry(Q) = inf Ry(7,Q). @)
yel’
Given priors ¢ = P(Y = —1) and p = P(Y = 1), define nonnegative measures p and :
wz) = PY=1,2=2)= p/ Q(z|x)dP(z|Y =1)

m(z) = PY=-1,Z=2z2)= q/Q(z\x)dP(ﬂY = —1).

Proofs are omitted from this manuscript for lack of space; see the long version of the paper [7]
for proofs of all of our results.



As a consequence of Lyapunov’s theorem, the space of {(u, w)} obtained by varying @ €
Q (or Qy) is both compact and convex (see [12] for details). For simplicity, we assume that
the space Q of @ is restricted such that both 1 and 7 are strictly positive measures.

One approach to choosing @ is to define an f-divergence between p and 7; indeed this is
the classical approach referred to earlier [e.g., 8]. Rather than following this route, however,
we take an alternative path, setting up the problem in terms of ¢-risk and optimizing out
the discriminant function ~. Note in particular that the ¢-risk can be represented in terms
of the measures . and 7 as follows:

Ry(7,Q Z¢ 2) + ¢(—(2))7(2). (2)

This representation allows us to compute the optimal value for v(z) for all z € Z, as well
as the optimal ¢ risk for a fixed Q. We illustrate this calculation with several examples:

0-1loss. If ¢ is 0-1 loss, then v(z) = sign(u(z) —7(z)). Thus the optimal Bayes risk given
a fixed @ takes the form: Ryayes(Q) = Y, czmin{u(z),m(2)} = 3 — 3.5 |u(z) —
m(z)| =t 3(1 — V(u, 7)), where V(u, ) denotes the variational distance between two
measures p and .

Hinge loss. Let ¢pinge(yy(2)) = (1 — yy(2))+. Inthis case v(z) = sign(u(z) — 7(z))
and the optimal risk takes the form: Rping(Q) = > .cz2min{u(z),m(2)} = 1 —

ZZEZ |M(Z) - 7T-(Z)| =1- V(/J/,Tl') = 2Rbayes(Q)'

Least squares loss. Letting ¢sq-(y7(2)) = (1 — yy(2))?, we have y(z) = Zg§+:(2 The
i i . — Ap()m(z) _ (1(z)=m(2))*

optimal risk takes the form: R, (Q) = Zzez m = 1 =Yz LR =

1 — A(p, ), where A(u, w) denotes the triangular discrimination distance.

Logistic loss. Letting ¢io4(yv(2)) := log (1 + exp~¥7(*) ), we have v(z) = log %

The optimal risk for logistic loss takes the form: R;,,(Q) = >,z pu(2) log % +

(2 )1og%75<2> = log2 — KL(y||"4™) — KL(r||“:™) =: log2 — C(u, 7), where
C(U, V) denotes the capacitory discrimination distance.

Exponential loss. Letting ¢e.,(yv(2)) = exp(—yv(2)), we have y(z) = 3log MEZ;
The optimal risk for exponential loss takes the form: R..,(Q) = > .. =2 u(z)ﬂ(z) =

Yoez(Vu(z) = /m( = 1 — 2h2(u, ), where h(u, ) denotes the Hellinger
dlstance between measures u and .

All of the distances given above (e.g., variational, Hellinger) are all particular instances of
f-divergences. This fact points to an interesting correspondence between optimized ¢-risks
and f-divergences. How general is this correspondence?

3 Thecorrespondence between loss functions and f-diver gences

In order to resolve this question, we begin with precise definitions of f-divergences, and
surrogate loss functions. A f-divergence functional is defined as follows [1, 4]:

Definition 1. Given any continuous convex function f : [0,+0c0) — R U {+oo}, the

f-divergence between measures 1 and 7 is given by Iy (u,m) :== > w(2)f (5:8)
For instance, the variational distance is given by f(u) = |u— 1|, KL divergence by f(u) =
ulog u, triangular discrimination by f(u) = (u — 1)2/(u + 1), and Hellinger distance by
flw) = 5(Vu—1)%



Surrogate loss ¢. First, we require that any surrogate loss function ¢ is continuous and
convex. Second, the function ¢ must be classification-calibrated [2], meaning that for
any a,b > 0and a # b, inf,.q(—p)<o d(@)a + ¢(—a)b > infocr p(a)a + d(—a)b. It
can be shown [2] that in the convex case ¢ is classification-calibrated if and only if it is
differentiable at 0 and ¢’(0) < 0. Lastly, let o* = inf,{¢(a) = inf ¢}. If &* < +o0,
then for any 6 > 0, we require that ¢(a* — &) > ¢(a* + 0). The interpretation of the last
assumption is that one should penalize deviations away from «* in the negative direction
at least as strongly as deviations in the positive direction; this requirement is intuitively
reasonable given the margin-based interpretation of «.

From ¢-risk to f-divergence. We begin with a simple result that formalizes how any ¢-
risk induces a corresponding f-divergence. More precisely, the following lemma proves
that the optimal ¢ risk for a fixed @) can be written as the negative of an f divergence.

Lemma 2. For each fixed @, let v denote the optimal decision rule. The ¢ risk for (Q,vq)
is an f-divergence between p and 7 for some convex function f:

Ry(Q) = —Iy(p, m). ®)

Proof. The optimal ¢ risk takes the form:

Ry(Q) = Z igf(gf)(a)u(z) + ¢(—a)m(z)) = ZW(Z) igf <¢(—a) + ¢(Q)M>'

z€EZ z 7T(Z)

For each z let u = £2) then inf,(¢(—a) + ¢(a)u) is a concave function of u (since

m(2)’
minimization over a set of linear function is a concave function). Thus, the claim follows
by defining (for v € R)

f) =~ inf(§(~a) + B(a)u). @)

From f-divergence to ¢-risk. In the remainder of this section, we explore the converse
of Lemma 2. Given a divergence I;(u, ) for some convex function f, does there exist a
loss function ¢ for which R4(Q) = —I¢(p,m)? In the following, we provide a precise
characterization of the set of f-divergences that can be realized in this way, as well as a
constructive procedure for determining all ¢ that realize a given f-divergence.

Our method requires the introduction of several intermediate functions. First, let us define,
for each 3, the inverse mapping ¢~ 1(3) = inf{a : ¢(a) < B}, where inf () := +o0.
Using the function ¢!, we then define a new function ¥ : R — R by

_ [o(=07H(B) ifoTH(B) ER,
HC {—I—oo otherwise. ®)
Note that the domain of ¥ is Dom(¥) = {8 € R: ¢~ !(3) € R}. Define
B1:=1nf{f: ¥(8) < +oo} and B2 := inf{F : ¥(8) = inf ¥}. (6)

It is simple to check that inf ¢ = inf ¥ = ¢(a*), and /1 = ¢(a*), P2 = o(—a™).
Furthermore, ¥(82) = ¢(a*) = (1, ¥(61) = ¢(—a*) = P2. With this set-up, the
following lemma captures several important properties of U:

Lemma 3. (@) W is strictly decreasing in (31, 32). If ¢ is decreasing, then ¥ is also
decreasing in (—oo, +00). In addition, ¥(5) = +oo for 8 < .

(b) Wisconvexin (—oo, 32]. If ¢ is decreasing, then ¥ is convex in (—oo, +00).
(c) W is lower semi-continuous, and continuous in its domain.

(d) There exists u* € (1, 52) such that U(u*) = u*.



(e) There holds ¥(¥(3)) = g forall 5 € (51, 32).

The connection between ¥ and an f-divergence arises from the following fact. Given the
definition (5) of W, it is possible to show that

f(u) = sup(=Pu — ¥(B)) = ¥*(—u), )
BER

where U* denotes the conjugate dual of the function . Hence, if ¥ is a lower semicon-
tinuous convex function, it is possible to recover ¥ from f by means of convex duality [9]:
U (B) = f*(—p). Thus, equation (5) provides means for recovering a loss function ¢ from
W. Indeed, the following theorem provides a constructive procedure for finding all such ¢
when W satisfies necessary conditions specified in Lemma 3:

Theorem 4. (a) Given a lower semicontinuous convex function f : R — R, define:

() = [ (=h). (®)

If ¥ is a decreasing function satisfying the properties specified in parts (c), (d) and (e) of
Lemma 3, then there exist convex continuous loss function ¢ for which (3) and (4) hold.

(b) More precisely, all such functions ¢ are of the form: For any o > 0,
o(a) = ¥(g(a+u”)), and ¢(—a)=g(a+u’), 9)

where u* satisfies ¥ (u*) = u* for some u* € (B1,2) and g : [u*,+00) — R is any
increasing continuous convex function such that g(u*) = u*. Moreover, g is differentiable
atu*+ and ¢'(u*+) > 0.

One interesting consequence of Theorem 4 that any realizable f-divergence can in fact be
obtained from a fairly large set of ¢ loss functions. More precisely, examining the statement
of Theorem 4(b) reveals that for o < 0, we are free to choose a function g that must satisfy
only mild conditions; given a choice of g, then ¢ is specified for « > 0 accordingly by
equation (9). We describe below how the Hellinger distance, for instance, is realized not
only by the exponential loss (as described earlier), but also by many other surrogate loss
functions. Additional examples can be found in [7].

llustrative examples. Consider Hellinger distance, which is an f-divergence? with
f(u) = —2y/u. Augment the domain of f with f(u) = 4oo for u < 0. Following
the prescription of Theorem 4(a), we first recover ¥ from f:

1/ wheng >0
+oo  otherwise.

¥(6) = (=) = sup(—Bu - f(u)) = {
Clearly, u* = 1. Now if we choose g(u) = e“~!, then we obtain the exponential loss
¢(a) = exp(—a). However, making the alternative choice g(u) = u, we obtain the
function ¢(a) = 1/(a+1) and ¢(—a) = e+ 1, which also realizes the Hellinger distance.

Recall that we have shown previously that the 0-1 loss induces the variational distance,
which can be expressed as an f-divergence with fyar(u) = —2min(u,1) for u > 0. It
is thus of particular interest to determine other loss functions that also lead to variational
distance. If we augment the function f,., by defining fya,(u) = 400 for u < 0, then we
can recover ¥ from f,,, as follows:

(2-p8)+ wheng >0
+00 when 3 < 0.

wm=m&w=wmwwmmw={

u€R

2\We consider f-divergences for two convex functions f1 and f» to be equivalent if f; and f» are
related by a linear term, i.e., f1 = cf2 + au + b for some constants ¢ > 0, a, b, because then I, and
1y, are different by a constant.



Clearly u* = 1. Choosing g(u) = u leads to the hinge loss ¢(a)) = (1 — ), which is
consistent with our earlier findings. Making the alternative choice g(u) = e*~! leads to a
rather different loss—namely, ¢(a) = (2 — e®)4 fora > 0 and ¢(a) = e~ for a < 0—
that also realizes the variational distance.

Using Theorem 4 it can be shown that an f-divergence is realizable by a margin-based sur-
rogate loss if and only if it is symmetric [7]. Hence, the list of non-realizable f-divergences
includes the K L divergence K L(p||7) (as well as K L(n||x)). The symmetric KL diver-
gence K L(u||m) + K L(w||p) is a realizable f-divergence. Theorem 4 allows us to con-
struct all ¢ losses that realize it. One of them turns out to have the simple closed-form
() = e~ — a, but obtaining it requires some non-trivial calculations [7].

4 On comparison of loss functions and quantization schemes

The previous section was devoted to study of the correspondence between f-divergences
and the optimal ¢-risk R (@) for a fixed experiment ). Our ultimate goal, however, is that
of choosing an optimal @, a problem known as experimental design in the statistics litera-
ture [3]. One concrete application is the design of quantizers for performing decentralized
detection [12, 6] in a sensor network.

In this section, we address the experiment design problem via the joint optimization of ¢-
risk (or more precisely, its empirical version) over both the decision ~ and the choice of
experiment @ (hereafter referred to as a quantizer). This procedure raises the natural the-
oretical question: for what loss functions ¢ does such joint optimization lead to minimum
Bayes risk? Note that the minimum here is taken over both the decision rule v and the
space of experiments @, so that this question is not covered by standard consistency re-
sults [13, 10, 2]. Here we describe how the results of the previous section can be leveraged
to resolve this issue of consistency.

4.1 Universal equivalence

The connection between f-divergences and 0-1 loss can be traced back to seminal work
on the comparison of experiments [3]. Formally, we say that the quantization scheme Q)+
dominates than Q2 if Rygyes (Q1) < Rpayes(Q2) for any prior probabilities ¢ € (0,1). We
have the following theorem [3] (see also [7] for a short proof):

Theorem 5. @Q; dominates Qo iff I;(u®@, 7@1) > I;(u@2,792), for all convex functions
f. The superscripts denote the dependence of ;. and 7 on the quantizer rules @1, Q-.

Using Lemma 2, we can establish the following:
Corollary 6. @1 dominates Q2 iff Ry(Q1) < Ry(Q2) for any surrogate loss ¢.

One implication of Corollary 6 is that if 2,(Q1) < R,;(Q2) for some loss function ¢, then
Riayes(Q1) < Rpayes(Q2) for some set of prior probabilities on the labels Y. This fact
justifies the use of a surrogate ¢-loss as a proxy for the 0-1 loss, at least for a certain subset
of prior probabilities. Typically, however, the goal is to select the optimal experiment Q
for a pre-specified set of priors, in which context this implication is of limited use. We
are thus motivated to consider a different method of determining which loss functions (or
equivalently, f-divergences) lead to the same optimal experimental design as the 0-1 loss
(respectively the variational distance). More generally, we are interested in comparing two
arbitrary loss function ¢, and ¢2, with corresponding divergences induced by f; and f,
respectively:

Definition 7. The surrogate loss functions ¢, and ¢ are universally equivalent, denoted
by ¢, ~ ¢ (and f; ~ f2), ifforany P(X,Y") and quantization rules Q1, Q2, there holds:

R¢1 (Ql) < R¢1 (QQ) A R¢2 (Ql) < R¢2 (QQ) (10)



The following result provides necessary and sufficient conditions for universal equivalence:
Theorem 8. Suppose that f; and f, are differentiable a.e., convex functions that map

[0,+00) to R. Then f1 ~ f, if and only if f1(u) = cfa(u) + au + b for some constants
a,be Randc > 0.

If we restrict our attention to convex and differentiable a.e. functions f, then it follows that
all f-divergences univerally equivalent to the variational distance must have the form

f(u) = —cmin(u, 1) +au+b with ¢ > 0. (11)

As a consequence, the only ¢-loss functions universally equivalent to 0-1 loss are those that
induce an f-divergence of this form (11). One well-known example of such a function is
the hinge loss; more generally, Theorem 4 allows us to construct all such ¢.

4.2 Consistency in experimental design

The notion of universal equivalence might appear quite restrictive because condition (10)
must hold for any underlying probability measure P(X,Y’). However, this is precisely
what we need when P(X,Y) is unknown. Assume that the knowledge about P(X,Y")
comes from an empirical data sample (z;, y;)™ ;.

Consider any algorithm (such as that proposed by Nguyen et al. [6]) that involves choosing
a classifier-quantizer pair (v, @) € I' x Q by minimizing an empirical version of ¢-risk:

Ro(.Q) =+ 33 6lun (:)QUelw).

More formally, suppose that (C,,, D,,) is a sequence of increasing compact function classes
suchthatC; CCy C ... CTandD; € Dy C ... C Q. Let (v, Q) be an optimal
solution to the minimization problem min, g)e(c, p,) Be¢(7, @), and let ;.. denote
the minimum Bayes risk achieved over the space of decision rules (v, Q) € (T', Q). We
call Rpayes (75, Q1) — Rpqyes the Bayes error of our estimation procedure. We say that
such a procedure is universally consistent if the Bayes error tends to 0 as n — oo, i.e., for
any (unknown) Borel probability measure P on X x Y,

nh_>n§o Rpayes(n> @) — Rpayes = 0 in probability.

When the surrogate loss ¢ is universally equivalent to 0-1 loss, we can prove that suit-
able learning procedures are indeed universally consistent. Our approach is based on the
framework developed by various authors [13, 10, 2] for the case of ordinary classifica-
tion, and using the strategy of decomposing the Bayes error into a combination of (a)
approximation error introduced by the bias of the function classes C,, C I': &/(Cy,, Dy,) =
inf(w,Q)e(C",D,L) R¢(7,Q) - Rj;, where R; = inf(%Q)e(p,Q) R¢(7,Q); and (b) esti-
mation error introduced by the variance of using finite sample size n, & (C,,D,) =
Esup(y,0ye(cn,Dn) |Rs(7,Q) — Ry(7,Q)|, where the expectation is taken with respect
to the (unknown) probability measure P(X,Y).

Assumptions. Assume that the loss function ¢ is universally equivalent to the 0-1
loss. From Theorem 8, the corresponding f-divergence must be of the form f(u) =
—cmin(u,1) + au + b, for a,b € R and ¢ > 0. Finally, we also assume that
(a —b)(p—q) > 0and ¢(0) > 0.2 In addition, for each n = 1,2,..., suppose that
M, = Sup,, » Sup('\/,Q)E(CTL,Dn) |¢(y7(2))‘ < +o0.

3These technical conditions are needed so that the approximation error due to varying Q domi-
nates the approximation error due to varying ~y. Setting a = b is sufficient.



The following lemma plays a key role in our proof: it links the excess ¢-risk to the Bayes
error when performing joint minimization:

Lemma9. Forany (v, Q), we have §(Roayes (v, Q) — Ryyyes) < Ro(v1, Q) — R

Finally, we can relate the Bayes error to the approximation error and estimation error, and
provide general conditions for universal consistency:

Theorem 10. (a) For any Borel probability measure P, with probability at least 1—4, there
holds: Ryayes (755, @) — Rigyes < 2(261(Cn, D) + E0(Cny D) + 2M,,1/210(2/5) /).
(b) (Universal Consistency) If U>2;D,, is dense in Q and if US2,C,, is dense in I" so
that lim,, .o £(C,, D) = 0, and if the sequence of function classes (C,,, D,,) grows
sufficiently slowly enough so that lim,, . o €1 (Cp, D) = limy,—. oo M,+/Inn/n = 0, there
holds lim,, —, o0 Rpayes(7;, @) — Rpgyes =0 in probability.

5 Conclusions

We have presented a general theoretical connection between surrogate loss functions and
f-divergences. As illustrated by our application to decentralized detection, this connec-
tion can provide new domains of application for statistical learning theory. We also expect
that this connection will provide new applications for f-divergences within learning the-
ory; note in particular that bounds among f-divergences (of which many are known; see,
e.g., [11]) induce corresponding bounds among loss functions.
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